Bé mén KHOA HQC CO BAN KHOA CONG NGHE THONG TIN

Chuong |I: KHAI NIEM VE TAP HQP VA ANH XA
§1. TAP HQP

1.1 Céc khai niém vé tap hop

Trong ngdn ngir hang ngay, ta thuong dung dén khéi niém tdp hop: tap hop cac
sinh vién c6é mat trong mdt 16p hoc, tap hop cac cau hoi on thi.. 0 day ta khong dinh
nghia tap hop ma chi mé ta n6 bang mot dau hiéu hay mot tinh chat nao d6 cho phép ta
nhan biét duoc tap hop d6 va phan biét n6 véi cac tap hop khac. Ta coi tdp hop & mét
khai ni¢m nguyén thuy cling giong nhu khai ni¢ém diém, duong thang, mat phang trong
hinh hoc.

Cac dbi twong 1ap nén tap hop duoc goi 12 cac phan tr cia tap hop.

Néu a 1a mot phan tir ciia tp hop A thi ta ky hiéu: ae A.

Néu a khong phai 14 mot phan tir cia tap hop A thi ta ky hiéu: a¢ A.
Vi du: Néu A 1 tap hop cac sd nguyén chin thi 2 A,10 € A nhung 15¢ A.

Mot tap hop duoc goi 12 hitu han néu nd gdm mét sd nhét dinh phan ti.
Vi du: Tap hop cac sinh vién cia mot 16p hoc 1a hiru han, sé phan tr & day 1a b sinh
vién cua 16p do.

Tap hop cac nghiém cua phuong trinh x2 —=3x+2=0 14 hiru han, n6 gdm hai
phan tir1a 1 va 2.

C6 nhitng tap hop chi c6 dung mot phan tir, ching han tdp hop cac nghiém duong

. i 1 5 .
nho hon 2 ctia phuong trinh sin x = 3 chi c6 mét phan tur 1a %

Pé duogc thudn tién, nguoi ta ciing dua vao loai tap hop khong chira mot phan tir
N0 va goi nd 12 tdp hop rong, ky hiéu 1a @.
Vi du: Tap hop cac nghiém thuc cua phuong trinh x* +1=0 12 rdng, vi khong ton tai
s6 thue ndo ma binh phuong lai bang —1.

Tap hop gdm vo s6 phan tir goi 12 tdp hop vé han. Ngudi ta phan biét:

Tap hop V0 han dém duwrge 1a tap hop tuy sé lugng phan tir 12 vO han song ta co
thé danh sé th ty cac phan tir cta nd (tic 12 ¢6 thé biét dugc phan tir dung lién trude
va dimg lién sau ctia mot phan tir bét ky).

Vi dy: Tap hop cac nghiém cua phuong trinh sinx =1 1a vd han dém dugc, vi cac phan
tir cuia no co6 dang X, :%+ 2k ; voi k=0,+1, £2,+3, ... chung duoc danh s theo s6

nguyén K.
Tap hop vo han khong dém duoc 14 tap hop c6 vo sb phan tir va khong co cach
nao danh sb thir ty cac phan tir cia no.
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Vi dy: Tap hop cac diém trén doan thang [0,1].

Tap hop con

Cho hai tap hop A va B. Néu bat ky phan tir
nao cua tip hop A ciing 14 phan tir cia tap hop B thi
ta noi A la tap hop con cia B va ky hicu AcB
(doc: A bao ham trong B).

Nhu vay ta cO:
AcBe xeA=xeB

(ky hiéu < doc 1a “khi va chi khi”, n6 c6 nghia cta diéu kién can va du, ky hiéu =
doc l1a “suy ra” hay “kéo theo”).
Vi du: Goi A 1a tap hop cac nghiém ciia phuong trinh x* —3x+2=0, B la tap hop
cac s6 nguyén duong thi Ac B vi 1 va 2 ciing 14 cac s6 nguyén duong.

Quan hé bao ham gitta cac tap hop co tinh chdr bdc cau nghia 13: Néu Ac B va
BcC thi AcC.

Tap hop biang nhau

Néu Ac B dong thoi B c A thi ta n6i hai tap hop A , B 1a bang nhau. Ta
cling ky hiéu A=B.
AcB

Nhu vay: A=B <
Bc A

Ngudi ta quy udc rang : Tdp hop rong D& tdp hop con ciia bat ky tdp hop ndo.
That vay, néu Ac B thi bat ky phan tir nao khong thuoc B ciing khong thudoe A va
nhu vy & = B vi khong c6 phan tir ndo thudc tap hop rong.

Dé tién lgi cho viéc xét cac tap hop, ta thuong coi tdp cdc tdp hop dwoc khdo sat
la c&c tdp hop con ciia mét tdp hop E “di Ién” ndo dé, chang han trong chuong
trinh toan hoc & Trung hoc khi xét tdp hop cac nghiém cua phuong trinh, ta déu coi
ching 1a tap hop con cua tip hop s thuc.

1.2 Cac pheép toan trén tap hop

Gia sit A B,C,...1a céc tap hop con ciia mdt tip hop E nao d6. Ta c6 thé xay
dung cac tip hop mai dua trén c4c tap hop do bang cac phép toan sau:

a) Phép hop: Hop cua hai tap hop A va B la
mot tap hop chua cac phc”in tr thudc it nhdt mot
trong hai tdp hop A hodc B. Ta cling néi hop cta
A, B, 1a tap hop chira cac phan tir hodc thuéc A hoic
thudc B. Ta ky hi¢u hop cta hai tdp hop A va B la:
AUB.
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Nhu vay: xe AUB < xe A hoac xeB
Vi du: Néu A 14 tap hop cac s thuc nho hon 1, B 12 tap hop cac s6 thuc 16n hon 2
thi tap hop céc nghiém thuc cta bt phuong trinh x? —=3x+2>0 1a AUB.

b) Phép giao: Giao cia hai tap hop A va B la
mot tdp hop chua cac phd‘n tir thuée ca A lan ca B.
Ta ky hiéu giao cua hai tap hop Ava B la AnB.

Nhu vdy: xe ANB< xe Ava xeB
Vi du: A 13 tap hop cac sé thuc nho hon 2, B 1a tap hop Hinh3. AN B
cac s6 thuc 16n hon 1 thi tap hop cac nghiém cia phuong trinh x? —3x+2<0 Ia
ANnB.
Néu AnB = thi ta ndi cc tap hop A va B khdng giao nhau hay roi nhau.

Vi du: A 12 tap hop cac diém trén dudng thing y=x+1, B 1a tip hop cac diém trén
Parabol y =—x* thi AnB =@ (hai duong khong giao nhau.)
c) Phep trir: Hiéu cua hai tap hop A va B la mot

tap hop chira cdac phan tir thuéc A ma khong thugc B.
Ta ky hiéu hiéu cua hai tap hop Ava B la A\B.
Vi du: y latap hop s6 thuc, x 1a tap hop gdm hai sé thuc 1 Hinh 4. A\ B

va x thi tap hop xéc dinh cita phn thitc — |2 R\B.
X" —=3Xx+2
Dic biét, hiéu E\ A dugc goi 1a phan bu (hay bd sung ) cia A trong E, ky hiéu
la C.A, hay néu tap E da biét thi c6 thé ky hiéu don gian 12 A.
Céc tinh chdt ciia cdc phép todn trén:
Gia sir A,B,C la cac tap con cia mot tip hop E . Céc phép toan hop, giao, bd
xung c6 cac tinh chét sau:

1. A=A

2. AUA=A ANA=A
3. AUA=E ANA=Q
4. AUE=E ANE =A
5. AUZ=A AND =D

6. AuB=BUA AnB=BnA

7. (AuB)uC=Au(BuC), (AnB)NnC=An(BNC)
8.(AnB)uC=(BUC)N(AUC); (AUB)NC=(ANC)u(BNC)
9. AUB=ANB; ANB=AUB
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Tinh chit cubi cling con dugc goi 12 quy tdc Po mooc-giang: Khi liy phan bu
ctia hop hay giao hai tap hop, thi mdi tdp hop dugc thay bang phin bu cua nd, phép
hop dugc thay béng phép giao, phép giao thay béng phép hop.

Viéc chimg minh cac tinh chét trén dua vao viéc ching minh sy bang nhau cia
hai tap hop. Ta nhic lai: T=Pkhivachikhi TcP vaPcT.

Ta chitng minh tinh ch4t 9.1 : D&t T = AUB va P=ANB.

Pau tién chimg minh T c P:

Ly xeT tic 12 xe AUB. Theo hinh v& 2, x thudc phan bl cia AUB tirc 13
x phai khéng thuoc A va khong thuoc B: x¢ A x ¢ B. Nhung x ¢ A tic 1a x e A.
Ciing nhu viy, tc 13 x e B. VAy X e A va xe B hay xe AN B.

Ta d& chung minh néu x e AUB thi xe AnB. Tir do ta co:

AUBcANB (1)
Bay gio ta chung minh P T .

Liy yeP tic 12 ye AnB. Theo dinh nghia phép giao ta co ye A va yeB
trcld ye A va yeB. Khi d6 y phai thuoc phan bl cia AUB tacla ta cd
ye AUB. Nhuvady: ANBc AUB )

Te()va(2tasuyraz AUB=ANB

Phuong phép chimg minh céc tinh chat khac ciing twong tu.
1.3 Cach cho mgt tap hop

Ngudi ta thuong cho tap hop bang cach:

a) Liét ké céac phan tir ciia né
Vi dy: Bang danh sach cac thi sinh tring tuyén vao mot trudng dai hoc.

Néu sb cac phan tir ciia tap hop it, ta co thé viét tén cAc phan tir ciia tap hop giira
hai ddu {}, ching han A={1,2,3,4}; thi A latap c6 4 phantirla 12,34

b) Cho quy tdc dé nhdn biét cdc phan tir ciia né

Taviét: A={x:P(x)}va hiéu: A Iatap hop gom cac phan tir X sao cho tinh chat
P dang voi X.
Vi du: A:{Xe R:x? —3X+2=0} hiéu: A 14 tap hop cac sb thuc x 1a nghiém coa
phuong trinh x* —=3x+2=0 tac 1a A={1,2}
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§2. ANH XA

2.1 Khéi niém vé 4anh xa

Cho hai tap hop A va B. Ta ndi rang co
mét dnh xa f tir A vao B néu véi méi phan tir
Xe A cé twong vmg theo mét quy tic ndo dé
mét phan tir duy nhat 'y € B

Ta ky hi¢u: f:A— B(doc: f la anh xa
tir X vao B) A latdp nguon, B 1atdp dich.

Hinh 5

Phan tir y € B tuwong tmg v&i phan tir x € A boi anh xa f , duoc goi & dnk ciia
X qua f vaduogc ky hiéula f(X).

Néu v6i bat ky phan tir X ndo cua A, anh f(x) cua nd dugc xac dinh thi A con
duoc goi l1a tap xdc dinh cua anh xa T .

Néu A 1 tap xac dinh cua anh xa f thi dnk cia tdp hop A béi dnh xa f duoc
dinh nghia boi: f(A)={yeB:3axe A y=1f(x)}

Vi du: Xét &nh xa f tir tAp hop s6 thuc R vao chinh né xac dinh boéi f(x) = iz thi
X

tap x4c dinh cta né 1a R\{0} con tap hop anh cua né 1a tap hop moi s6 thuc duong
R*.
Anh xa bing nhau
Choanhxa f:A—B va g: A — B'. Néu véi moi xe A tacd f(x)=g(x) thi
ta n6i hai anh xg f va a+b 12 bang nhau, taviér f =g.
Vi du: Cho tap hop A={-1,0,1}va cac anh xa:
f : A—> R xéc dinh boi f(x)=x+1;
g:A— R xac dinh béi g(x) =—x° +2x +1.
Taco: f =g (Néuxétcicanhxa f va g tir R vao N, thitalaico f =g).
Nguoi ta ciing dinh nghia cac phép toan trén anh xa. O day ta chi han ché xét cac
truomg hop cac anh xa f,g c6 cing mién xac dinh a va lay gia tri trong R.
2.2 Cac loai anh xa
Choanhxa f tr A vao B.
a) Anh xa f duwoc goi 1a don dnh néu dnh cia cic phan tir khdc nhau 14 khéc
nhau. NGi cach khac, véi moi X, %, € A, néu x, # X, thi f(x)#= f(x,).
b) Anh xa f dwoc goi 1a toan anh néu f(A)=B. Noi cach khéc, voi bat ky y
thuoc B, ton tai it nhat phan tir X thuéc A sao cho: f(x)=y.
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¢) Anhxa f duoc goi Ia song &nh néu né vira 12 toan anh vira la don dnh.

Tachtyringnéu f lasong anhtir A Ién f
B thi do tinh chat toan anh nén véi mdi
y € Bco twong tmg mot xe A & h<0, va do
tinh chat don 4nh nén phan tir x dé phai duy
nhat (néu trai lai, gia st phan tor y € B tuong B
mg v6i hai phan tir khac nhau x #Xx, ma A f B
f(x) = f(x,) =Yy, tréi tinh chat don 4nh). Hinh 6

Nhu vay, néu f la song anh tir A 1én B thi ta lai ¢c6 mét dnh xa tir B 1én A,
anh xa nay dwoc goi 1a anh xa ngwoc cia dnh xa f, n6 cing [a song anh. Anh xa
nguoc cua anh xa f ky hiéula .

V6i song anh f: A— B xac dinh béi y= f(x) thi &nh Xa nguoc cua né la
.f7:B > A.x4c dinh boi x = f(y).
Céc vi du:

Anh xa f:R—R xac dinh bsi f(x)=a* 1a don anh, vi véi x =X, ta cO
a" #a"

Anh xa g:R —[-11] xac dinh boi g(x) =sinx la toan anh vi véi s6 thuc p bat
ky thudc khoang [—1,1] ta ludn ludn tim duogc sé thuc x sao cho sinx = p.

Anh xa h:R — R xac dinh boi h(x) = x® 1a song anh, vi n6 vira 1a don 4nh vira
la toan anh.
2.3 Anh xa hop

Giastt f va g la hai anh xa sao cho tap hgp xac dinh ctia g trung véi tap hop
anh cua f . Khi d6 ta co thé viét ddy lién tiép cac anh xa f:A— B;g:B —C. Nhu
viy ta c6 thé xac dinh moét anh xa mdi h: A—C boi h(x)=g[f(X)], trong d6
f(xX)eB laanh cia xe A bdi anh xa f; g[f(x)]eC la anh cua f(x)eB badi anh
Xa g.

Anh xa h xac dinh nhu trén dugc goi 12 4nh xa hop ctia anh xa f vaanhxa g,
dugc ky hiéula go f . Nhu vay h(x) =(go f)(x) =g[f (X)].
Vidyu: Cho f:R — R xéc dinh boi f(X)=2x+1;

g:R — R xac dinh béi g(x) = x*;

Ta co:

(go F)YX)=g[f ()] =[f (X)) =[2x +1]* = 4x* + 4x +1.
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Cha y: Khi anh xa hop go f duoc xic dinh thi chua chic 4nh xa f og d4 xéac dinh.
Ngay ca trong truong hop f o g xac dinh thi néi chungtacé go f # f og. Chang han
trong Vi du trén ta co (f og)(x) = f[g(X)] = 2g(x) +1=2x* +1.

§3 TAP HQP SO THUC
3.1 Dinh nghia trud'ng

Cho mét tap hop E. Ta coi d& xac dinh dugc mot phép toan hai ngdi trong E
hay mét ludt hop thanh trong E néu v6i mdi cip phan tr (a,b) cia a ta cho twong
mg véi mot phan tr ¢ ciing cia a. Ta ky hiéu phép toan d6 bsi dau * va ta viét
a*b=c voi a,b,c e E. (Néu phép toan 1a phép cong ta ding dau + nhu thuong 18,
néu 12 phép nhan ta dung dau x hay dau «).

Phép toan * duoc goi 1a 6 tinh chdt két hop néu véi a,b,c € E ta co:

(@*b)*c=a*(b*c)

Phép toan * dugc goi 1a 6 tinh chdt giao hodn néu véi a, b e E ta co:

a*b=b*a

Phan tir e e E duoc goi 1a phdn tr trung hod dbi voi phép toan * néu véi moi
acE tach: a*e=e*a=a. (Voi phép cong phan tir trung hod 12 s6 0, voi phép nhan
d6 1a s6 1).

Phan tir @' € E sao cho v6i acE tacd a*a’ =a'*a=e v6i e 1a phan tir trung
hoa cua phép toan *, duoc goi la phan tir nguroc cia a doi voi phép toan *. Ta ky hiéu
phan tir nguoc cua phan tir a 14 a™ (voi phép cong, phan tr nguoc cia m chinh 13 s6
dbi —a, voi phép nhan d6 chinh 12 sé nghich dao i, az0).

Tap hop E duoc goi 14 ¢6 Cdu trite trwong, hay ndi gon hon, 1a mot trwong néu
trong E c¢o6 xac dinh hai phép toan:

+ Phép toan thir nhit dugc goi 12 phép céng, nd thoa man cac tinh chit sau:

A, — Phép cong c6 tinh chdt giao hoan: Va,be E,a+b=b+a

A, — Phép Cong c6 tinh chdt két hop: VYa,b,ce E,(a+b)+c=a+(b+c)

A; — Phép cong cé phan tir trung hod trong E , ky hiéu1a 0: f

A - Moi phdn tir trong E déu c6 phan tir nguoe ky hiéula —a: a+-a=0

+ Phép toan thir hai dugc goi 12 phép nhan, n6 thoa man cac tinh chit sau:
B1 — Phép nhan c6 tinh chat giao hoan. Va,be E,ab=b.a
B, — Phép nhan c6 tinh chdt két hop: Va,b,c € E, (ab).c = a.(b.c)

Bs - Phép nhan c6 phdn tir trung hoa (hay phan tir don vi)
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eckE:VacE,ae=eca=a

B4 - Moi phan tir ac E,a#0 déu cé phan tir nguwoc doi véi phép nhan 14 phéan tir
1

nghich dao — ciing thuéc E .
a

+ Gitra phép cong va phép nhan co tinh chat:
C — phép nhan c6 tinh chdt phdn phéi doi véi phép céng:
Va,b,ceE:a(b+c)=ab+ac

Vi du: Tap hop céac sb hitu ty, tic 13 tap cac sé c6 dang E,(p,q) =1, c6 cau tric
q

truong: cong hai sb hiru ty, nhin hai s6 hiru ty ta dugc mot sé hiru ty, ca hai phép toan
d6 déu thoa man 8 tinh chét trén,

Tap hop cac sb nguyén khéng c6 cau trac truong vi nghich ddo cua mot sb
nguyén khac khong khong phai 1a mét so nguyén.
ChU y: Trong trudng ta ¢ thé dinh nghia phép chia cho mot s6 khac khong: néu b =0

1
thi a:b=a.(=).
(b)

3.2 Céc tinh chit co ban ciia trudng sé thuc

Tap hop sb thuc R vé6i hai phép toan cong va nhan cé cu trac trudng, nghia 1a
cong hai s6 thuc ta duoc mot sb thuc, nhan hai s6 thuc ta duoc mot sé thuc. Phép cong
va phép nhan c6 cac tinh chat giao hoan, két hop; phép nhan c6 tinh chat phan phdi
dbi v6i phép cong; phan tir trung hod ciia phép cong 1a s6 0, ciia phép nhan 12 6 1;
phan tir nguoc dbi voi phép cong cia sé a 1a sé ddi —a, d6i v6i phép nhan cua sb

a0 1a s nghich dao E
a

Trong tap hop sb thuc R ta xét mot tap hop con ky hiéu 1a R* va ta dinh nghia
R™ 14 tap hop nhitng s6 d6i cua x néu x e R* (tc 1a —x € R™) sao cho:

DR AR =0

2)R"UR U{0}=R;

J)Va,beR":a+beR",abeR"

Khi d6 ta néi rang truong sb thuc R 1a mot trueong ¢é thir tw. Céc sb thuc thudc
R* duoc goi 14 Cac S thuc dirong, cac s6 thuc thude R™ duge goi 12 Cac SO thue dm.

Ta xac dinh trén R mot quan hé thir rir Ky hiéu < (doc 1a bé hon) nhu sau: Vi
hai s6 thuc a,b ta c6 a<b khi va chi khi b—a 1a s6 thuc duong (tic 1a
b+(-a)eR"). Quan hé < c6 tinh chit bic ciu, nghia 1a: néu a<b va b<c thi
a<c.
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Chay: Néu ta co y' thi nguoi ta con viét b>a (doc b 16n hon a). Néu a la sé thuc
am thi ta viét a<0, néu a 1a s6 thuc duong thi ta viét a > 0.

Truong sb thuc con 14 truong ¢6 thir t Acsimet: V6i hai s thuc tuy ¥ a,b;a >0
bao gid cling tim dugc mot sé tu nhién n sao cho na>b. Néi cach khac, du s6 thuc
dwong a c6 nho di bao nhiéu ching nira va du s6 thuc b c6 16n di bao nhiéu ching
nira thi tong ctia mot s6 du 16n a s& vuot qua b

Tinh chat trén cho phép ngudi ta c6 thé xap xi tuy ¥ mot sd thuc bai mot sé thap
phan (gan dung thiéu hoic gan dung thira), va nhu vy trong thuc hanh ngudi ta c6 thé
thuc hién duoc cac phép tinh trén cac s thuc.

3.3 Gia tri tuyét ddi ciia mot s6 thue
Véi moi s6 thuc X ta dinh nghia gia tri tuyét doi ciia x, ky hiéu |X| nhu sau:
X khi x>0
A :{—x khi x <0
Ta c6 cac tinh chat sau:

a)|x|=0< x=0;

b) [ =[x
S)xyl =[xIvl;
d)|x+y|<[X+]yl];
e)[x—y|= x|y
Ta chimg minh mét trong cac tinh chat, tinh chat d) chang han:
Tu dinh nghia ta c6:
—[x| < x<|x|
“M=y<|yl

Tu do: —(|X|+|y) < x+y<|X+]y|;
Hay: [x+y|<|x|+]y|.
3.4 Tép hop sb thwe suy rong
Ta thém vao tap sb thuc R hai phan tir khac nhau, ky hiéu 1a 400 va —oo (doc 12
dwong vo cung va 4m v cing), khong thude R, va voi moi sd thuc X ta dit:
—00 < X < +00;
X + (+00) = (+0) + X = +©;
X+ (—0) = (—0) + X = —0;

Vb61 x>0:
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X.(+00) = (+90).X = +00; X.(—00) = (—0).X = —o0;
(+00) + (+00) = +00; (—00) + (—0) = —o0;
(+00).(+20) = 400; (—0).(—©) = +o0;

Tap hop s6 thuc R cling véi hai phan tir +00; —oo ¢6 céc tinh chat trén goi 1a tdp
hop s6 thuc suy réng.

C6 thé biéu dién hinh hoc tap hop s thuc nho truc sb: D6 1a duong thang x'OXx,
diém gbc O ung véi sé khong, cac sb thue duong thudc ntra duong thang Ox , cac 6
thuc 4m thudc nira dudng thang Ox’, mdi sé thuc a Gng v6i mot diém .. trén duong
thang sao cho d6 dai OA = |a|.

§4 TAP HQP SO PHUC

Ta da biét rang néu chi han ché trong truong s6 thuc thi ¢d nhitng phuong trinh
vO nghiém, chang han phuong trinh bac hai x? +1=0.

Trong phan ndy ta s& tim cach mé rong trudng sb thuc sang mot tap hop sé méi
sao cho tap hop so thyc 1a tdp con cua tap sO mdi nay va trong tap s6 madi d6 moi
phuong trinh bac hai déu c6 nghi¢m.

4.1 Pinh nghia va cac phép toan
Xét tap hop C ma cac phan tir z e C 14 céc cip sd thuc (a,b):
C={Z:(a,b),aeR,beR}

Phan tir ze C duoc goi 1a s6 phic.
Hai s6 phite z = (a,b);z’ = (a',b") dwoc goi 1a bang nhau khi va chi khi a=a";b=b’
Trong tap hop s6 phitc C ta xac dinh hai phép tinh:

Phép cong hai s6 phirc: véi hai sé phiac z=(a,b) va z'=(a’,b’) thi tong cua
chung dugc xac dinh bang: 7+ 7' =(a+a’,b+b’).

Phép nhan hai sé phirc: v6i hai sb phitc z=(a,b) va z'=(a’,b’) thi tich cua
chung duoc xac dinh bang: 2.z’ = (a.a'—bb’,ab’ +b.a’)

C6 thé kiém chimg rang cac phép toan cong va nhan trén cé céc tinh chat giao
hoan, két hop, phép nhan c6 tinh chat phan phoi doi vdi phép cong, phan tir trung hoa
ctia phép cong 1a sé phirc (0,0), ciia phép nhan 1a s phire (1,0); phan tir nguoc cia sd
phitc z=(a,b) dbi voi phép cong 1a (—a,—b), ddi voi phép nhan (véi didu kién

a -b
a’+b?’ a +b2)

a%0.b0) 12 sé phitc = = (
YA

Nhu viy, tip hop sb phirc c6 ciu trac mot trudng, ta goi n6 1a truong sé phitc.
4.2 Cacchay
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1) C6 thé dong nhit sé phirc (a,0) véi sb thuc a vi ta co:

(a,0)+(a',0)=(a+4a’,0) lasdthuc a+a’

(a,0).(a’,0) = (a.a’,0) lasé thyc a.a’;

Nhu véy c6 thé coi tap hop sb thuc 1 tip con cua tap s6 phitc R C .

Sau nay ta s& viét a thay cho (a,0)

2) CO thé viét sé phurc (a,b) dudi dang tong: (a,b) = (a,0) + (b,0).(0,1)

S6 (a,0) duoc viét bang a, s6 (b,0) duoc viét bang b.

Ta dat i = (0,1) thitacd i* =(0,1).(0,1) = (-1,0) = 1.

Nhu vy, s6 phic (a,b) dugc viét duéi dang: z=(a,b)=a+bi véi i’=-1. a
dugc goi 12 phan thuc, b dugc goi 12 phan 4o cua sé phic z, s6 phirc i=(0,1) ma
i* = -1 duogc goi 1a don vi 4o.

Trong thuc té ngudi ta thuong viét s6 phirc duéi dang a + bi
3) Khi viét s6 phirc duéi dang a+bi thi ta c6 thé thuc hién cac phép tinh theo cac quy
tac thong thudng ciia sd thuc (do ¢6 cling Cau tric trudng) va voi chi ¥ rang i2 = -1
(a+bi)+ (@ +b'i)=(a+a")+(b+b)i;
(a+bi).(a’+b'i) =a.a’+ab'i +ba'i + bb'i* = (aa’ —bb") + (ab’ +ba)i
Pé tim sb phirc dao ctia 6 phirc z = a+bi ta lam nhu sau:
1 1 a—bi a—bi a bi

7 a+bi (atbi)@a—bi) a’+b? a‘+b’ a’+b’

Tir d6, phép chia sb phitc z cho sb phuc 7' #0 duoc thuc hién theo quy tic
2.(=).
z

S6 phic a—bi dugc goi 1a sb phuc lién hop cua sb phirc a+bi.
4) Ta tim nghiém cta phuong trinh x* +1=0 trong truong sb phirc.
Ta co thé viét x* = -1=i%; tir d6, x = =i.
Trong trudng sé phitc moi phuong trinh bac hai véi hé sé thuc déu c6 nghiém.
That vay, ta co: ax” +bx+c=a(x +2£a)2 - (b24_—:2'ac) =0 (®
biat A =b? —4ac thi:
—b++/A

+ Néu A >0 phuong trinh bac hai ¢6 nghiém thuc x = 5
a
-b

2
#Néu A<0 dat a=—" p2 = dac-b
a

4a?

thi (*) tro thanh:
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al(x-a)’+p*|=0=>x=a=ip

Vi dy: Xét phuong trinh x* —2x+4=0

Tacod A =-12=12i2 tir d6 phuong trinh ¢6 hai nghiém phirc: x =1+i/3
4.3 Dang lwgng giac ciia s6 phirc

Cho s6 phtic z = X+ yi. C6 thé biéu dién hinh hoc sé phirc d6 trén mat phang sb
phirc: d6 1a mat phang trén d6 ¢ hai truc X’Ox va y'Oy vudng goc véi nhau. Ta cho
trong tng sO phitc z=X+Yyi V6i diém M c6 toa do (X,y) trén mit phang d6 (hay
Vi vée to OM ); Cac diém trén truc X'OX twong Gmg Véi cac sb (x,0), do 1a cac sb
thuc X; cac diém trén truc y'Oy tuwong tmg véi cac sd (0,y), d6 1a cac sb phuc co
dang iy.

Po dai r cua véc to OM  duge goi 14 md dun cua sd phic z, ta ky hiéu 1a
r=|z|.

Géc ¢ gifta véc to OM va Ox duoc goi 1a argumen cua sé phtc z, ky hiéu 1a
@ = Argz.

G6c ¢ duoc xac dinh chinh xac dén 2k, ngudi ta thudng chon gia tri chinh cta

no trong khoang [-x; 7].

Ta co: X =TI COS@; y=rsingo(hayr=\/X2+y2; tgq0=l)
X

Khi d6 ta c6 thé viét sb6 phic z=x+Yyi dudi dang luong giac:
Z=r.(cose +ising)
Vi du: Viét cac sb phae (1,0),i,1+1 duéi dang lugng giac.
Véisd (1,0) tacd x=1; y=0nén r=1, tgp=0= ¢ =0.
Vay (1,0) =cos0+isin0
Véisditaco x=0,y=1 = r=1, tgqo:oo:qo:%

Vay i = cosZ +isinZ
2 2

Tuong ty 1+i = ﬁ(cos%+ i sin%)

Khi viét s6 phirc dudi dang lugng giac thi cac phép tinh nhan, chia, luy thira cac
s6 phirc duoc tién hanh thuan loi. Ta cé cac quy tic:

Néu z, =r.(cosg, +ising,); z,=r,.(cosg, +ising, )thi
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a) 2,.2, = 1.1, COS(p, + ¢, ) +isin (¢, +¢,) |;

b) %:%[COS(% —@,)+isin(g, —goz)]; z, #0

c) 2" =1"[ cos(ng,)+isin(ng,) |
Ta ching minh cho a):

2,.Z, =I,.l, |:COSq01.COSq02 +i%sing,.sin g, +i(cos@,.sin ¢, +sin gol.cos%)] =

=1,.1,| COS(@, + ¢, ) +isin (¢, +¢,)]; doi* =—1.

Chting minh twong tu cho (b). Phép chimg minh (c) dugc suy ra tir (a) bang quy
nap.

Dung két qua trén c6 thé chimg t6 duoc rang: Trong truong sé phire cin bdc n
Cua don vi [s6 phire (1,0)] c0 n gia tri khdc nhau.

That vay, ta viét (1,0) dudi dang lugng gide: (1,0)=cos0+isin0.

Goi can bac n cua (1,0)1a z, tac 1a z" = (1,0).

Gid str s phitc z c6 dang lugng gidc 1a z=r.(cosg +ising)

Khi d6: 2" =r"[ cos(ng)+isin(ne)]=cos0+isin0.

r'=1

Tu do6 suy ra: ] ]
cosng = cos0;sinng =sin0

r=1
np =2kr; =@ = 2Kz k=012.n-1
n
Vay can bac n cua sb phirc don vi ¢6 n gia tri khac nhau, goi cac can bac n do la
&, k=0,1..n-1. Tacé:
2k

& =c032k—ﬂ+isin—;k =0,1,...,n-1.
n n
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BAI TAP

1.1 Ta ky hiéu cac khoang dong, nira khoang dong, ntra dong (hoac ntra m¢), mo trén

tap hop so thuc R nhu sau:
[a,b]={xeR,a<x<b};
[a,b)={xeR,a<x<b};
(a,b]={xeR,a<x<b};
(a,b)={xeR,a<x<b}.
Tim AuB,AnB,A\B,B\ A trong cac truong hop sau:
a,A=[35],B=[24];
b,A=[3,5),B =(2,4);
c,A=(3,5),B=[24).

12 Cho A={xeR|x]>5};B={xeR,~-6<x<0}. Xac dinh cac tap hop:
AUB,ANB,A\B,B\ A A va biéu dién chung trén truc sb.

1.3 Chtrng minh cac ding thirc tap hop sau:

AU(BNC)=(AUB)N(AUC); An(BuUC)=(AnB)U(ANC);

A\(BuUC)=(A\B)n(A\C); A\(BNC)=(A\B)U(A\C);

1.4 Trong 100 sinh vién c6 28 ngudi hoc tiéng Anh, 30 nguoi hoc tiéng D, 42 nguoi
hoc tiéng Phap, 8 nguoi hoc ca tieng Anh va tiéng Ptrc, 10 nguoi hoc ca tiéng Anh
va tiéeng Phap, 5 nguoi hoc ca tiéng Dtrc va tieng Phap, 3 nguoi hoc ca 3 thir tiéng.
Hoi ¢6 bao nhiéu nguodi khong hoc ngoai nglt nao? C6 bao nhi€u nguoi chi hoc
MOt ngoai ngi?

1.5 Cho A,B lacac tap hop, f 1a anh xa. Chirng minh rang;

a, f(AUB)=f(A)U f(B);
b,f(AnB)c f(A)n f(B);
c,Néu f ladonanhthi f(AnB)=f(A)n f(B).

1.6 Chtrng minh rang cac anh xa sau 1 song anh va xac dinh 4nh xa nguoc cta ching.

a, f :R— R xac dinh boi f(x)=2x-1

b,g:[0,1] >[0,1] x4c dinh b&i g(x) =v1-x°
1.7 Chocacanhxa f :A—>R; f(x)=2x*-1,9: A— R;g(x) =1-3x;
Timtaphop A dé f=g.
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1.8 S6 hitu ty 13 56 c6 dang > trong d6 p va q 14 hai s6 nguyén té ciing nhau. Duing
dinh nghia d6 hdy ching minh s§ +/2 khdng phai 12 s8 hitu ty (chtng minh bang
phan ching).

1.9 Cac sb6 a,b,a’.b’ 1a hiwu ty, \/E khong phai 1a hiru ty. Chirng minh réng néu
a+bJc=a'+b'Jc thi a=a’,b=b'. Ding két qua 4y hdy tim cac sé x va y sao

cho x+ y\/§ =VJ17+124/2.

Nguyén Iy quy ngp: Nhiéu ménh dé todn hoc dwoc chimg minh bang nguyén Iy quy
Nap sau: Néu P 1& mét tinh chdt nao dé dwoce xdc dinh trén tdp hop cdc sé ti nhién
N sao cho:

a, Tinh chdt P diing véi sé tw nhién 1.

b, Néu tinh chdt P da diing cho so tw nhién n thi n6 ciing ding cho sé tir nhién
n+1. Khi do tinh chat P sé dung cho moi so tw nhién n.

So d6 chimg minh theo quy nap nhu sau:

Pau tién ta ching to tinh chit P dung cho n=1.

Sau d6 ta gia st tinh chat P ding cho n va tim cach chimg minh né ciing diing
cho n+1.

Ta két luan tinh chat P dang cho moi n.

n(n+1)

Vi dy: Ching minh tong: P, =1+2+..+n= VGi n 1a s6 ty nhién bang

phuong phap quy nap.
3 ooy
Véin=1taco B = 5 =1cong thirc dung.

A . L n(n+1)
Ta gia su cong thire dung cho n, tic la: P, =

. Tu do ta s€ chung minh

- s s A . (n+1)(n+2) .
cong thtc dung cho n+1 tac 1a phai ching minh: P”:f' Ta co

n

n(n+1) (n+1)(n+2)

P.=P+(n+l)= +n+1= . Vay cong thic ding cho moi s6
tu nhién n.
1.10 Dung nguyén ly quy nap hay ching minh:

a,(l+a)' 21+na,a>-1

b,(1+2+...+n)2 =1+2°+...+n’
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¢, Néu mot tap hitu han c6 n phan tir thi s6 tit ca cac tip hop con cia nd 1a 2"

111 Tinh:a)%; b) i;: ¢) 1_23i; d) (V3-i) .

1.12 Viét cac sb phuc i,—8,1—i duéi dang lugng giac, tir d6 hdy tinh 3fi,3/-8,V1-i.
Tim mién chtra diém phirc z néu: a,| z > 5; b,|z+2i|>2

1.13 Giai cac phuong trinh sau.

1, 2°-2°(1+i)+i=0 2, 2°(1-i) =1++/3i
3, 2" +6(1+i)z* +5+6i=0 4, 2°+i®+i-1=0
5, x*+/3-i=0
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Chuong I1. MA TRAN VA PINH THU'C
§1 PHEP TINH MA TRAN
1.1 Pinh nghia

Cho m, n 14 hai s6 nguyén duong. Mot ma trdn loai mxn 12 mot bang hinh chit
nhat gdbm m.n sé thuc duoc trinh bay theo m hang va n cot:

8, &, .. &,
a a o a

A — 21 22 2n (1)
a, ., .. a.

Céc sb a; 1<i<ml<j<n duge goila cac phan tir cia ma tran A (phan tir
nam ¢ hang i va cot j cua ma tran).

Ma tran loai 1x n la ma tran hang: no chi c6 mot hang.

Ma tran loai mx1 la ma tran cot: no chi ¢6 mot cot.

Gia str ta ¢c6 ma tran A. Bay gio ta 1ap mot ma tran mdi, nd ¢6 cac hang la cac
cot cia ma tran A €On C4c cot 1a cac hang cua ma tran A (Van gilt nguyén tha tu cac
hang va cac cot). Ma trdn mdi nay dugc goi 1a ma trdn chuyén vi cua ma trin A, ta
ky hiéuné 1a A'. Nhu vay, néu A I1a ma tran cho béi (1) thi ta co:

all a'21 aml
At — a12 a'22 am2
aln a'2n a'mn

Néu A la matrdgn logi mxn thi A' 1a ma trdgn logi nxm.
Ma trdn logi nxn 1a ma trdgn vuéng cdp n; nd ¢6 n hang va n cot.
Céc phan tir ctia ma tran vudng c6 chi s6 hang bang chi s6 cot a,,;a,,;...;a,, la
cac phan tir ndm trén duwong chéo chinh.

Ma trdn vudng dwoc goi 1a ma trgn doi xirng néu cdc phan tir & vi tri doi xing
qua dwong chéo chinh 14 bang nhau.

Véi ma tran doi xtng ta co: a; =a; Vi |

Ma trdn vuéng dwoc goi 14 ma trgn chéo Néu moi phan tir nam ngodi dwong
chéo chinh déu bang khong.

Ma trdn vudng dwrgc goi 1 ma trdn tam giac trén néu a; = OVi>]
Ma trdn vudng dwrge goi 1a ma trdn tam gidc dwdi néu a; = 0Vi<j

Ma trdn khéng & ma trdn cé moi phan tir déu bang khéng.
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Hai ma trdn Ia bang nhau néu ching cing logi va c6 cac phan tir tiong img
bang nhau.

Céac vi du:
10
1 2 3 .
A= ; A=l25
0 5 4
3 4
5 -1 0 1 0 O
Matran vuong: B={3 8 2|;MatrainchéoC={0 4 O
0 6 4 0 0 -2
1 0 5
Ma tran d6i xtmg D=0 3 7
57 2

1.2 Cac phép toan trén ma tran
1) Phép cong hai ma tran
Gia sir A=(a;);B =(b,) 1a hai ma tran cling loai mxn.
Tong hai ma trdin A va B 1a mot ma tran C cung loai v6i A va B. Phan nr
c; =a;+b; (hang i, cor ) cua ma tran C la tong cdc phan tir & vi tri twong iing
cua Ava B
Ta ky hiéu: C=A+B.
2) Phép nhan mot ma tran voi mot 6 thuc
Tich cia mot ma trdn A v6i mot sé thuc o 12 mot ma tran cing loai véi A ¢6

phan tir ¢ vi tri (i, j) 1atich cia o Véi phan tir a; Cua ma trdn A.

Taviét: aA= (aaij )

i 1 2 3 2 0 -4
Vidu: Cho A= X B= )
0 5 4 3 5 2

i 3 2 -1 2 4 6
Taco: A+B= X 2A=
(3 0 6} (O 10 8)

3) Phép nhan hai ma trdn
a) Phép nhan m¢r ma tran hang voi mot ma trdan cot

Gia su:
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u la ma tran hang loai (I1xm), v la ma tran cot loai (nx1).
Tich cua u, v duge x4c dinh boi: uv =(UV, + UV, +...+ UV, ).
b, Phep nhan hai ma tran
Diéu ki¢n ciia phép nhén: Muon nhin ma trén A Véi ma trdn B thi 6 cot ciia
ma trgn A phdi bing so6 hang ciia ma trin B .
Tich ctia ma tran A loai (mx p) vamatran B loai (pxn) lamét matran C. C
la ma tran loai (mxn) c6 phdn tik & vi tri (i, j) bang tich ciia hang i Cia ma tran A
Vi ¢t | Cua ma trdn B :

C; =ayb; +a,b,; +...+a,b,;. Takyhi¢u C=AB.

o b W
— O O

1

. , 31 4
Vi du: Cho cac matran: A= : B=|1
2 05 0

Tim matran tich C = AB.

C s€lamatran loai (2x4) voi:
Cy, =3x1+1x1+4x0=4; c,=3x3+1x1+4x0=10
C; =3x0+1x0+4x1=4; ¢, =3x0+1x0+4x1=4;
Cy =2x14+0x1+5x0=2; c,, =2x3+0x1+5x0=6;
Cpy =2x0+0x0+5x1=5; ¢c,, =2x0+0x0+5x1=5.

4 10 4 4
Ma tran tich: C=

2 6 55

Ta c6 thé nghiém lai rang: Néu cac ma tran A, B,C thoa mén diéu kién nhan: A
la ma tran loai (mx p), B la ma tran loai (pxq), C la ma tran loai (qxn)thi tich
A.B.C c6 tinh két hop: A(B.C) =(AB)C

Nhung ta can cha ¥ ring phép nhan hai ma tran khong cé tinh chit giao hoén.
Néu ma trin A nhin duoc véi ma trdn B thi chua chic B da nhan dugc véi A
(khdng thoa man diéu kién nhan); ngay ca khi tich B.A ton tai thi chua chéc ta c6
AB=B.A.

i 11 10 ] 2 0) . 11
Vidu: Cho A=  B= . Khi d6 AB = con BA=
00 1 0 00 11
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Néu A va B thoa man diéu kién nhdn thi B' va A' ciing thoa man diéu kién
nhan va ta cé: (A.B)' =B'A'

Chuyén vi ciia ma trdn tich bang tich cdc ma trdn chuyén vi nhung ldy theo thir
ty nguoc lai.

Ta ciing can chu ¥ rang trong phép nhan ma tran thi hé thdc AB =0 chua chic
da kéo theo hoac A=0 hoiac B=0.

) 00 01 00
Chang han, cho A= ;. B= , hhung AB = .
01 00 0 0

Bay gid ta xét ma trdn vudng cdp n 1a ma trdn chéo c6 cac phan tir nam trén
duong chéo chinh bang 1. Taky hiéu ma tran d6 14 |
Khi d6 moi ma tran vudng A cip ntacd: Al = 1A= A

Ma trdn | dwoc goi 1d ma trdn don vi Cdp n.

§2 PINH THUC
2.1 Hoan vi va nghich thé
Cho tap hop hitu han E ={1,2,...,n}.

Xét mot hoan vi cua cac phén tir cia E (d6 1a mot song anh P tur E vao chinh

(1 2 .. nj
P
a a, . a,

Voi a,,a,,..,a, € E. Liy hai sb a;,a;trong mot hoan vi cua E. Néu «, >a;

no):

V6i i > | thi tandi cac s6 a;,c; lap thanh mot nghich thé.
Vi du: Trong hodn vi 3214 cua 4 s6 1234 thi c6 3 cip tao thanh nghich thé, do 1a
(3,2),(31),(2,1

D¢ a;,; lap thanh mot nghich thé thi (o, —a;)(i- j) <0.

Ta ky higu I(a,,a,,...,a,) 1a tong sd tit cd céc nghich thé cia hoén vi
(e, a,,...,a,). Trong vi du trén ta c6: 1(3,2,1,4) =3.

DPinh nghia 1: Mgt hodn vi cia E dwoc goi & hodn Vi chan néu tong sé cdc
nghich thé ciia né 14 chdn hodc bang khéng, hodn vi 13 1é néu tong sé cac nghich thé
Cua no la le.

Xét mot hoén vi (,,a,,...,@, ). Néu ta dbi chd hai phén tir a;,a; cho nhau con

cac phan tr khac van giir nguyén thi ta ndi da thuc hién mot phép chuyén vi. Phép
chuyén vi lam thay d@éi tinh chan 1é ciia hodn vi.
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