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Chuong 1

PUONG VA MAT TRONG
KHONG GIAN TOA PO

A. On tap va mé rong kién thirc hinh hoc toa do

L

1.

Bai tap vé tich v hudng

Vao mot ngay, mdt ngudi ban dao ban dudc ¢ banh hamburgers, b hot dogs

va ¢ ly nu6c ngot. Anh ta tinh $2 cho mbi hamburger, $1, 5 cho méi cdi hot

dog va $1 cho méi ly nude. Néu viét W = (a,b,c) va v = (2,1.5,1) thi y
I S N

nghiacua u - v la gi?

A . e o rar g rdiire
Tim mot vecto don vi vudng goc véicahaivectd i + j va j + k

. Tim hai vectd don vi hgp véi V= (3,4) mot goc 60°.

. Tim céc c6-sin va géc chi hudng cia cic vects sau (cac goc duge lam tron

dén 1 don vi do)

a) (3,4,5) ¢) 2_i)+3?—67() e) {c,c,c) v6ic >
- - —
b) (1,-2,—1) d2i—j+2k

. Tinh géc gitta dudng chéo khbi 1ap phuong véi mot trong cac canh ctia ng.

Tinh géc gilta mot dudng chéo khdi 1ap phuong véi dudng chéo clia mot
trong cac mit ciia khéi 1ap phuong.

. Néu mot vectd c6 hai géc chi huéng o = /4, B = /3. Tim géc chi phuong

thi ba y.

N I3 , T A —>
Tim vectd hinh chiéu cua b 1én a
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10.

11.

12.

13.

14.

15.

I1.

16.

a) @ = (3,-4), b = (5,0) (5,—-1,4)
- - - —
b) & =(1.2), b = (—4,1) ) ad =2i—j +4Kk, b =
— - _'>_|_lT(>
c)a = {(3,6-2), b = J T2
(1.2.3) DA =T+]+Kb =
— - - -
d) @ = (-2,3,-6), b = i—j+KkK

s A H % . ﬁ . % N ~ < A ? %
Ky hi¢u orth— b = b — proj b, tam goi orth— b la hinh chiéu cia b
N —
(lén phuong) truc giao voi a. Ching minh ring vecto orth— b vudng goc
e
— N 1 .
Cho a = (1,2) va b = (—4,1). Tim orth» b va vé minh hoa cic vectd
—
vaorth> b.
x> n - —
Neu a = (3,0, —1). Tim mot vectd b sao cho comp b = 2.
Gidast a va b la hai vecto khac 0.

ﬁ
a) Trong trudng hgp nao comp b = comp— a?

—

b) Trong trudng hgp nao proj» b = proj? a2

5 - e e T 14 y (
Tinh cong ctamétluc F =81 — 6 j + 9Kk (d0 16n do bang newtons) tic
dong vao mot vat di chuyén tir diém (0, 10, 8) dén diém (6, 12, 20) doc theo
mot duong thang. Khoang cach do bang mét.

Mot xe tai kéo mot xe hoi chét mdy trén duong. Day xich kéo tao géc 30° so
v6i mat duong. Luc cang cta day xich la 1500 N . Tinh cong cia xe tai khi
kéo xe hoi mot doan dudng 1km.

Mot chiéc thuyén giuong budm di vé huéng Nam véi stic gié 400/b. Hudng
gi6 léch tir Nam dén Pong 1a 36°. Tinh cong cia sic gié khi thuyén dich
chuyén dugc 1201¢.

Bai tap vé tich hitu huéng
P T P L= s
Tinh tich a x b vakiém tra n6é vuéng goc v6i a va b

N
— (6,0,—2), b = (0,8,0)
—(1,1,-1), b = (2,4,6)

a

) &
b) a
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- 7 e -
¢c)0a=1i+3j—-2k,b=—1i +5Kk
S e
d a = +7k,b =2i—j +4k
e & = (0,02,0), b = (1,21, 32)

— — — - - — —
17.Choa = i —2Kkvab = j + K.Tinh @ x b vavé cic vectd a, b

—_— e " g X . A N
a x b co chung diém dau tai goc toa do.

2

18. Tinh ma khong diung dinh thiic, thay vao d6 dung tinh chét cda tich hitu

huéng.
- = - - - - -
a) (i x j)xKk © (j —k)x(k—1)
- > = > > > =
b) k x(i—=2j) d) (i + j)yx(i—j)

19. Céc biéu thic dudi day c6 nghia hay khong? Néu khong, gidi thich vi sao.
Néu c6, thi biéu thiic d6 1a vecto hay 1a sb.

a) @ - (b x <) d) (- D)x<
b) & x(b-7) &) (F-b)x(<-d)
c)ﬁ)x(_b>x_c)) f)(ﬁ)x_b))~(_c)><?l))

20. Tinh | W x V| va xdc dinh hudng ctia W x v hudng vio hay ra ngoai trang
\()

lu[=6

N —
21. Trong hinh bén, 2 nim trong mat-xy, b

—
cung huéng v6i k. Do dai cia chung la

—
2| =3va|b|=2.

a) Tinh [@ x b |

b) St dung qui tic ban tay phai, hiy xac
N —
dinh cdc thanh phin cia @ x b 1a
duong, 4m hay bang 0.



8 PUONG VA MAT TRONG KHONG GIAN TOA PO

0.25m

22. Mot bu-loong dudc xiét chiit bé“mg cach 4p mot luc 40N
40N vao khéa van dai 0, 25m nhu hinh bén. Tinh
dd 16n md-men xoan quanh tim cia bu-loong va
mo ta vectd md-men Xoan nay. £
60 N

23. Ban chan day ban dap xe dap mot luc 60/h nhu
hinh vé. Tay don quay c6 ban kinh 18cm. Tim dd S ET)
16n clia vecto md-men quay quanh diém P.

24, Tinh d6 16n cla vectd md-men quay quanh P khi A1t

mot luc 36/b dat nhu hinh bén.

30°
36 1b
B. Mat tru va mat bac hai

1. MO ta va phac hoa cac mat cong c6 phudng trinh

a) x2 4 y2 =1 e) yz=4

b) y2+z2=1

5 5 f) z =cosx

c) y>+4z-=4

d) z=4-—x? g) x2—ypr=1
2. St dung vét &€ mo ta va phic hoa mit cong c6 phuong trinh

a) z=4x>+ y? e) x2 = y? 4472

b) X2+ 2% +2 =1
0 Xyt
d) x = y?+422 g) Ix2—1y2+22=0

f-)_x2+4y2_22=4
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3-10 Cic phuong trinh dién ta mit cong nao (dudc danh s6 I-VIII), gidi thich tai

sao
3. x2 442 4922 =11 7. y =2x2 + 22
4. 9x2 +4y2 + 22 =1 8. y2 =2x% 4 72
5. x2—32+:22=1 9. x2 4222 =1
6. —x24+y?—z2=1 10. y = x% — 22

I

V Z
*\ VI z
y
X
.k
B ’ Y VII z
1Y
y

11. Phac hoa mién bi bao quanh bdi cic mit z = /x2 + y2, x2 + % = 1 v6i
1 <z<2.
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12.

13.
14.
15.

16.

17.

Phic hoa mién bi bao quanh béi cac paraboloids z = x? 4+ y? vaz =
2—x2—y2

Tim phuong trinh mit tao bdi dudng parabol y = x2 quay quanh truc-Oy.
Tim phuong trinh mit tao bdi dudng thang x = 3y quay quanh truc-Ox.

Tim phuong trinh mit bao gém cic diém cich déu diém (—1,0,0) va mit
phing x = 1. Phac hoa mit nay.

Tim phuong trinh mit bao gom céc diém P sao cho khoang cich tir P dén
truc-Ox bang hai 1an khoang cach tit P &&n mit-yz. Phac hoa mit nay.

Thap 1am ngudi cta 10 phan ung hat nhian c6 hinh
dang hyperboloid mot manh (hinh bén). Néu dudng
kinh ddy clia thap 1a 280m va dudng kinh chd eo that
cua thap 1a 200m, & do cao cach day 500m, thi phuong
trinh cia mét hyperboloid 1a gi?

C. Ham vects mét bién va dudng cong

I.

Bai tap vé phuong trinh, hinh vé duong cong

1-8 Vé duong cong c6 phuong trinh vectd cho trude. Dung mii tén chi ré hudng

9-14

10.
11.
12.

A S

ctia dudng cong khi ¢ tang.

T = (smt 1) 6. T(t) = (t2,1,2)
7. F(@) =121 +1*j +1°k
r (¢) = (t,cos2t,sin2t) @) .
r()=(1+13~1) 8. T() = costi — cost? +
%
r (¢) = (1,cost,2sint) sint k

Tim phuong trinh tham s6 phit hgp véi cac dudng cong dudc danh sb tir I-VI.
Gidi thich vi sao.
X =cos4t,y =t,z =sin4dt

x=t,y=t}z=e¢""!

x=t,y=1/(14+1%),z=1?

x=etcosl0t,y = e 'sinl0t,z = !



DPUONG VA MAT TRONG KHONG GIAN TOA PO 11

13.

X = cost, y = sint, z = sin 5t

14. x = cost, y = sint, z = Int

15.

16.

17.

18.

19.

1 ZA IV ZA
>
D\L x y
X y Vv 3
11 ZA
X
y
X)%,y
111 ZA
/ J
X

Chiing minh dudng cong v6i phuong trinh tham s x = ¢ cost, y = ¢ sint,
z = ¢ nam trén mit nén z2 = x2 4 p2. Dua vao d6 hay phac hoa dudng
cong.

Chitng minh dudng cong vdi phuong trinh tham s6 x = sint, y = cost,
z = sin® ¢ 12 dudng cong giao tuyén clia hai mit z = x? vamit x2+ y? = 1.
Dua vao d6 hay phac hoa dudng cong.

N -2 _ re 2 7 ¢ ¥ . 2 2 -
Puong cong ¥ (¢) =¢ i + (2t —¢~) k cat mét paraboloid z = x~ + y~ tai
nhiing diém nao?

Lo xo ¥ (f) = (sint, cost, ) cit mit cdu x2 + y2 + z2 = 5 tai nhiing diém
nao?

Tim phuong trinh vectd biéu dién dudng cong giao tuyén ctia hai mit
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a) Miatx2 4+ y2 =4vamitz = xy
b) Matz = ¢/x2 4+ y2vamatz=1+y

¢) Mitz = 4x? + y? vamit y = x?

20. Néu hai vat bay trong khong gian theo hai quy dao khac nhau, diéu quan
trong ngudi ta hay quan tam la chung cé va cham nhau khong. (Tén 1Ga c6
bay tring muc tiéu di déng ctia n6 khong? Hai mdy bay cé va cham trén
khong hay khong? v.v..). Cac dudng cong quy dao cé thé cat nhau, nhung
chiing ta can biét liéu cdc vat thé ¢ cling vi tri & cling thoi diém hay khong.
Gié st dudng bay ctia hai vat th€ dugc cho bdi phuong trinh

Ti() = (2,7t —12,12) TFa(t) = (41 — 3,12, 5t — 6)
Céc vat thé nay c6 va cham nhau khong?
21. Hai vat bay theo quy dao khong gian cho bdi
Ti(0) = (1.12.03) TFat)=(1+21,1+ 61,1+ 141)
Hai vét d6 c6 va cham nhau khong? Hai quy dao c6 cit nhau khong?
II. Bai tap vé tiép tuyén duong cong, do dai duvng cong
22. Hinh v€ dudi trinh bay dudng cong C cho bdi ham vecto T (1)
a) Xac dinh cac vecto _r>(4, 5)— _r)(4) va _r>(4, 2)— _r>(4). Sau do vé cac

vectd
TWA5-T@W . T@E2)-T@

va
0,5 0,2

A <R 2, 9 N o <A A . =
b) Viét biéu thic cia T’ (t) va cua vectd tiep tuyen don vi T (4).

%
¢) V& T (4).
y
C\ R
r(4.5)

1

r(4.2) 0

P

r(4)

0 1 X

23.  a) Phac hoa that 16n dudng cong cho bdi T (7) = (¢2,1),0 <t < 2 vavé
céc vecto T (1), T(1, ) va T (1,1) = F(1).

b) Ve vecto T’ (1) dit tai diém (1, 1) va so sanh né véi vecto
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T(1,1)=T1)
0,1

Hay gidi thich vi sao hai vectd niy c6 vé gan tring nhau.

24-29 a) Phic hoa dudng cong phiang véi phuong trinh vectd cho trudc.
b) Tim T'(2).

¢) Phéc hoa vectd vi tri T (¢) va vectd tiép tuyén T /() tai gid tri ¢ cho
trude.

24. T)=(t—2,12+1), 1 =—1
25. T(1) = (t+ 1, 4/1),1 =1

26. _r)(l) = (sint,2cost), t = /4
27. T(t) = (efe7),t =0

28. T (1) = (e, e3),1 =0

29. T(t) = (1 +cost,2 +sint),t =m/6

30-37 Tim dao ham cta cac ham vecto
30. _r)(l) = (tsint,t?,t cos 2t)
31. T(t) = (tant,sect, 1/1%)
32. W) =10 -] +e"K
33. _l‘)(l‘) = arcsin l_i) + m + Tg
3. @) =e” 7~ +In(1 +30)K
35. F (1) = at cos 3T + bsin’ l? + ¢ cos® ‘K
36. T() =2 +1b +127C

37. F(t) =13 x (b +1¢)

38-41 Tim vectd tiép tuyén don vi i‘)(t) tai gid tri ctia tham s ¢ cho trudc.
38. F(r) = (te™",2arctant, 2¢’), 1 = 0
39 T) =4It +12] +1K, 1 =1

- re e - AT
40. ¥(t)=costi +3tj +2sin2tk,t=0
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41.

42,

43.
44-47

44.

45.
46.
47.

48.

49.

50.

S1.
52.

53.

54.

55.

56.

— — —
_1?([) =2sint i +2cost j +tantk,t =n/4

" —>
Néu T (1) = (t.¢2,¢3), am T’/ (¢), T(1), T"(@) va T/ (t) x T" (7).
Néu B (1) = (e, e~ 1e2), tim T (0), T"(0) va /(1) - T/ (1).

Viét phuong trinh tham s6 ctia tiép tuyén ctia dudng cong véi phuong trinh
tham sb cho truée tai mot diém dudc chi rd.

x=142t, y=t3—t, z=3+1; (3,0,2)
x=ce, y=te, 2 =tel’: (1,0,0)

—t

x=elcost, y=elsint, z=e7t; (1,0,1)

x=Int, y=2Jt, z=1t* (0,2,1)

Tim giao diém ctia hai duong tiép tuyén véi dudng cong

_r>(t) = (sinz¢,2sin7t, cos t) tai cac diém ¢ = O var = 1

5.

Tai di€m nao thi cdc dudng cong T 1(7) = (.1 —1,3 + 12) va Fa(s) =

(3 —s,5 —2,5%) giao nhau? Tinh gbc giao nhau giita hai dudng cong, chinh

xéc dén 19,

Tim F (1) bibt /(1) =201 +32] + VIKvaT() =1 +J.
. — — — - = =

Tim T ()bt T'(1) =11 +e'j +te'kKvaT(0)=1i + j + k.

Cho E)(t) = (sint,cost,t) va _V>(l) = (t,cost, sint). Tinh theo cic quy tic

da biét

d » = - d - -
— t)- t b) — 1) X t
2 SEO V) ) SEO XV 0]
Néu ¥ 12 mot ham vectd sao cho ¥ tdn tai. Chitng minh

L 0 0] = F 0 x T70)

Tim biéu thiic cho %[Tl)(l) V(1) x W)(t)]].
1
¥ )

Néu mot dudng cong c6 tinh chit 1a vecto vi tri T (¢) luon vudng goéc véi
vectd tiép tuyén F/(7), chiing minh dudng cong d6 ndm trén mot mét ciu c6
tam & gbc toa dd.

T T 0).

. d
Néu r (¢) # 0, chiing minh E}_r)(t)‘ =
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57.

Néuw(r) =TF()- [_r)’(l) X ?”(l)], ching minh ring

W) =T [T xT"0)]

58-63 Tinh do dai dudng cong.

S8.
59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

T (t) = (2sint, 5¢,2cost), —10 < ¢ < 10
T@) =22, 1%, 0<r=<1.
— — —
T@E)=tv21 +¢'j +e7K,0<1
- - .= -
r(t) =costi +sintj +1Incostk,0=<mn/4
re

— —
T =1+22j +3k,0<1

T = 12671 + 832 +32K,0<1

Goi C 1a duong cong giao tuyén ctia mit tru parabolic x2 = 2y véi mit
cong 3z = xy. Tinh d6 dai dudng cong tir gbc toa do dén diém (6, 18, 36).

Tham s6 héa lai dudng cong theo do dai cung tinh tit diém ng v6i ¢t = 0
theo hudng tang cla .
— e re -
a) r(0)=2ti +(1-31)j +(5+4k
- = —
b) T(t) = e cos2ti +2j +eXsin2rK
Gia st ta bat dau tir diém (0, 0, 3) va di chuyén mot quing dudng 5 don vi
doc theo dudng cong x = 3sint, y = 4¢, z = 3cost theo huéng duong.
Cudi cung ta diing & dau?
Hay tham sb héa lai dudng cong
- 2t —
)T+

2
ﬁ

)= (5— -
0] (l2 Eaw

+1

theo do dai cung, dugc do tir di€ém (1, 0) theo hudng ting cua ¢. Bi€u dién
tham s6 héa vira thuc hién theo dang rit gon nhat. Ta c6 thé két luan gi vé
duong cong nay?

4 4 . ~ , A . 9 N 9
Tim céc vectd tiep tuyeén don vi va phéap tuyen don vi T (¢) va N (¢)

a) _r)(t) = (2sint, 5¢,2 cost)
b) T (t) = (¢2,sint — ¢ cost,cost + tsint), 1 > 0
¢) T(1) = (tv/2.e",e7")
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d) F(0) = (1.32.0%)
e ﬁ 9 N ﬁ . .- Z,
69. Tim cac vectc T, N va B tai diém cho truée.

a) T() = (22050, (1,21

b) T (t) = (cost,sint,Incost), (1,0,0)



Chuong 2

PAO HAM RIENG & SU KHA
VI CUA HAM SO NHIEU BIEN

A. Ham s6 nhiéu bién
1. Cho f(x,y) =In(x +y —1).
a) Tinh f(2,1) va f(e, 1). dinh cda f.
b) Tim va phic hoa mién xic ¢) Tim mién gi4 tri cia f
2. Cho f(x,y) = x2e3*7.

a) Tinh f(2,0). ¢) Tim MGT cua f.
b) Tim MXD cida f.

3. Tim va phdc hoa MXD cta f(x, y) = /1 + x — y2. MGT cua f la gi?
4. Cho f(x,y,z) = eVz=x2=y?,

a) Tinh f(2,—1,6). ¢) Tim MGT cua f.
b) Tim MXD cida f.

5. Cho g(x, y,z) = In(25 — x2 — y2 — 22).

a) Tinh g(2,-2,4). ¢) Tim MGT cua g.
b) Tim MXD cua g.

6-15 Tim va phac hoa mién gia tri ctia ham s cho bdi
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6. f(x,y)=x+y V25 —x2 - y?
7. f(x,y)=./x )
Jee )=V 12, f(x.y) =
8. f(x,y) =In(9—x2?—9y?
S ) ( ) 13. f(x,y) = arcsin(x? + y2 —2)
9. f(x,y) =y —=XIn(y +x)
14. f(x,y) =1 —x2—y2—22
10. f(x,p)=+v1—x2—/1—y2
15. f(x,y) =1n(16 —4x? — 4y? —
1. f(x,y) = N z?)
21-29 Phéc hoa do thi ctia ham sb.
16. f(x,y) =3 21, f(x,y) =3—x%—y?
17. f(x,p) =y 22. f(x,y)=3-x>—)?
18. f(x,y) =10 —4x — 5y 23. f(x,y) =4x24+y2 41
19. f(x,y) =cosx 24. f(x,y) = /16 —x2 —16y2
20. f(x,y)=y*+1 25. f(x,y) = V/x2 + y2
26. Trong mdi cAu, chi rd ham s6 ndo c6 do thi trong s6 tir I dén VI. Hay gidi

thich ly do.

a) f(x,y) = x|+ [y
b) f(x,y) = |xyl

o) f(x,y)=

14+ x2 + y2

d) fx,y) =(x2—y??
e) f(x.y)=(x—y)?

) f(x,p) = sin(|x] + |y])
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R o
/ OSVBS

O
ANRARY o
""OWKJ

oy
GOV

Y ) ‘o‘ A A

27. Dua vao contour map ctia mot ham s duéi diy, hiy udc doan gia tri ctia
f(=3,3) va £(3,—2). Ta c6 thé néi gi vé do thi cia haim s6 nay?

o

N

e

\
W\
NN
\\i, N

[N

28. D0 thi cia ham sd £ 12 hinh nén, ctia ham s6 g 14 hinh paraboloid. Trong hai
contour map duéi day, cai nao ctia f va ctua g, hay giai thich.
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29. Hiy phac hoa so contour map ctia mot ham sb c6 do thi nhu duéi day
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