Bé mén KHOA HQC CO BAN KHOA CONG NGHE THONG TIN

Chuwong VI. HAM SO VA GIOI HAN

§1. HAM SO MOT BIEN SO

Céc dai luong ma ta gip trong thuc té thuong 13 cac dai luong bién thién, nghia
la chiing nhan cac gia tri thay d6i trong qua trinh khao sat. Co thé xay ra trudng hop
mét dai lugng tuy bién thién nhung gia tri ctia n6 lai phu thudc vao mot dai luong bién
thién khac. Thi du mdt chiéc xe 6 t6 chay trén duong véi van toc khong doi. Quéng
duong xe chay duoc (dai luong bién thién s) phu thudc vao thoi gian chay xe (dai
luong bién thién t). Néu téc d6 cua xe 1a v thi quing dudng s duoc xac dinh theo
thoi gian t boi cong thie s=vt. Néu biét t thi ta xac dinh dugc gid tri cuia S mot
cach duy nht.

Quan hé phu thudc giita s va t nhu trén dugc goi 1a quan hé phu thudc ham sb.
1.1. Pinh nghia ham s6 mot bién s

Cho tap hop sb thuc R. Mot anh xa f tir R vao R duoc goi 1a mot ham sb

thuc ctia mot bién sd thue, hay mot ham sb ctuia mot bién sd. Néi cach khac, v6i mdi
mét bién sd thuc X ta cho twong tng v6i mot sb thuce duy nhat theo mot quy tic f nao
d6 thi ta n6i 1a ta ¢4 xac dinh mot ham s f .

Phan tir X duoc goi 12 bién s6 doc 1ap. Phan tir y twong Gmg v6i X duge goi 1a
gi tri ctia ham s tai X, ta thuong ky hiéu 1a f(x) va viét y=Ff(x).

Tap hop tit ca cac sb thuc X ma ta cd thé xac dinh duoc y theo quy tic f d&
cho dugc goi 1a mién xac dinh ctia ham s f .

Néu tap hop Ac R 1a mién xac dinh ctia ham s6 thi tap hop tat ca cac so thuc y

sao cho y = f(x),V x € A duoc goi 1a mién gia tri cia ham s (d6 chinh 1a tip anh cua
f). Hay {f (x):x e A} 1a mién gia tri ciia ham sé.

Vi du: Cho ham s6 y =+/9—x? thi mién xac dinh A cua ham s 1a tap hop tat ca cac
s6 thuc x sao cho 9—x* >0« —3< x<3. Mién gia tri cua ham s 1a tap hop moi sb
thuc y saocho 0<y<3.
1.2. P thi ciia ham s

Dé c6 mot hinh anh hinh hoc vé mét ham sb, nguoi ta tim céch biéu dién né
trén mit phang toa do, tirc 13 mot mat phing trén d6 cd xac dinh hé truc toa do Ox, Oy
(thuong 1a vudng goc).

Véi mdi mot x thudc mién xac dinh A ctia ham s ta cho twong Gng voi mot
diém co6 toa d6 (x,y), voi y = f(X), thudc mit phiang Oxy .

Tap hop tat ca cac diém (X,y) voi moi x e A dugc goi 1a do thi cua ham sb
y="f(x).
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Vi dy: trong biéu dién d6 thi cia ham s f: A— R xac dinh boi f(x)=—x*+2x+1
trong hai truong hop:

a) A={-101}

b) A=R (A latap hop cac sb thuc)

Trong trudng hop th nhat mién gia tri cia ham ciing chi gom 3 diém:
y, = f(-1)=0;y, = f(0) =Ly, = f(1)=2. Do d6 dd thi cia ham s6 f chi c¢ 3 diém.

Trong truong hop thir hai, mién gia tri cia ham 1a R, d6 thi cia ham sé 1a mot
duong cong lién tuc (d6 1a duong parabol bac 3 — hinh 1).

ARV

Hinh 1

1?“

1.3. Ham s6 ngwoc va do thi ham sé nguoc
Xét ham s6f:A—B, tic 12 v6i mdi xeA
trong tng voi mot y duy nhat thuoc B. Néu f 1a song

anh, tirc 12 véi mdi ye B c6 twong tng duy nhit mot

xe A, thi f s& co mot anh xa nguoc 1a f':B — A.
Khi d6 ta n6i ™ 1a ham s6 nguoc ciia ham f . Vay
f:A5>Bo B> A

Khi d6 trén mit phang toa d6 Oxy , néu diém M Hinh 2
6 toa do (x,y) voi y = f(x) thudc d6 thi ham thuan f

thi diém M’ c6 toa do (y,x) s& thudc d6 thi ham sé nguoc f . Néu cac don vi chon
trén cac truc 1a nhu nhau thi cac diém M va M’ s& dbi xang v6i nhau qua duong phan
giac y =X.

Do thi ciia hdm T va ham nguwoc 7 la doi xitng nhau qua dwong thang
y=X.

Cha y: khi viét ham nguoc caa ham y = f(x) dudi dang x = f *(y) thi y 12 bién s6
doc lap. Dé thuan tién cho viée trinh bay trén cling mot hé truc toa do ta ludn coi bién
x 14 bién doc 1ap (tmg véi truc hoanh) con bién y 1a bién phu thudc (img voi truc

tung). Khi d6 ta s& ky hiéu ham nguge ctia ham y = f(x) laham y = f *(x).
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Vi du: Ham y=2x+1 c6 ham nguoc la x=(y-1)/2, nhung ta ky hi¢u lai
lay=(x—-1)/2. Ta viét:
f:R>R, f(x)=2x+1
f*:R—>R, f‘l(x):x—_1
2
1.4. Cac ham so cap
1.4.1. Ham da thuc

Ham f:R>R x4 dinh bdi

f(x):aox”+a1X”‘1+...+an, Vol n la mot $b

nguyén duong, a,,..,a, la cac hang sb thuc,

n

Sau day la dang dd thi ctia mot sd ham da thic:

9876543 f.1
duoc goi 1a mét ham da thire. Ham da thire x4c NE !
. L . X TR - -4
dinh v&i moi s6 thue X va lay gia tri thuc. PEX F1Y ,
‘ - A= -dx-3
- -7
]
o

- p=xoaldspes

1.4.2. Ham phan thizc hitu ty

Hinh 3
Ham f:R>R xiac dinh boi
f(x)= %, P(x),Q(x) 1a cac ham da thirc, dugc goi la ham phan thic hitu ty.
X

Néu N, Ia tap cac khong diém cia Q(X), tic 14 Ny, ={x € R:Q(x) = 0} thi ham
phan thic hiru ty f(x) c6 mién xac dinh 1a tap hop R\N,.

Trong chuong trinh trung hoc ta da xét d6 thi ctua cac ham phan thic hitu ty:

a ax+b ax’ +bx+c
y=—y= Y=
X cx+d pX+q
1.4.3. Ham s6 mii
Ham sé mii co sé6 a véi a>0,a=0 laham f:R — R" xac dinh bai f(x)=a*.
Ham s6 mii xac dinh voi moi sb thuc X va chi 1ay gia tri riéng.
Néu co sé a>1 thi ham mil ting, nghia 1a: véi x, <X, taco a® <a*.
Néu co s6 a <1 thi ham mil ting, nghia 1a: véi x, <X, tacd a* >a’.
Néu co séb a=e (e 1a co sb vo ty va co gia tri gan dang 1a 2,71828) thi ham mii co sd
e duoc goi la ham exponent, ky hiéu 1a exp(x). Vay exp(x) =e*.
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Hinh 4. D6 thi ham mii y =a* vaham y = log, x

Trong viéc nghién ciru sy phat trién cia mot quan thé sinh vat khi thoi gian ting
theo cp sd cong ma sb luong quan thé ting theo cip sb nhén, tirc 14 & thoi diém ban
dau (lic t = 0) s6 luong quan thé 1a m,, IGc t =1 sb lugng quéan thé 1a m,q (g 1a mot
hang s6 niao d6, cong bdi ctia cip s6 nhan), luc t =2 thi s lugng 1a mg?,..., & lic t
thi s6 lugng quan thé 1a m,q". Pat q=e”,a la mot hang s nao do thi s6 lugng quan
thé m & thoi diém t s& duge xdc dinh nho ham mii: m(t) = me® = meexp(at)

Mot hién twong phat trién nhu trén dugc goi 12 phét trién theo luat mii. Ta thuong
gap hién tuong d6 khi xét cac quan thé doc 1ap va nhitng diéu kién hét strc rong rai
(khdng bi han ché boi ngudn thirc 4n, vé dia 1y cu tra,...).

1.4.4. Ham logarit

Nhin trén d6 thi hAm mil ta thiy: v&i mdi s6 thuc X c6 twong tng véi mot sb
thuc duong y duy nhét va nguoc lai véi mdi s6 thuc y c6 twong tng véi mot s thue
x duy nhat. Piéu d6 c6 nghia 1a ham mii 1a song anh, do d6 né c6 ham nguoc.

Ta goi ham nguoc ciia ham mii la ham logarit co sé a, ky hiéu 1a log, x, ham
nay xac dinh trén tap cac sb thuc duong va léy moi gia tri thyc.

f:R" >R, f(x)=log, x
Nhu véy céac biéu thirc sau 13 twong duong:
y=Ilog,x< x=a’,xeR",yeR

Logarit co s6 10 dugc goi 1a logarit thdp phdn, ky hiéu 1a Ig x = log,, X.

Logarit voi co s6 e duoc goi 1a logarit népe hay logarit t nhién, no dugc ky hiéu 1a:

Inx =log, x

Dung cac tinh chit cua logarit ta c6 coéng thic d6i co sd trong logarit
log, x
log, b

sau:log, x =
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Chéng han mudn chuyén tir logarit thap phan sang logarit népe ta ding cong thic:
In x :Ig_x , Vi lge=0,4343 hay 1. 2,3026
lge lge

Ta d4 biét logarit c6 rat nhiéu ing dung. Trong viéc tinh toan, khi ta chuyén céc
sb sang logarit cua chiing thi phép tinh nhan dugc thay thé bang phép tinh cong, phép
tinh chia dugc thay bang phép tinh trir, nho vay rat ngan duoc thoi gian tinh toan.

Khi v& d6 thi ham sé nguoi ta thudng dung gidy ké 6 vudng. Gidy ké 6 ban
logarit 1 loai gidy ké 6 ma trén d6 thang dung trén truc Ox (truc hoanh) 14 thang don
vi d6 dai thong thuong, con thang truc tung Oy dugc ghi theo logarit cua don vi do
dai, chang han ¢ chd ghi sb 2 ta phai hiéu d6 13 1g2. Khi biéu dién d6 thi ham
mii y = e“* ta bién d6i nod thanh Igy = (alge)x va dung gidy ké 6 ban logarit thi ta s&
duoc dd thi 12 mot duong théng. Nhu vay dé kiém tra xem gitra hai dai luong bién
thién x va y c6 su phu thudc theo quy luit mii khong ta biéu dién cac diém (x,1gy)
trén gidy ké 6 ban logarit, néu cic diém nhan duoc xap xi thang hang thi ta ¢d thé chip
nhan quy luat mi gitra X va y.

1.4.5. Ham luy thira

Ham f:R— R duoc =xdc dinh boi
f(x) =x*, a 1a hing s thuc, dugc goi 1a ham luy 8
thira tuy thude vao sb thue o . i

Véi o =n, n 1a s6 nguyén duong, thi ham
y = X" la ham luy thira nguyén va xac dinh trén R.

Véi a =—-n, n la sb nguyén duong, thi ham

y=x" la ham luy thira thdp phan va n6 xac dinh
trén R\{0}.

Hinh 5: Ham Iy thira

Véi a=1/n, n la sé nguyén duong, thi

ham y = x*" 12 ham can thirc, nd xac dinh trén R* néu n chin va trén tap R néu n 1é.

Cha y: Khi nghién ciru sy phu thudc giira hai dai luong bién thién x va y, néu
gitta ching c6 hé thac y=bx" thi bing phép bién doi logarit ta duoc:
lgy=Igb+klgx.

Néu dat Y =Igy, X =lgx,B=Igb thi ta c6:Y =kX + B day lai 1a mot duong
thang trong hé toa d6 néu ca hai truc ¢ thang logarit.
1.4.6. Cac ham luong giac

Trong chuong trinh trung hoc ta da dinh nghia cac ham lugng giac. Cac ham
y=sinX,y =cosx xac dinh trén tap sd thuc R va lay gia tri trong [-1,1]. Ham
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y =tgX xac dinh v&i moi gid tri X # (2k+1)7 /2. Ham y=cotgX xac dinh v&i moi
gia tri x = ks , ching lay cac gia tri thuc.

Cac ham y=sinx,y=cosx la cac ham tuan hoadn vé&i chu ky 2z ,nghia
la:sin(2kz + x) =sin x, cos(2kz + x) =cosx, Vk € Z,Vx. Cac ham y =tgx, y = cotgx
la ham tuan hoan véi chu ky 7.

tg(x+ kz) = tg x, cotg(x + kz) = cotg x

‘r“
-

[ =

o3 l=

_— -

|
|
|
|
Y
|
|
| y=rotx

Hinh 6. D6 thi cac ham sb lugng giéc.

1.4.7. Cac ham luwong giac nguoc
Ham y =sinx xét trén R khong la don anh
(do né tuan hoan), do d6 né khong 1a song anh.
Tuy nhién, néu ta han ché mién xac dinh ctia no

= Ars sl

trén khoang [—%,%] thi n6 1a song anh, n6 c6 ham

‘FH

nguoc la f', ta goi ham nguoc cta nd 1a ham

arcsin.

f1 =11 > [-2, 2, () =arcsin x
2'2
nhu vay ta co:

y=arcsinx<:>x=siny;—1§x§1;—%gygg

GIAO TRINH TOAN CAO CAP 1 92



Bé mén KHOA HQC CO BAN KHOA CONG NGHE THONG TIN

Tuong tw, ham f :[0,7]—[-1 1], f(x)=cosx
la song anh, ham nguoc cta no la: yearcoosx

f*:[-1,1] - [0, 7], f () = arccos x

—_——— — — — — — =4

y =arccosx <> x=co0sy;-1<x<1,0<y<nr i
\ T T ~ \
Ham f :(_E’E)_) R, f(X) =tgx cling la song X
anh, n6 c6 ham nguoc 1a: -1 0 1 f
f 1R (2,5, f(x)=arctg x
22 Hirh 8
Ham song anh Ty

f:(0,7) > R, f(x)=cotgx cb anh xa

nguoc la: T
y=acotx
f:R—(0,7), f*(x) = arccotg x \
Vay ta co: mil
y=arctgx < x=1tgy

y =arccotgx <> X = cotgy o X

T T
—0 < X <40, ——< Y < —

2 2 Hinh 10
—0< X<+, 0<y<rm

Cac ham sb luy thtra, hdm mi, ham logarit, cic ham luong gidc va cac ham
nguoc cia chung duge goi 14 C4c ham so cdp co ban. Ham sé dugc tao tir cac ham sb
s0 cAp co ban nho cac phép tinh dai s va phép hop ham dugc goi 12 ham sé so cdp.

Vi dy: cac ham da thirc, cac ham hiru ty 1a cac ham so cép;

Asin(ax+ 8),e*sin X, 8% cos(ax +b),... cling 1a cac ham so cip.
1.5. Ham cho bing tham sé

Khi nghién ctru sy phu thudc ham sé giita hai dai lugng x va y ta ciing hay
gap truong hop ca x va y déu phu thudc vao mot bién thi ba t.

x=o(t), y=w(t) (*)

Khi d6 voi mdi t ta xac dinh dugc mot diém (x,y) thudc mit phang, khi t thay
d6i (trong mién xac dinh ctia cac ham ¢,y ) thi diém (X, y) vach nén mot duong L ndo
d6. Cap phuong trinh (*) dugc goi 1a phuong trinh tham s6 cta dudng L.

Vi du: Cap phuong trinh x =acost,y =bsint,0<t <27 biéu dién duong elip, vi khi

khir tham sb t ta duoc:
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LY
b2
Bay gio ta xét xem cap phuong trinh (*) khi nao biéu dién ham y = f (x).

+2 =cos’t+sin’t=1

QJN| P

Gia sir cac ham ¢,y xac dinh trong mién G. Khi d6 mién xac dinh ctia ham
f(x) 1 tap hop moi gi tri ciia ham x =¢(t),t € G = D =¢(G). Néu ham y la song
anh thi v6i mdi x e D ta tim duoc duy nhit mot te G, t=¢*(x), va véi t d6 ta xac
dinh duoc mot y duy nhét theo ham y =y (t).

Nhu vy, néu ham ¢,y xéac dinh trong mién G va ¢ 1a song &nh trén G thi:
Xx=@(t), y =y (t),t €G biéu dién mot ham sd. Ta goi ham sb d6 cho bang tham sb.

Phuong trinh dudng elip néi trén x =acost, y =bsint biéu dién hai ham:

. \ s . ‘s b
Vé6i 0<t<s, ham x=acost l1a mot song anh. Ta c6 ham: y =—+a* —x* .
a

Véi 7 <t <27 tacoham yz—E\/a2 —x°
a

§2. GIOI HAN CUA DAY SO

2.1. Pinh nghia day s6

Mgt ham f :N — R xdc dinh trong tdp hop cdc s6 tw nhién N duwoc goi 1a mét
day sé.

Ta dat u, = f(1),u, = F(2),....u, = f(n),... . u, dwoc goi 1a S6 hang tong qudat
ctia ddy s6. Ta ky hiéu day s6 1a {u,_}. C thé x4c dinh ddy sb bang cach:
a) Cho cong thirc tong qudt: u, = f(n)
Vi du: Cho déy s6 u, =a.q"™", v6i a va q la cac hang sb. D6 chinh 12 mot day s nhan
a,aq,aq’,...,aq",...

b) Cho cong thitc truy chiing, chang han: u, =a,u, = f(u_,)

Vidu. 1, Choday sé u, =~/2,u =/2+u_, . Do laday v2,¥2+~/2,\2+v2++/2,...

2, Cho day s Fibonasi u, =u,=1,u =u_,+u ,. Do ladiy 1, 1,2, 3,5, 8,
13,...
2.2. Gi6i han cia day sé

Vi du mo dau: Xét sé thue a=1/3. Ta c6 thé biéu dién gan diung thiéu sé a
bang day sé: u, =0,3; u, =0,33;...;u_ =0,3..3 (n s6 3), hoic biéu dién gan dung thira
bang day s6 v, =0,4; v, =0,34;....; v, =0,3...34 (n-1 56 3).
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Ta nhan xét rang hiéu u_—a hoic v, —a V& tri tuyét déi khong vuot qua 107",
Bang cach ting n ta c6 thé 1am cho hiéu d6 nho di bao nhiéu ciing dugc. Diéu d6 co
nghia 1a néu & 1a mot sé duong cho trude, bé tly y, thi ta co thé tim duoc sé nguy@n
N sao cho véi moi n>N ta lubn co |u, —al<e. Khi d6 sé a dugc goi 1 gisi han
cta dy sé {u_}.
Pinh nghia: ddy sé {u.} dwoc goi 14 ¢6 gidi han [a a néu véi moi & >0 cho
trieée, ta cé thé im dwoc mét sé N >0 sao cho véi moi n> N ta ludn co: | u,—al<e

Taky hi¢u: limu, =ahayu, - a khi n— +owo

N—>-+o0

Néu ddy {u_} c6 gioi han 12 a thi ta ciing néi ddy {u_} héi tu téi a.

’ Az A . n+1
Vi du: xét day so cho bsi U, = o2
n
Ta thiy ring day s6 6 hoi tu t6i 1 vi |u, ~1}= ”_”_1‘ 1
n n

o . I S oA 1A 1 .
Véi moi € >0 cho trude, muon c6 |u, —1|< ¢ thi chi viéc lay n>— la duoc.
£

s % A ISR Lo 1 2
Nhu vay ta chon N 1a s06 nguyén Ién nhat c6 gia tri nhé hon hodc bang —. Chang han
£

néu cho & =0,003 thi 1 333,3. Ta chi viéc 1dy N =333 thi véi moi n> 333 (tuc 1a
&

ké tir s6 hang thi 334 trg di) ta c6 |u_ —1]<0,003.
2.3. C4c phép tinh vé day hai tu
Dinh Iyj: néu day {u } héi tu t6i a, day {v.} héi tu t6i b thi
1) D&y tong {u, +V_} héi tu t6i a+b
2) Day tich {u,.v.} hgi tu toi ab
3) D&y nghich ddo {L/v } héi tu téi 11 b Véi diéu kién b # 0
4) Day thuong {u_/v_} héi tu téi alb véi diéu kién b #0
Ta s& ching minh cho tinh chét (1), cac tinh chat con lai dugc ching minh
tuong tu.
Vi u, — a nén theo dinh nghia cua gidi han, cho trudc s6 &/2 tatim duoc sb
N, sao cho v&i moi n> N, taco |u, —al<e/2. Vx v, —b nénvéisd &/2 noitrén ta
tim duoc s6 N, sao cho véimei n> N, tacd |v, —al<e/2.

Goi N =max(N,, N,) thi véi moi n> N ta co:
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lu —alkel2va|v,—alkel?2
Khi d6 v&i moi sb & >0 cho trude ta da tim duge sd N sao cho véi moi n> N
ta co:
| (U, +v,)— (@+b) = (U, ~a) + (v, ~b) [<|u, —a| +] v, ~b) |
<gl2+el2=¢
Piéu d6 ching to (u_+v,) — (a+b).
2.4. Hai tiéu chuan da dé day hai tu
Khong phai ddy s6 nao ciing hoi tu, chang han ddy u_ = (-1)" ma cac gia tri cua
né lan luot 12 -1 va 1 khong tién t6i mot gidi han nao ca.
Duéi day ta s& phat biéu hai tiéu chuin ma nhd d6 ta c6 thé biét duoc mot ddy
da cho la hoi tu.
Tiéu chudn 1: Cho ba day {u_},{v.} ,{w } saocho v, <u_<w_ (1)

Khi d@6 néu cac day {v,} v {W_} cung héi tu téi a thi day {u } ciing héi tu toi a.

Chutng minh:
Do v, —a nénvoi ¢ >0 tatimdwoc N, & Vn>N, taco v, —al<e 2)
Do w, — a nénvéi ¢ >0 tatimdugc N, dé vn> N, taco w —al<s (3)

Goi N =max(N,,N,) thi khi n> N cac bt ding thic (2) va (3) cling xdy ra. Két hop
voi (1) taco: —e<v,—a<su —asw —a<g
Nhu vdy, v6i €>0 cho trudc ta tim duoc s6 N sao cho voi moi n>N ta co:
lu —al<e
Piéu d6 ching to day {u_} hoi tu téi a. n
Trude khi phat biéu tiéu chuan thir hai, ta xét thém mot vai khai niém:

Day {u.} duoc goi la don diéu tang néu ¥Yn,m ,n>m = u_>u_.

Day {u.} duoc goi I don diéu giam néu ¥Yn,m ,n>m = u_<u_.
Vi du: day cho bdi u, = % la day tang, ddy cho boi v, =% la day giam.

Day {u,} duoc goi 1a bi chin trén néu moi s6 hang trong day, ké tir mét s6 hang
nao dé tré di, khéng vuot qud mét hdang sé A ndo do.

Day {u } duoc goi 1a bi chin dwéi néu moi s6 hang trong day, ké tir mét s6 hang
nao doé tré di, khéng nhé hon mot hang sé6 B ndo do.

Tiéu chudn 2: moi day ting va bi chan trén thi héi tu. Moi day gidm va bi chdin

duoi thi hoi tu.

Ta khéng chimg minh tiéu chuan nay.
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Vi dy: Xét diy sb cho boi u, = (1+£j . Ta s& chimg minh rang ddy {u_} ting va bi
n

chan trén.
That vy, ta khai trién u, theo nhi thirc Newton:

Un=(1+1j :1+%_1+n(n—1) 1.,nn-Hn-2) 1~ n(n-0.1 1 _
'n

n 21 n? 3! n® nl n"

RCEL I

Thay n bdi n+1 thi:

TN R SN PO S PN N O ) L
2! n+1 (n+1)! n+1 n+1 n+1

Do: 1—%<1—ﬁ voimoi Kk =1,2,... tasuyrau, <u ., tac ladady {u } tang.
+

Mt khéc: 1—£<1,Vk nnu, <2+l+l+...+i

K 21 3! n!
Hon ntra: l: L < 1 = kl_l,Vk:2,3,...

k! 23.k 22.2 2
Do do: un<2+1+i2+...+ 1_1<2+1+i2+...+ 1_1+...
2 2 2" 2 2 2"

Tong 2+£+i+...+ L +..= 1/2 =1 vi 12 téng ctia mot cap sd nhan 10i vo han.

22 ol T 12
Vay u, <3.

Tom lai ddy {u,} tang va bi chan trén badi 3 nén theo tiéu chuan 2 thi né hoi tu.

: . 1Y . :
Dinh nghia: Gioi hagn cua day u, =(1+—j dwoc goi la so e va
n

lim (1+£j =e
N—+o0 n

Ngudi ta chimg minh duogc rang s6 e 12 s6 vo ty. Gia tri gan dang cua nd véi 5
chir sé thap phan 1a 2,71828. S6 e dugc dung 1am co s6 cho mot hé logarit (logarit
népe). Rat nhiéu cong thirc toan hoc ciing nhu k¥ thuat duoc biéu dién nhd s e,

2.5. Gid¢i han vo cung cia day

Khi xét day {u,} hdi tu téi a, a la hitu han (-0 <a <+w). C6 nhitng ddy ma
ké tir mot s6 hang nao doé tré di, moi sb hang trong day déu 16n hon hodc nhé hon mot
s6 bat ky cho trude c6 tri tuyét d6i 16n ty y. Khi d6 ta néi 1a day c6 giéi han vo cing.
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Dinh nghia:

Day {u_} ¢6 gidi han +oo Néu véi moi s6 M >0 cho trude, ta cé thé im duoc
s6 N >0 sao cho véi moi n>N tacd u >M . Taviét u — +oo

Day {u_} ¢6 gidi han —o Néu véi moi s6 M >0 cho trude, ta cé thé im duoc
s6 N >0 sao cho véi moi n>N taco u, <-M . Taviét u, — —o
Vi du: diy s6 cho béi u_ =n? ¢6 gidi han 1a +oo.
Ta chimg minh dugc rang:

Néu U, — +00,V, — +0 => U_+V, —> +00; U .V, —> +0o0

Néu u, — —0,V, = —0 => U +V, —>—00; U .V, —> +o0

Néu u, — +o0,V, = -0 => U .V, = —0

Néu u, —a>0,v, > +0 = U V. —> 40

.. Z u s s n g e
Chay: Néu u, —> 40o,v, ->+0 = (u,—V,), -~ duogc goi la cac dang v6 dinh. Néu
Y

u, > 0,v, >0 = u_ Vv clngladang vo dinh.
Trong viéc tinh gidi han, khi gap cac dang vo dinh ta phai tim cach khir ching
di (xem §3).

§3. GIOI HAN CUA HAM SO
3.1. Dinh nghia gi¢i han khi X — a
2(x* -1
x-1
Ham s6 khong xac dinh tai x =1. Tuy nhién vdi cac gia tri ciia x kha gan 1 ta
thdy cac gid tri cua f(x) twong ing khac 4 rat it va ta c6 thé tim duoc nhimg khoang

Vi dy: xét ham sb f (x) =

dd nho chira 1 sao cho voi moi X thudc khoang @6 thi hiéu | f (x) —4| nho bao nhiéu
ciing duoc. Khi d6 ta ndi ham f(x) c6 gioi han 1a 4 khi x dan ti 1.

Dinh nghia: ham f(x) c6 gidi han 1a h khi x ddn t6i a néu véi moi & >0 sao
cho 36=6(¢)>0;Vx:0<x-alksd = |[f(X)-hlke (ton tai mét sé6 & duwong
f(X)-hl<e¢).

chi phu thuéc vao & mavéi moi x thuée lin cgn § cia diém a thi
Ta ky hiéu: lim f(x) =h
X—a

2
Tré lai vi du trén, ta ching minh rang: Iim—z(x 1 =4

x—1 X -1

That véy, cho truéc & >0 bat ky (chang han & =0,001) ta can xac dinh s6 & >0 sao
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2(x*-1)

chokhi: 0<x-1ké6 = ‘ -4|l<¢

2
Do x #1 nén %—4 =|2(x+1)-4|=2|x-1 <25

néu chon 8 =& /2 thitac 1
X_

M—4‘<25=g

Vay Ve >0,36 =¢/2,Vx:0<x-1ké = |f(X)—4|ke.
3.2. C4c tinh chit ciia giéi han
DPinh Iy 1: néu ham f(x) >0 trong mét ldn cdn ciia diém a va leir; f(x)=h thi
h>0.
Thay vay, tir dinh nghia ctia gidi hantacéd: | f(X)—h|<xe=>h-e< f(X)<h+¢
néu h <0 thitaco thé chon ¢ sao choh+& <0 = f(x) <0, trai gia thiét.
Dinh Iy 2: néu khi x —a, f(X) ¢6 gidi han h va g(x) c6 gigi han 1a k thi
f(X)+g(x) c6 gidi han h+k; m.f(X) c6 gidi han Ia h.m (m 1a hang s6); f(x).g(x)
¢6 gici han 12 hk : ~X) 6 givi han 13 = (m #0).
9(x) m
Céch chimg minh dinh 1y ndy ciing gidng nhu cach chirng minh giéi han cua
day sb.
Chu y: Céc dinh nghia gidi han cia ham f khi X — +o0 hodc X — —oo Ciing tuong tu
nhu dinh nghia giéi han cua ddy. Chang han, ham f(x) c0 gidi han Ia h khi x — —oo
néu Ve >0 tatim dugc sé M >0 sao cho VX<—M,|f(X)—h|<g.
3.3. Lwong Vo cung be (VCB)
Néu f(x) c6 gigi han bang 0 khi x —a thi ham f(x) dwoc goi Ia lwong vO
cung bé ¢ ldan cdn cua a.
Vi du: Khi x>0 = sinx—0 (do ta ludn co |sinx|<|x]). Vay sinx la dai lugng
voO cung bé (VCB) ¢ lan can cua 0.
So sanh cac VCB: gia su f(x),g(x) la cac VCB khi x > a.

u lim E ; 0 thi ta n6i rang f 14 VCB cdp cao hon g .
X—a g X

Ilm% k =0 thi ta néi rang f va g 1a VCB clng cap.
X—a g X

ddc biét, néu k =1 thi f va g la hai VCB twong dwong, ta ky hiéu f ~g.
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] , . x s ps SINX . N
Vi du: O chuong trinh Trung hoc ta da biét Imgs— =1. Nhu vay trong lan can cua 0
X—> X

thi ta co: sinx ~ x

.. X . o X
2sin® = 2sin? =
, . 1-cosx .. . . X
Ta co: lim =lim =lim 2.S|n——0
x—0 X x—0 X x—0 X
Viy: 1-cosx 12 VCB cép cao hon X.
. o X X . X
 1-cosx . 2sin - 2sin sm2 1
lim > =lim 5 =1lim ) ==
x—0 X x—0 X x—0 X X 2

Viy 1-cosx 1a VCB cuing cap v6i x?, ta ciing néi 1—cosx la VCB cép hai ddi v6i X.
Cha y: Ty sb cua hai VCB i (x —>a, ) ladang v6 dinh % Dinh 1y sau cho ta mot
g

phuong phap dé khir dang vé dinh.
Dinh ly: gia su f,(X), f,(x),09,(x),9,(x) la cac VCB (khi x - a hodgc «). Khi

d6 néu £,(x) ~ £,(x), 6,(x) ~ g, (x) thi: lim 500 _jim f(0)
R0 g,

Ching minh: Ta c6 thé viét L:L A 92
o f, 0,0
Do Iimi:l, lim92 1 nén ta c6: lim—= = lim 2
f2 9 9, 9,
sin5x

Vidy: 1) Tim lim
x-0 5N 3X

Khi ~ x—>0thx sin5x~5x,sin3x~3x. Theo dinh 1y trén ta co:
sin5x 5X _5

lim— =lim —
x-0 5in 3X HO 3x 3
2) Tim S|n5x

Hﬂ sin 2x

Khi x—>7 = sin5x—0, sin5x la moét VCB. Tuy nhién, ta khdng thé viét

sin5x ~5x vi 5x — 57 khéng phai 1a moét VCB. Dé giai quyét van dé nay ta lam nhu

Sau.

bat t=7z-x.Khix—>7 = t—0,sin5x =sin(5z —5t) =sin(x —5t) =sin5t  va

sin2x =sin(2z — 2t) =sin(-2t) =—sin2t. Khi d6 néu t—0 = sin5t~5t va
sinbx . sinbt 5t 5

sin2t ~ 2t. Vay: lim =1 — = ==
o7 SiN2X 90 —sin2t t—>0 —2t 2
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Mot s6 VCB tuong duong thudng gip:
Khi x — 0 thi:

sinx ~ x; tgx ~ x; 1—- cosx~§x INn(L+x) ~ x; e* =1~ X; V1+ X 1~§X

Ta ching minh: ImM:l, “me_—1:1
x—0 X x=0 X

O muc 2.4 ta d3 dinh nghia: Iim(1+ 1) =e
n

n—ow
Véi sb thue z bét ky bao gio ta ciing tim duoc sb n sao cho: n<z<n+1
Tu do:

n z n+1
iél 1:>1+i<1+1<1+1:>(1+i < 1+lj £(1+lj
Z n n+1 yA n n+1 yA n

(i) (o) <o) ) )

n+1 n
Khi z—> 400 = n— 40 vataco: (1 ilj —e: (1+1j —e
n

. 1\ 1
con: |1+—| -1 [1+—|>1
n+1 n

Do d6 theo tiéu chuan 1 cua gigi han (nhung ap dung dbi véi ham) ta co:

Z—>0

. 1Y s A %
Ilm(1+—) =e, Vvoi z lamot so thuc.
z

1
bat x=1/z khiz — +w, x> 0. Viy: lim(1+x)x =e

x—0

1 1
Ta co: im M) < jimin (L4 x)x = Inlim(L+ %)< = Ine=1

x—0 X x—0 x—0

bit y=e"-1 = x=In(l+y), khix—>0 = y — 0. Khi do:
lim& =t _ jjm—Y
x>0 X y+0 In(1+ y)

3.4. Lwong Vo cung lon (VCL)
Ham f c6 gigi han +o khi x = a néu véi moi M >0 ta tim duwoc s6 & >0

sao cho khi 0<|x—a|< & thi f(x)>M .

Ham f c6 gigi han —o khi x —a néu véi mei M >0 ta tim duwoc s6 & >0
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sao cho khi 0<|x—a|< & thi f(x)<-M.

Ban doc hdy ty dinh nghia giéi han vo cung (+0, —o) cia ham f khi
X — 400, hodc X = —o0.

Néu ham f ¢6 gidi han 14 vo cung thi nd duwoc goi 13 lwong vé clng lon.

Ta dé dang ching minh duoc 1a: néu f(x) 1a VCB khac 0 thi 1/ f(x) 1a mot
VCL va nguoc lai, néu f(x) 1a VCL khéc 0 thi 1/ f(x) 1a VCB.

Néu f,g lacac VCL vatysé f/g cingla VCLthi f 1aVCL c6 cip cao hon
g . Vi vay, trong Viéc tinh gidi han ciia ty s6 T 19 (dang vé dinh o/ x) ta chi gii lai
& tir 56 va Mdu s6 cdc VCL ¢6 cdp cao nhdt vangdt bé cac VCL cdp thap hon di.

2xX°+5x* =3x _ . 2x° 1

Vi du: lim 3 = lim—==
x40 AXT—TX+6  xoredx® 2

§4. HAM SO LIEN TUC
Trong §3 ta d& xét giéi han ciia ham s6 f (x) khi x —» a ma khong doi hoi ham
f phai xac dinh tai a. Trong muc nay ta sé xét mot 16p ham dac biét, hay gap trong
thuc té&: ham f xac dinh tai a, ham f c6 gioi han khi x — a VA gia tri gidi han d6
bang gia tri ciia ham tai a. D6 13 16p cac ham s lién tuc.
4.1. Dinh nghia
Ham so y= f(X) duwoc goi 1a lién tuc tai Xx=a néu: né xdc dinh tai a va
leir; f(x)=f(a).

Vi du: ham f(x)=x* lién tuc tai moi diém x. That vy, ldy x=a bit ky thi
f(a)=a’, lim x? =a?, diéu nay c6 nghia 1a ham f lién tyc tai a. Nhung a dugc
chon bat ky nén ham f lién tuc tai moi diém.

Dung céc dinh 1y vé gi6i han ta chimg minh duoc:

DPinh Iy 1: Néu cdc ham f(x),g(x) lién tuc tai x=a thi cac ham f(x)+ g(X),
)
9(x)
Bay gio ta xem x¢t tinh 1ién tuc ctia ham hop:

k.f(x) véi k 1ahang s6, f(x).g(x), véi g(a) =0 ciing lién tuc tai a.

Trudc tién ta xem lai khai niém ham hop. Gia str ¢6 hai ham:
u:A->B,u(x)=y
f:B>C, f(y)=2

Nhu vay ta c6 ham hgp: fou: A— C, (f ou)(x) = f(u(x))
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pinh Iy 2: Néu ham u lién tuc tai x =a, ham f lién tuc tai diém u, =u(a) thi
ham hop f ou ciing lién tuc tai x=a.
Chung minh:
Do f lién tuc tai u, nén véi moi & >0 cho trudc, ta tim dugc s 17> 0 sao cho:
lu—up lkn=1fU)-f(u)l<e 1)
Do ham u lién tuc tai @ nén voi >0 tim duogc & trén ta tim duoc 6 >0 sao
cho:
|x-al<éd=|u(x)-u(@)|=]u-u,[<n )
Két hop (1) va (2) ta co:
|IXx—al<kd= |u-u,|<n=|fu)-fu)|<e

hay: | flu(x)]- flu(a)]|<e
Diéu d6 chimg to leir; flu(x)]= flu(@)]. Taclahamhop fou liéntyctai x=a.g
Ta thira nhan rang: cde ham so cdp co ban 1ién tuc tai moi diém trong mién xdc
dinh cua chung.
Dung dinh 1y 1 va dinh 1y 2 ta c6 thé phét biéu: cdc ham so cdp déu lién tuc trong

mién xdac dinh cua ching.
4.2. Ham lién tuc trong mot khoang kin
4.2.1. Lién tuc mot phia

Trong dinh nghia giéi han, khi ta viét x — a ta can hiéu 1a x dan téi a theo
nhitng gi4 tri nho hon a (x dan téi a theo phia trai, ky hiéu x —>a—0 hodc x —>a")
va x dan t6i a theo nhimng gia tri I6n hon a (x dan t6i a theo phia phai, ky hiéu
X —>a+0 hoac x —»>a").

Gidi han cua ham f khi x — a nhu vay 1a gidi han hai phia.

Trong nhiéu trudng hop, ta chi can xét gidi han ciia ham khi x »>a—0, taco
Qidi han trai, hoac khi x — a+0, ta c0 gidi han phai.
Vi dy: véi ham f (x) =+/x thi khi xét gi6i han cta n6 khi x — 0 ta chi c6 thé xét gioi
han phai, vi néu xét gidi han trai thi vd nghia (vi ham Jx chi x4c dinh v6i x>0 ).

Ham f dwoc goi 12 ién tuc trdi tai a néu né xdc dinh tai a va
X||_>r!11 f(x)=f(a). Ham f dwoc goi [a lién tuc phdi tai a néu no xdc dinh tai a va
XI|_>r!11 f(x)=f(a).

Ham f duwoc goi 12 lién tuc tai a néu né lién tuc cd phia trdi va ca phia phdi tqi a.

4.2.2. Ham lién tuc trén khodang kin [a,b]
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Mgt ham | dwoc goi la lién tuc trén khodng kin [a,b] néu:

a) NO lién tuc tai moi diém X € (a,b) .

b) NO lién tuc phdi tai a va lién tuc trdai tai b.

Khi biéu dién dd thi cia mot ham lién tuc trén mot khoang thi ta dugec mot duong
cong lién nét (vé dugc bang mdt nét but).

Ta phat biéu khong chirng minh ma chi minh hoa bang hinh hoc cac tinh chat quan
trong ctia ham lién tuc trén mot khoang kin.

Tinh chdr 1: néu ham f lién tuc trén khodng kin [a,b] thi n6 dat gid tri nhé
nhdt m va gia tri Ién nhat M it nhdt mét lan trén khodng [a,b].
NOi cach khac, ton tai x, €[a,b] vu X, €[a,b] sao cho véi moi x [a,b] ta co
m=f(x)<f(x); M="f(x)=f(x).

Chu y rang diéu kién khoang kin 1a quan trong, chang han néu xét ham f (x) = x
lién tuc trong khoang ma (0,1) thi khdng tim duogc diém trong (0,1) dé ham f dat gia
tri nho nhat cling nhu gia tri 10n nhat.

Tinh chdt 2: néu ham f lién tuc trong khodng kin [a,b] thi n6 nhdn moi gid tri
trong khodang kin [m,M], ticc la dnh cua doan [a,b]

qua f la[m,M]. : .

NO6i cach khac, néu u 1a mot gid tri tuy y thude /A N\ . /:
khoang kin [m,M],m < <M thi thé nao ciing tim S o X : b
duge & e[a,b] d& f(E)=u (hinh 11). HTN

Hé qua: néu ham f lién tuc tén khodng kin
[a,b], gia tri cia ham tai a va b trai ddu nhau, tirc 12
f(a).f(b) <0, thi phuong trinh f(xX)=0 bao gio ciing cé nghiém trong khodng
(a,b). Hon nita, néu f don diéu trong khodng [a,b] thi nghiém dé Ia duy nhat.

Ta chi viéc ap dung tinh chat 2 véi m<0,M >0, u =0.
4.3. Ham s6 gian doan

Néu ham f khong lién tuc tai x =a thi diém x =a la diém gian doan cta ham sé.
Ta ciing n6i ham sé gian doan tai a. Céac truong hop gian ¥
doan thuong gap la:
1, Ham f khong xac dinh tai a va f(x) > o khix — a.
Piém x =a duoc goi 1a diém gian doan vo cling.

Vidy: Ham f(x) =1/ x c6 gian doan vo cung tai x=0.

2, Ham f xac dinh tai x=a, ham c0 cac gidi han trai (hiru Hinh 12
han) va giéi han phai tai a nhung cc gidi han d6 khong bang nhau. Khi d6 ta néi ham
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c6 gian doan loai mot tai diém x=a, va tai x=a ham f c6 budc nhdy bing

| f(a+0)— f(a—0)|.

-1 khi x<0

Vi du: ham f(x) = . c6 gian doan loai
1 khi x>0

mot tai x =0. Budc nhay tai x =0 Ia

| f(+0) - T (-0)|=]1-(-D|=2

Hinh 13

3, Ham f khong xac dinh tai x =a nhung c6 gi6i han (hai phia) khi x — a. Néu ta

bd sung cho ham f gié tri tai a bang gi6i han tai a cia no thi ta s& thu duoc mot

ham méi lién tuc tai a. Khi d6 diém x = a duoc goi la diém gian doan khur duoc.

. . in X . e 4
Vi dy: Ham f(x):s— khong xéc dinh tai x=0 *+ -
X
. _sinXx R . . Py k
nhung IImS—:l nen néu ta xé ham -
Xx—0 X H"H.L__.ﬂ' "M..____:.-""'H.'
sin X ==
—— khi x#0 N . . + x
f,(x)=9 x thi ham nay lién tuc véi moi
1 khi x=0
X.
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BAI TAP

6.1. Tim mién xac dinh cta ham s (trén tap s6 thuc) duoc cho bai:

a)y:\/x2—3x+2+;; b) y =+/sinx ++/16 — x*;
V3+2x— X

c) y =Ig[l—Ig(x* —5x +6)]; d) y =arcsin(x — 2);

e) y =arccos

6.2. Ham f xac dinh trén R duogc goi 1a ham 1é néu f (-x) = —f (x) ; 1a ham chin néu

f(—x) = f(x). Cho ham f(x) =log, (x++/x? +1), hdy ching minh n6 1a ham & va
tim ham nguoc cua no.

6.3. Chtirng minh céac cong thirc sau:

. 1 L
a) Néu x>0:arctg x +arctg—; suy ra h¢ thtrc twong trng doi voi x <0.
X

b) arcsina-+arcsinb = arcsin(avl-b? +by1-a?).

6.4. Nguoi ta dinh nghia cac ham Hypebolic nhu sau:

Ham sinhypebolic, ky hiéu shx: f:R —> R, f(x)=shx =%(eX —e)

Ham coshypebolic, ky hiéu chx: g:R — R, g(x) =chx =%(ex +e7)

a) Chimg t6 rang ham shx 1a ham Ia ham I¢ va ham ch x 1a ham chin.
b) Xuét phat tir d6 thi cuia ham sb e*,e™ hdy v& d6 thi cac ham shx, chx.
¢) Tim ham nguoc caa hdm sh x. Phai han ché mién xac dinh ctia ham ch x nhu
thé nao dé n6 c6 ham nguoc? Hay tim ham nguoc do.
d) Chtrng minh cac cong thirc:
ch?x—sh®x =1, ch?x+sh®x = ch 2x, 2sh x.ch x =sh 2x
6.5. Cho ddy s6 xac dinh béi: u, =L,u,,, =2 +u,
a) Chimg minh rang véi meintacod u, <2.
b) Chimg minh rang ddy {u,} tang, tir &6 hdy tim gi6i han cua day.
6.6. Tinh cac gidi han:

3 2
1) lim X2 . 2) lim1=X". 3) lim =X _oX+2
-2 X°—4 x>l 1—X x>-22X° 4+ 7X° 46X
4) limsin 2Xcotg X 5) lim—%S2X . g jim_ 2%
X0 x—Z SIN X — COS X x4 3 /2x+1

4
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