Chuadng 5. Khong gian Euclide

Noi dung

1. Tich v6 hudéng cua 2 véc to.
2. Bu vuoéng gbéc cua khong gian con.
3. Hinh chiéu vuéng géc xudng khéng gian con.

4. Qua trinh truc giao h6a Gram-Schmidt.

5.1 Tich voé hudéng cua 2 véc to

Dinh nghia 5.1 (Tich vé6 huéng) Cho 'V la KGVT trén R.
Tich v6 hudng ciia 2 véc to u,v € V la mot s6 thue duge ky hiéu (u,v) théa 4 tien dé sau:

i) (VYu,v €V):(u,v) = (v,u).

(
i) (Yu,v,w € V) (u+v,w) = (u,w)+ (v,w).
iwi) Vo€ K,Yu,v eV): (au,v) = au,v).

(

iv) VueV): (u,u) > 0;(u,u) =0<=u=0.

Khong gian hitu han han chiéu cung vdi tinh vo hudng trén goi la khong gian euclide.

0 pho thong, cac em da biét tich vo huéng ciia 2 véc to trong mdat phang va khong gian
bing tong cta tich cdc thanh phan tuong ¥ng va tat nhien van thoa 4 tién dé & tren.
V6i dinh nghia & trén, cho ta xac dinh cac tich vo hudng trén nhiéu khong gian la khac.
Hon nita, trén R?, R, .., R ton tai vo s6 tich vo huéng khac nhau. Viéc chon tich vo
huéng cho moi khong gian phu thuoc vao mo hinh ctia ting bai toan.

B&t dau bing viéc xem xét tich vo huéng chinh tac sau:

Tich vd huéng chinh tic trén R"
T = (T1;225 -1 %n), Y = (Y1:Y25 - - Yn)

(2,y) = z1y1 + 22y2 + - + TnYa

Tich vo hudng chinh tic tuong tu nhu pho thong.
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5.1. TICH VO HUONG CUA 2 VEC TO CHUONG 5. KHONG GIAN EUCLIDE

Vi du 5.1 Trong R?, cho phép todin
= (21,72),y = (Y1, ¥2) : (T,9) = 2191 + 221y + 27291 + 1022y.
a) Ching té (x,y) la 1 tich vo hudng trén R2.
b) Tinh tich vo hudng cia 2 véc to u = (1;2),v = (2; —1).
Bai giai
a) Sinh vien ty kiém tra 4 diéu kién clia tich vo hudng.
b) (u,v) =1.2+2.1.(-1)+2.22+10.2.(-1) = —12.

Vidu 5.2 Trong Pyx], cho tich vo hudng

1

(p,q) = / p(2).q(@)de;  Vp(a),q(x) € Polal.

a) Ching té (p,q) la 1 tich vo hudng trén Ps|x].
b) Tinh tich v hudng cia 2 véc to p(x) = 22* =3z +1,q(z) =z + 1.
Bai giai

a) Sinh vién ty kiém tra 4 diéu kien ctia tich vo huéng.

b) (p,q) = b}p(x)q(m)dm = Ofl(2x2 —3x+1)(z+ 1)dz = é

Do dai véc to u duge dinh nghia béi

[|ull = v/ (u, w)

Khoang cach gitta 2 véc td u va v duge dinh nghia béi

d(u,v) = ||u — vl

Goc a gitrta 2 véc to u va v duge xac dinh béi

(u,v)

[[ul]-[]]]

cosa =

e Véc to c6 do dai bang 1 goi la vée to don vi.
e Chia 1 véc to khac 0 cho do dai ctia no ta duce véc to don vi.

e Qué trinh tao ra véc to don vi goi la chuan hoa.

Dai hoc Bach khoa TPHCM Trang 116 Ths.Nguyén Hiu Hiép

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

CHUONG 5. KHONG GIAN EUCLIDE 5.1. TICH VO HUONG CUA 2 VEC TO

Bat dang thic Cauchy-Schwatz

|(w, 0)| < |lull-|Jo]| [ yu, v €V,

Déng thitc x4y ra khi va chi khi u, v cting phuong (hay PTTT).
Bt ding thic tam giac

[l +ol] < [lul] + [[o]] jyu, 0 € V.

Ding thic xay ra khi va chi khi u, v ciing huéng.

Vidu 5.3 Trong R : x = (x1;22;23),y = (y1;y2; y3). cho tich vo hudng
(z,y) = dx1y1 + 221Y2 + 2291 + 3T2Y2 + T3Y3

a) Ching té (x,y) la tich vo hudng.

b) Tim tich vo hudng cia 2 véc to u = (2;1;0),v = (3; —2;4).

c) Tim do dai véc to u = (3;2;1).

d) Tim khodng cdch gita 2 véc to uw= (1;2;1) va v =(3;0;2).

e) Tim géc gita 2 véc to u = (1;0; 1) va v = (2;1;0).

Bai giai
a) Sinh vién ty kiém tra 4 diéu kien ctlia tich vo huéng.
b) (u,v) = ((2;1;0),(3; —2;4)) =5.2.34+2.2.(-2) +2.1.3+3.1.(—2) + 0.4 = 22.
o) lJull = v(u,u) = /((3;2;1),(3;2;1)) =/5.3.3+232+223+322+1.1=+82
d) d(u,v) = [lu— vl = V(u—v,u—v) = V(=22 -1), (=22, 1))
= /5.(=2).(=2) + 2.(=2).2 + 2(2).(=2) + 3.2.2 + (—1).(=1) = V1T.
e) cosa = (u,v) 12 12 12

—> (¥ = arccos
68

Tall o]l ~ V6,v/31 /168 V16’

Nhan xét: Do dai, khodng cich, goc dbi véi tich vo hudng trén c6 gia tri khac véi tich
vo huéng & pho thong.

5 2 0
Tadat A= (2 3 0] (a; lahe so cia z;y;). Lic nay

0 01

(z,y) = zAy".

Sinh vién tinh lai cac gia tri bang cach nhan ma tran.

Dai hoc Bach khoa TPHCM Trang 117 Ths.Nguyén Hiu Hiép

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

5.1. TICH VO HUONG CUA 2 VEC TO CHUONG 5. KHONG GIAN EUCLIDE

1
Vi du 5.4 Trong Pslz], cho tich vo hudng (p,q) = [ p(x)q(x)dx;Vp(x),q(z) € Palx].

1
a) Ching t6 (p,q) la mot tich vo hudng trén Py|x].

b) Tinh tich v hudng cia 2 véc to p(x) = 22> — 3z + 1,q(z) = x — 3.

c) Tim do dai cia vée to p(x) = 2z + 3.

d) Tinh khodng cach gitia 2 véc to p(z) = 2* + x + 2,q(x) = 2* — 2z + 3.

e) Tinh géc giia 2 véc to p(z) = 2* + x,q(x) = 2z + 3.
Bai giai

a) Sinh vién tu kiém tra 4 diéu kién ciia tich vo6 huéng.

b) (p,q) = j; p(x)q(z)dx = j;(?ﬁ — 3z 4 1)(z— 3)dr = —12.

&) lpll = v@rp) = fp dof | 22 Fopae = 2.

-1

d) dp.q)=Ilp—dll=vp—ap—q)=/Ba— 1,3z -1) = f1(3x—1)2dx=2\/§.

1
22+ 2)(2z +3)dx
(p.9) l ( ) ) ¥ 5v/310
e) cosa = = = :
|pl]-]1all 16 62 124
f 2?2 + x)2dx. f (22 + 3)2dx 1573
Hai véc to vuong goc
ulv <= (u,v) =0.
Véc to vudng goc véi tap hop
ulM < (u,y) =0,Yy € M.
Ho truc giao: ho véc to M goi la tryc giao néu
Ve,y e M :xly.
Ho truc chuan: ho véc to M goi la truc chuan néu M truc giao
va
Ve e M : ||z|| = 1.
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CHUONG 5. KHONG GIAN EUCLIDE 5.1. TICH VO HUONG CUA 2 VEC TO

Ménh deé Cho khong gian con F =< fi, fo, ..., fm >

2l F <=zl fp,VkE=1,2,....m

Vi du 5.5 Trong R? vdi tich vo hudng chinh tdc, cho khong gian con

ZL’l—I—l’Q—l‘g:O }

— N N 3
F_{($1,x27x3)€R 201+ 329+ 23 =0

Tim m dé x = (2;3;m)LF.

Bai giai
Tap sinh cia F la {u = (4;-3;1)}.
rlF <= zrlu<= (z,u) =0<=24+3.(-3)+ml=0<=m=1.

Vi du 5.6 Trong R?, cho tich vo hudng
(T,y) = 22191 — T1y2 — Toys + Doy, T = (¥1;22), Y = (Y13 Y2)-
Cho 2 diém A = (1;2) va B = (3;0):
a. Viét phuong trinh duong trung triuc doan thing AB.
b. Viét phuong trinh duong tron (C) dudng kinh-AB.
c. Tinh dién tich tam gidc OAB.
Bai giai

a. Véc to AB = (2; —2).
Trung diém ctia AB 1a = (2;1)
Goi M(a;b) 1a diém tiy ¥ trén dudng trung tric, ta co

IM =(a—2b—1) L AB «= (IM,AB) =
e 22(a—2)—2(b—1)— (—2)(a—2)+ (- 2)(b—1) 0
e 3a-2b-4=0

Cach khac
o S
Xét M(a,b). Tac6 AM = (a—1,b—2), BM = (a — 3,b).
M thudc dudng trung tric doan thang AB khi va chi khi M A = MB

— 2(a-12%-2a—-1)(b—-2)+ (b—2)*>=2(a —3)* — 2(a — 3)b + b
& 3a—2b—4=0.

b. Ta c6 AB = \/(AB, AB) = /2.22 — 2.2.(—2) 1 (-2).(—2) = 2/5 = R = /5.

M(a,b) € C <= MI =+/5+= 2(a—2)?—-2a—-2)b—1)+(b—-12=5
< 2a® —2ab+b*> —6a+2b=0.

Cach khac
M(a;b) € C < AM L AN

< 2(a—1)(a—3)—(a—1)b—(b—2)(a—3)+b(b—2) = 0 <= 2a*—2ab+b*—6a+2b = 0.
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5.2. KG BU VUONG GOC CHUONG 5. KHONG GIAN EUCLIDE

¢. Tac6 OA = (1;2),0B = (3;0) = (OA,0B) = 2.1.3 — 1.0 — 2.3 + 2.0 = 0.
1
Suy ra tam giac OAB vuong tai O nén Spap = QOA.OB.

1
OA=2—-444=+v2,0B=+233-0+0=3V2= Soup = 5.&3\5: 3.

5.2 Bu vuodng goéc cua khong gian con

Dinh nghia 5.2 Trong khong gian Euclide V', cho khong gian con F'. Tap hop
Ft={zeV]zLF}

goi la bu vuong géc cua khong gian con F.

Khong gian bu vuong géc con goi la khong gian bu truc giao.

Dinh 1y
Cho F' 1& KG con cua KG Euclide V. Khi dé:

e [t 13 khong gian con clia V va

V=Fg¢F"

e dim F + dim F+ =dim V.

Vi du 5.7 Trong R3, cho khong gian con
F=<fi=L k1), f2=(210),/; = (1;0,-1) > .

Tim co s va so chiéu cia F*.

Bai giai
= (11;200;73) € Ft <= 2l F <=2l fi,k=1,2,3.
(z,f1)=0 r1+xy+aw3=0 11 110
= (1, fo)=0 <= 2r;+22+023=0 <<= |21 0|0
(x,f3) =0 21+ 0xy — 253 =0 10 —1]0

Giai heé suy ra v = o(1; —2; 1).
Co s6 ctia F+1a {(1;—2; 1)} va dim F+ = 1.

Vi du 5.8 Trong R3, cho khong gian con

F:{(.’L‘]'ng:m)e]{i‘ r1t+ra+a3=0 }

2[171+1L’2*I3 =0
Tim co s va so chiéu cua F-.
Bai giai

Giéi hé suy ra tap sinh ctia F: F' =< u = (2; —1;3) >.
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CHUONG 5. KHONG GIAN EUCLIDE 5.2. KG BU VUONG GOC

x = (11;29;73) € F+ <= 2vlu < 2w, — 29+ 25 = 0.
= F*+ =< (1;2;0),(2;0; —1) >.
Co s6 ctia F+ 1a {(1;2;0),(2;0; —1)} va dim F*+ = 2.

Ghi chua:

e Cho F =< hy,hy, ..., hy >. € F* khi va chi khi

(hl, (L') =0 hl_
h =0 —
(h2, 7) — ha .2 = 0(ma tran hang cta F)
(B, ) = 0 hon—

Do d6 F* 1a tap nghiém ctia hé phuong trinh

hi— |0
ho— | 0
hpy—= | O
e Cho F' = {z € R"|Az = 0}.
hl_ (hl, iL‘) =0
Az — 0 viét lai theo véc td hang ho— AR PN (hg, l’) =0
fin= () = 0

SuyraVe € F:xlfi,k=1m.
Diéu nay chiing té6 F* duge sinh béi cac véc to hang clia ma tran A.

F* =< hy,hy, ..., hy >,v6i hy 1a céc hang clia ma tran A

Tich vo6 huéng chinh tic trong R" Cho F = {x € R,|Az = 0}.
Khi do

cdc hang cia A la tap sinh cia F+

Vi du 5.9 Héy tim co sd va so chieu cia F*= trong R*, trong do

a) F = {(z.x2;x3;24) € R*

r1+ax3+1x4=0
200 — 10+ 323+ 24 =0

b) F=<(1;-1;2;1),(2;1;1;0) >
Bai giai

a) Taco Ft =< (1;0;1;1),(2;—1;3;1) > (lay tr cac hang cia hé).
Suy ra co s6 ctia F&1a {(1;0;1;1),(2; —1;3; 1)} v dim F'+ = 2.
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5.2. KG BU VUONG GOC CHUONG 5. KHONG GIAN EUCLIDE

b) Vi F =< (1;-1;2;1),(2;1;1;0) > nén F* 1a tap nghiém ctia hé phuong trinh
1 -1 2 1]0
2 1 1 0/0

Giai he suy ra 't =< (—1;1;1;0),(—=1;2;0;3) >.
Suy ra co sd ctia F& 1a {(=1;1;1;0),(—=1;2;0;3)} va dim F+ = 2.

Dinh 1y
e Moi tap tryc giao, khong chita véc to khong thi DLTT.

e Cho E = {e1,es,...,¢e,} 1a cd 86 trie chuan ciia KG Euclide V.

Vx € V luon duge biéu dién duy nhat ¢ dang

T = x161 + Tots + -+ + Tpe,, VO xp = (1, €).

Vi du 5.10 Trong khong gian Euclide V., ¢ho-co s truc chudn

E{(1'_1'—2)(1'1'0)(1'_1'1)}
\/67 \/67\/6 7 \/57 ﬁ? Y \/37 37 3
Tim toa do cia véc to x = (3;—2;1) trong co so E.

Bai giai
Ta viét @ = x1e; + x9es + x3€3, trong do

3
T = (Lel) = %,Iz = (%62) -

6
w3 = (v, e3) = 7

Sk

Vay toa do cua x trong co sé E 1a [z]p =

Sl =% -5l e

Vi du 5.11 Trong R3, cho tich vo hudng
(z;y) = 191 + 322 — Ty — T3> + T3Y3
va F =< f=(1;2;3) >. Tim co sd va so chiéu cia F*.
Bai giai
TacodimF =1 = dim F* =3 —dim F = 2.
Ta tim F* nhu sau. Xét v = (11; 29, 23) € F*

— (r,f) =0« l.oy + 2309 — 329 — 203+ 303 =0 <= 11 — 329+ 23 =0

Suy ra co s ctia F4 1a {(3; —1;0), (1;0; —1)}.
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CHUONG 5. KHONG GIAN EUCLIDE 5.3. HINH CHIEU VUONG GOC

Vidu 5.12 Trong P[x], cho tich vo hudng

(p,q) = /0 p(x).q(x)dz, p(z),q(x) € Polx]

va khong gian con F = {p € By[xz]|p(1) = 0}. Tim co sd va s6 chiéu clia F+.

Bai giai
Tim co s6 ciia F' nhu sau
Xét p(r) =ar’+brx+ceEF<p(l)=a+b+c=0<c=—-a—0b

p(z) =az® +bx —a—b=a(x*—1)+blx—1)

Suy ra {fi =2* — 1, fo = x — 1} 1a tap sinh cta F.
Hon niwta, {f, fo} DLTT nén né la co s6 cia F.
VidmF =2=dimF+=3-2=1.

Tim co s6 cia F+ nhu sau
Xét g(z) = ax® + bx + c € F+

1
(¢, 1) = [ a(@) fu(z)dz =0 N O _
0 15 1 3 a = 10c
1 N < = —8¢
(@, f2) = [ 4@} fol@)dr =0 T2 a0
Suy ra ¢(z) = 10ca? — 8cx + ¢ = c(v* —8r +1).
Vay co sd ctia F- 1a {22 — 8z + 1}.
5.3 Hinh chiéu vudng goéc
Dinh nghia 5.3 (Hinh chiéu vuéng géc) .
Trong KG FEuclide V', cho khong gian con F' va véc to z.
Véc to dugc biéu dién duy nhat dudi dang
z=x+yx€FyecF*
Véc to x dugc goi la hinh chicu vuong goc cia z zuong f, kij hiéu:
r = Prp(z)
Khodng cach tu z zuong F' la
d(z, F) = |lyll = |z = Pre(z)]l.
Cha y: Khi 2 = Prp(2) thi y = Prp(2) vad(z, F*) = |[z]].
Hon nita, vi Ly nén theo Pithagore: ||z||? = [|z||* + ||y||*.
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5.3. HINH CHIEU VUONG GOC CHUONG 5. KHONG GIAN EUCLIDE

Vi du 5.13 Trong R? vdi tich vo hudng chinh tdc, cho khong gian con
F=<fi=121),fa=(-112)> z=(Z18).
Tim Prp(z) va d(F, z).
Bai giai
Taviét z =x +y,x € F,y € F*.
Vi Prp(z) =x € F =< fi, fo > nén x = af) + S fs.
Suy ra
z=afi+Bfa+y (%)

Dé tim x, ta can tim «, 5. Mudn vay, ta nhan 2 vé ctia (*) lan lugt véi fi va fo v6i chi ¥
yJ_F =< fl,fg >.

(2, f1) = alfi, f1) + B(f1, f2) +0 — 6o+ 35 =12 — o=
(2, fa) = alfa, f1) + B(f2, f2) +0 Ja+68 =15 8 =2

Vay x = Prp(z) = 1f1 + 2f, = (—1;4;5).
y=z—x=(3;-33) < d(z,F) = lyl]| = 3V3.

Ghi chi: ta c¢6 thé tim hinh chiéu duéi dang ma tran nhu sau
o Tadit F = ([f1] [f2]) (viét dang cot). He phuong trinh
(2, f1) = alfi, fr) + B(f1, f2) + 0

(2, fa) = alfa, fi) + B(fa, fa) +0

duge viét lai duéi dang ma tran 1a

FTF (g) = F.z(z viét dang cot). < (g
— z=afitfBfh=F (g) — F(FT.F)F;

) = (FT.F)"'Fz

Céc em co6 thé thit lai két qua bing cach nhan ma tran theo cong thiic tréen.
e Ma tran Pr = F(FT.F)™'F goi 1a mt ciia phép chiéu xudng khong gian con F'.
e D& F.FT kha nghich thi {fi, fo} phai DLTT hay né phai I co sd cia F.

e Néu xét trong mot khong gian hitu han chiéu khac R™ thi ta lay mot co sé lam
chuan va chuyeén céc véc to theo toa do ciia né.

e Trong trudng hop F' = R" tic la {f1, fo, .., fn} 1& co s6 cua R". Liac d6, ma tran F
13 ma tran cap n kha nghich. Cac em dé dang kiém tra dudc z = 2.

e Truong hop F =< f >, f # 0. Luc nay, x = af va hé trd thanh
(2, f)

(f f)

Ta c6 cong thiic hinh chiéu xudéng mot phuong(duong thang)

alf.f) = () = a =

Day 1a cong thiic hinh chiéu ciia z xuéng phuong < f >.
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CHUONG 5. KHONG GIAN EUCLIDE 5.3. HINH CHIEU VUONG GOC

Coéng thiic hinh chiéu déi vé6i tich vo hudng chinh tic trong R™.
i. Cho {f1, fo,..., fx} 1a co s6 cua KG con F. Ta c6
Prp(z)=F(F"F)'F'z, F=(fi fo ... fu)-
Cdc véc to viet dang cot.
ii. Cong thitc hinh chiéu ciia z xuéng phuong < f >

rn) =

Vi du 5.14 Trong R* vdi tich vé hudng chinh tic, cho khong gian con

r— {(z.:vg'xg‘x4) c R T1+ 2o —T3+x4=0 }

21’1+$2—3ZL‘3+3$4:0
va vée to x = (1;1;0; 1)

a) Tim hinh chiéu cia x zuong F.

b) Tim khodng cich ti x dén F.

Bai giai

a) Chon 1 cosé F =< f; = (2;—-1;1;0), fo =(=2;1;0;1) >.
Vitt = f+g=x1fi +aafo+g,g€ F*.
Nhan lan lugt fi, fo vao phuong trinh theo nghia tich vo huéng, ta duge

6
xl(f17f1)+$2(f1,f2):($7f1) — 6x1 — Dy =1 — 331:@
2o fa, f1) + x2(f2, f2) = (2, fa) —bx1 + 629 =0 =

To —

Suy ra

EPrp(z) = f=x1fi + 22fs =

6 5 2 -1 6 5
—(2;—-1;1;0 —fo(—2;1;0:1) = —; —; —; —
11( ' ' )+ 11f2< 11;0:1) (11 11711 11)

. o . (2 =110\ .
CachkhachtA-(_2 1 0 1).Taco

1
T = Prp(z) = 2AT(AAT) 1A = E(Q; —1;6;5).

9 12 —6 6 V207 34/33

F) = =|lz —Prpz||=||(—=; —; —; —

===
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5.3. HINH CHIEU VUONG GOC CHUONG 5. KHONG GIAN EUCLIDE

Vi du 5.15 Trong R®, cho khong gian con
F = {(z1;19;73) € R*|21 + 229 — 373 = 0}
Tim Prp(z) va d(z, F), vdi z = (1;1;3)
Bai giai
Ta phan tich z = x +y,xv € F,y € FX. Lic nay x = Prp(2),y = Pre.(2).

Chii f dim F = 2 va dimF* = 1. Ta c6 thé tim y trudc roi suy ra x = z — y sé dé dang
hon.

Ta c6 F*+ =< g = (1;2; —3) >. Cong thiic hinh chiéu xuéng 1 phuong

(Zag> —3 1
=P = g=—(1,2:-3) =z =2z—y=—=(10;13;12).
) T<F>(Z> (g’g) g 7 ( 3 “y ) x z Yy 7( ) 3 )
1 14
Khoang cach d(z, F) = ||y|| = V76::3; |

Vi du 5.16 Trong R?, cho tich vo hudng
(,y) = T1y1 + X1y + Tay1 + 3T2y2 — 222y3 — 223y + 3T3Y3

va khong gian con F =< (1;1;2),(2; —1;1) >. Tim hinh chiéu cia z = (—8;7;3) Tudng
F wva khodng cdch tiw z dén F.
Bai giai
1 1 0
DaitA=|1 3 =2| = (z,y)=zAy".
0 -2 3
Phan tich 2 =z +y,7 € F,y € F*+. Trong d6 * = Prp(z) = af, + Bf, € F, suy ra

z=afi+BL+y  (%).

Nhan 2 vé ctia (*) lan lugt v6i f1 va fo, ta duge

(f1, fi)a+ (fi, f2)8 = (=, fr) — 10a 4+ 83 = —4 PN a =
(fo, fr)a =+ (fa, f2) B = (2, fa) 8a+ 108 = —14

Suy ra hinh chiéu
x = Prp(z) =2(1;1;2) = 3(2; —1;1) = (—4; 5; 1).

Khoang cach

Az F) = ||z —al| = [[(~4:2;2)]| = 2V/2.
Chai g: vdi 1 tich vo huong la thi tinh tich vo hudng, khodng cach, do dai va goc phai theo
tich vo hudng da cho, khong giong vdi tich vo hudng chinh tic.
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CHUONG 5. KHONG GIAN EUCLIDE

5.4. QUA TRINH GRAM-SCHMIDT

Vidu 5.17 Trong Px], cho tich vo hudng

(p,q) = / p(x)q(x)dz,

p,q € Pyfz].

Tim hanh chiéu ciia h(x) = x? — 2z zudng khong gian F =< fi =2+ 1, fo =2 +1 > va

khodng cac tu h(x) zuong F.

Bai giai
Phan tich h(z) = f(x) + g(z) = afi(x) + Bfa(x) +
Nhan 2 vé v6i f; va fo ta dugc

28

(fi, f2)a+ (fi, f2)B = (h, fr) 5
{(f2»f2)04+ (f2, f2)8 = (h, f2) = %
12

Vay hinh chiéu 1a Prp(h) = fi — fo =
Khoang céach

1
A(z, F) = |[h = Pre(lf = ||+ (102 — 1624 5)]| =

5.4 Qua trinh Gram-Schmidt

Dinh 1y 5.4 (Gram-Schmidt) Cho E = {ej,eq,...,

Khi dé ton tai mot ho truc giao

(a: 1= L )=

g(z),g € F-.
29 1
—ﬁ—‘% =T
13 6
vyp=—n =5
1
T ﬁ(x2—6x—5)
1
7

em} la ho DLTT cia KGVT V.

F = {flafZ?"';fm} théa < €1,€2,...,6m >=< f17f27"'7fm >
Thuat toan Gram-Schmidt dé truc giao mot ho véc to
e fi=e1.
(627f1)
[} = .
ST AL
(03-, fl) ((33-, fz)
° = €3 — 1 — — Ja.
= G o)
(ex, f1) (ex, f2) , (e, fr1)
° =e — — — R Ty 1
Ji = e (f1, f1)f (.fQ;fz)fQ (fk;flafk:fl)fk !
Ta chia modi véc to c‘fla, co sd truc giao cho do dai ctiia no, ta dugc
mot ¢6 sé truc chuan.
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5.4. QUA TRINH GRAM-SCHMIDT CHUONG 5. KHONG GIAN EUCLIDE

Vi du 5.18 Trong R? vdi tich vé hudng chinh tic, cho co sd
E={er=(L151),e2=(1;1;2),e3 = (1;2;1)}
Hay truc chuan E biang thuat todn Gram-Schmidt.

Bai giai
Dat fi =e; = (1;1;1)

_ ., lenfi) Loy 4o (ZloL2 1.
f2 = €2 — (fl,fl)f (17112) 3(1a171) - ( 3 ) 3 3> Chon f2 ( 112)

e lesf) e (e f) e oyt - Thoq 1) = (—_1.1. )
f3 = €3 — (fl,fl)f (f2;f2)f2 - (172a1) 3(171a1) 6 ( 1? 1?2) 2 a2a0 :
Chon f3 = (—1;1;0).[8pt] Co sd tryc chuan can tim la

{( 1 1 1) (—1_—1_ 2) (—1_ 1 0)}

V3 V3'VB)T\VE V6 V6 T \V2 V2 '

Vi du 5.19 Trong R* vdi tich vo hudng chinh tdc, cho tap DLTT
E={(1;0;1;1),(0; 1;1; 1), (1;1; 1; 1)}

Hay truc chuan E bang thudt todn Gram-Schmidt

Bai giai
Chon f; =e; = (1;0;1;1).

e ) e iy 2 = (721 —(_9.3.1.
fo = ey Efl’?;fl - Eo, 1}1),1) 3(1,0,1,1) = ( ; ,173,3). Chon fo = (=2:3:1:1).
. o €3, J1 _ €3, |2 22—1 —1 _ 9 1.
f3=e3 (fhfl)fl (fg,fg)f (5 5 50 F ) Chon f3 = (2;2; -1;-1).

Ho truc giao can tim 1a F = {f1, fo, f3}.
Chia méi véc to cho do dai ciia n6, ta duge co s truc chuan 1a

Vi du 5.20 Trong R* vdi tich vo hudng chinh tic, cho khong gian con

F= {(Il;xz;xs;u) € R

$1+$2—$3+(E4:O
2$1+3I2—:E3+3$410

Tim mot co sd truc chuan ciua F.

Bai giai
Giéi he, tim mot co sé tuy v cua F'la {(2; —1;1;0), (0; —1;0; 1)}.
Dung Gram-Schmidt: f; = e; = (2;—1;1;0).

ST 1 L e R B R )
Chon fy = (2;5;1; —6).
Co s6 tryc giao 1a F = {f, fo}. Co s trie chuan 13
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CHUONG 5. KHONG GIAN EUCLIDE 5.5. BAI TAP

Kiéen thitc can nam

1. Lam quen v6i tich vo huéng méi, so sanh nhing diém
gibng va khéac so véi pho thong.

2. Nam viing cach tim: do dai, khodng cach 2 véc to, géc,
quan hé vuong géc, khong gian bt vuong géc, hinh chiéu
vuong goc, khodng cdich tu 1 véc to dén mot khong gian
con.

3. Ndm ving thuat toan Gram-Schmidt truc chuan mot ho
véc to.

4. Chu y dén tich vo hudng, do dai, khodng cich va géc dbi
v6i tich vo huéng méi, dac biét trén R"™. Tan dung ma tran
dé tinh toan dugc tién loi hon.

Tham khdo tich vo hudng tich phan trén P|x].

5.5 Bai tap

Cau 1) Trong Ry : x = (1, 22),y = (Y1, ¥2), cho tich vo huéng

(x,y) = T1Y1 — 22192 — 2x2Y1 + ST2Ys.

—

(a) Tinh cos (z,y).
(b) Tinh ||z +yl|, d(z,y).
(¢) Tim co s6 cua V = {z|z L u}.

Cau 2) Trong R* v6i tich vo hudng chinh tic, tim co sé va sb chiéu ciia khong gian bu
vuong goc V+.

a) < (1;1;1;1),(2;1;0;—1) >.

b) V: T+ T+ a3+ 14 =0,
221 + 3xo + 4das + Sy = 0.

Cau 3) Tim mot hé phuong trinh tuyén tinh thuan nhat c6 tap nghie¢m la
V=< (1;2,1;1),(3;1;2;2) >
Cau 4) Trong R* v6i tich vo huéng chinh tac va z = (—2;5;0;7). Tim hinh chiéu vuong
goc clia z xuong V: Pry(z) vad(z, V), biét rang

a) V=< (1;2,1;4),(3 -2,1;2) >
b) V =<(1;2;1;3) >

Cau 5) Trong R3, cho co sd M = {(1;2;1), (1;1:1), (4;0;1)}.
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5.5. BAI TAP CHUONG 5. KHONG GIAN EUCLIDE

a) Truc chuan M — E.
b) Tim [z]g, biét z = (4; —2;1).

Cau 6) Trong R?, cho tich vo huéng chinh tic va khong gian con
V = {(x,20; 23) € R*|zy — m9 + 225 = 0}.
(a) Tim co sd ciia V4.

(b) Tim Pry(z), z = (1;2;3).

(c) Tim 1 co s6 true chuan ctia V.
Cau 7) Trong Ry, cho KG con
U =((1,1,0,0);(2,1,1,0), (2,1,0,1))
va véc to z = (7,3,0,0).
Tim co s6 va s chiéu ctia U,
Tim Pry(z), Pryo(2),d(z,U),d(z, U*).

Tim mot ¢ s3 truc chuan cta U.

(a)
(b)
(c)
(d) Tim lai Pry(2) theo co s8 trie chuan.

Cau 8) Trong Ry, cho khong gian nghiém ctia hé thuan nhét

U T1+ Ty — 23+ T4 =0, V- 1+ 219 — w3 =0,
‘ 2$1—£B2+$3+2{E4:0. ' 21‘1+31‘2—Qf4:0.

(a) Tim co 83 va so chidu ctia W = (U N V)L
(b) Tim co s6 truc chuan E cta W.

(c) Tim véc to e sao cho {E, e} 1a mot cd sd tryc chuan cta Ry.
Cau 9) Trong R3, cho tich vo huéng
(z,y) = 3z1y1 — 271Y2 — 2T231 + 5T2Y2 + 273Y3
va khong gian con F =< (1;1;3),(3;0;7) >.

a) Tim co sd ciia F'-.

b) Tim Prp(z) va d(z, F), biét z = (0;1;4).

Cau 10) Trong Ps[z], cho tich vo hudng

(p.q) = /p(x)q(a‘)da"

a) Tim co s6 ciia F' = {p(x) € Plz]|p'(—1) = 0}
b) Cho G = {p(z) € Pz]||p(1) = 0} va h(z) = (x —1)* Tim Prg(h) va d(h, G).
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NoOi dung

1) Dinh nghia va vi du.
2) Nhan va anh ctia 4nh xa tuyén tinh.

3) Ma tran ctia anh xa tuyén tinh trong mét cip
CO sG.

4) Lién hé gitta 2 ma tran ctia 4nh xa tuyén tinh

6.1 Dinh nghia va vi du

Dinh nghia 6.1 (Anh xa) Cho 2 tap hap khic rong X, Y. Anh za f te X dén'Y la mot
quy tdc sao cho moi x thude X, ton tai duy nhaty thuoc Y . Ta viét

f: X~ ¥
v o+ y=f(z).

Anh za f goi la don dnh néu: 2, # 13 = f(z1) # f(z2)
Anh za f goi la toan anh néu: Yy €Y, 3z € X :y = f(x)

Anh za f goi la song dnh néu don dnh va toan dnh.

Ham s6 6 pho thong 1a vi du vé 4nh xa.

Cho anh xa titc 1a chi ra quy luat, dya vao dé viét anh ctia moi phan ti thuoc X.

C6 nhiéu cach cho anh xa: bang do thi, bang biéu do, bang biéu thitc dai s6, bing cach
ligt ke,. ..

Vidu 6.1 Cho anh za ham so [ : R — R. Xét tinh don danh, toan dnh, séng dnh cia
cdc ham so sau

a. f(x) =22
Ta ¢6 f(1) = f(—1) nén ham s6 khong don anh.
Xét y = —1. Khong ton tai bat ki s6 thic 2 nao dé f(z) = 2* = —1. Do d6 f khong
toan anh.

b. f(z)=2*—=x
Ta c6 f(0) = f(1) nén ham s6 khong don anh.
Vi tap gia tri clia f bang (—oo, +00) nén ham so toan anh.
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6.1. DINH NGHIA VA VI DU CHUONG 6. ANH XA TUYEN TINH

c. f(z) = arctanz.

Ta c6 f'(x) = ke 0. Ham s6 luon tang nén don anh.
x
Tap gia tri ctia f la (—%, %) nén khong toan anh. Hay cach khac, ta chon y = 2 > T

2
thi khong ton tai z dé .f(z) = 2.

d. f(z)=2*+ 3z.
Ta c6 f'(x) = 32% + 3 > 0. Ham s6 dong bién trén R nén don anh.
Tap gia tri ctia f 1a R nén ham s6 toan anh
Vay ham s6 1a 1 séng anh.

Dinh nghia 6.2 (Anh xa tuyén tinh) Cho V,W la hai khong gian trén cung truong
so K.
Anh za f:V — W goi la anh za tuyén tinh(aztt) néu théa:

Z) f(?)l + Ug) = f(?)l) -+ f(’l)g),vvl,’l)g eV.
i) flaw) =af(v),YveV,ae K.

Ghi cha: anh xa tuyén tinh trén R" chi chita cic s6 hang bac nhat.

Vidu 6.2

a) f(z1;me;m3) = (221 + 19 — 33; 71 — 4@5) 1 MOt anh xa tuyén tinh tit R dén R2. @

b) Phép quay trong khong gian Oxyz quanh truc 0z mot goc 30° nguge chieu kim dong
ho nhin tit huéng duong ctia truc 0z 13 mot anh xa tuyén tinh tit R3 dén R3.

c¢) Tuong tu phép doéi xing, phép chiéu,... qua céc duong thang vh mit phing qua goc
toa do 1a nhiing anh xa tuyén tinh tit R? dén R3.

Cho E = {ey,es,...,e,} la tap sinh cia KGVT V va axtt f:V — W.
Gia st ta biét f(er), f(ea), .-, f(en)-

Ve eV o =ux1e1 + x0e2+ - - + 26, = f(2) = f(r161 + 2280+ - -+ + Tp€p)

f(x) = f(xier) + f(zoes) + -+ flwpe,) =z f(er) +aaflen) + - + 2, f(en).
Anh xa tuyén tinh dudce xac dinh hoan toan néu biét dudge anh ciia mot tap sinh cta V.

Vi du 6.3 Cho dnh za tuyen tinh f: R® — R?, bict
F10)=(2-1), f(LL1)=(12), f(10;1) = (=11).

a) Tim f(3;3;2)
b) Tim £(3;1;5).
c) Tim f(xq1;x9;23).

Bai giai
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CHUONG 6. ANH XA TUYEN TINH 6.1. DINH NGHIA VA VI DU

a) Dé thay (3;3;2) = (1;1;0) + 2(1; 1; 1).
= f(3;3;2) = f(L,;0) + 2f(L; ;1) = (2; 1) + 2.(1;2) = (4;3).

b) Muén tinh dugc f(3;1;5), ta phdi biéu dién né qua 3 véc to da biét dnh & trén
Viét (3;1;5) = a(1;1;0) + B(1;1;1) + (1;0; 1)

a+pB+v=3 a=—2
< a+p =1 <<= {(p4=3
Q@ +7v=5 v =2
Nhu vay (3;1;5) = a(1;1;0) +B(1 1;1) 4+ ~(1;0;1)
— f(3;1;5) = =2(2; —1) + 3(1;2) + 2(—1;1) = (—3;10).

c) Viéc biéu dién véc to tong qudt (11;19;13) qua 3 véc to trén hoi phiic tap. Tham khdo
cach lam sau.

f0;0;1) = f(L;151) — f(1;1,0) = (1;2) — (2, —-1) = (=1;3).

(0’1’0) (171’1) f(l;O;l) = (L )_( 71) (27 )

f(1;0;0) = f(1;1;0) — £(0;1;0) = (2; 1) — (2;1) = (0; —-2)

f(x1; 295 23) = 21 f(1;0; ) 2o f(0;1;0)+23f(0;0;1) = 21(0; —2) +22(2; 1) +23(—1; 3)
f(z1; 29, 23) = (229 — x3; —271 + T2 + 313)

Ghi chi: Ta c6 thé ding cac phép bién doi cho anh xa tuyén tinh dé tim anh ctia 3 véc
to don vi.

Tuy nhién ta sé gip khé khan tim ra phép bién déi trong trusng hop téng quat.

Ta c6 thé viét anh xa tuyén tinh duéi dang ma tran dé tim anh ctia 3 véc to don vi nhu
sau:

e1 | fler) 1102 -1 1000 =2
(theo hang) | es | fles) | => | 1. 1) 1.2 | 2% 101 0] 2 1
es | f(es) 1207 1+ =1 1 00 1|-1 3
Két hop v6i ¥ nghia phép nhan ma tran, ta c6 thuat toan sau
Tim axtt cho anh cta co sé
Cho cosd E = {ey, e9,...,e,} va anh xa tuyén tinh thoa
fler) = fi
Theo hane [ E ‘ F ] bdsc theo hang, tuong ting [ I ‘ E‘lF }
nhan bén trai véi E—1
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6.2. NHAN VA ANH CHUONG 6. ANH XA TUYEN TINH

Vi du 6.4 Cho f la phép doi ziing qua mat phing 2x —y + 3z = 0 la dnh za tuyén tinh
trong khong gian Oxyz. Hay tim f(z1;x9;x3).

Bai giai
f bién cap véc to chi phuong thanh chinh né va véc to phap tuyén thanh véc to doi
ay = (1;2;0) : £(1;2;,0) = (1;2;0)

az = (0;3;1) = f(0;3;1) = (0;3; 1)

n=(2-1;3): f(2-1;3) = (-2,1; -3).

Viét dang ma tran

0
1

casio tinh E~1F
L

N O =
_ o O

2 011 2
3 110 3
-1 3|-2 1

OO =
O = O

|
\llmﬂlwﬂlw
SNV
| |\
\Ilwﬂlwﬂ &

-3

/()

(3:33) +22(3:3:3) + (353 F)

1
(3x1 + 229 — 6x3; 221 + 629 + 3x3; —621 + 319 — 223)

=8

6.2 Nhan va anh cta anh xa tuyén tinh

Cho anh xa tuyén tinh f: V. — W
Nhan cua f duge dinh nghia 1a

ker f={e €V f(x)=0}
Anh dugce dinh nghia la

Imf={f(x)e Wiz eV}

Dinh 1y Cho anh xa tuyén tinh f:V — W
e ker f la KG con cua V.
e Imf la KG con cia W.

dim(ker f) + dim(Imf) = dim V'

Ghi cha: ker f 1a tap nghiem ctia phuong trinh f(x) = 0.
imf 1a tap cac &nh cta f (trong ham so goi la tap gia tri).
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