Chuong 4

Ly thuyét chubi

Muc dich yéu cau

- Trong chuong trinh bay cdc khdi niém co ban vé chudi so va chudi ham; chudi hoi
tu, phan ky, hoi tu tuyét doi, ban hoi tu, cdc tiéu chuan khdo sdt su hoi tu clia chudi, 1ing
dung ctia chudi vao tinh gan ding, ban kinh hoi tu, mién hoi tu ctia chuoi ham, khai trién
mot ham so thanh chudi liy thia, chudi Fourier va cdc wng dung

- Sinh vién can hiéu ré cic khdi niém trén, ndm ving cic két qud co bin dé zét su hoi
tu, tinh tong cia chudi s6, tim mién hoi tu va tinh tong cia chudi ham s, tim khai trién

Taylor, Mac Laurin, Fourier ciia ham s6 va van dung cdc két qud vao tinh gan ding.

4.1 Dai cuong vé chubi sb6
4.1.1 Dinh nghia.

Cho day s6 thuc vo han uy, Us, ..., Uy, .... Biéu thic
u1+u2—|—...—|—un—|—...:Zun
n=1

duge goi la chudi s6. Cdc s0 Ui, Us, ..., Un, ... dudc goi la s6 hang ciia chudi so, u,, dugc goi
la so hang tong qudt thi n cia chudi.

Tong n hitu han s6 hang dau ctia chudi goi 1a tong riéng tht n ctia chudi

Sn:u1+uQ—|—...+un:Zuk
k=1

o0
Néu lim S, = S hitu han thi ta néi chudi s6 hoi tu va c6 tong 1a S. Ta viét S = 3 u,.
n—oo n=1

R, =S — S, dugc goi 1a phan du thi n ctia chudi sob.

Néu lim S, = 400 hodc khong ton tai thi ta néi chudi sé6 phan ky.

n—oo

Vi du. Xét chudi > ¢™.
n=0
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D6 1a tong ctia cap s6 nhan vo han c6 cong boi q. Véi ¢ # 1 ta c6

Sp=14q+..+¢" ' =

. 1 ~
- Néu |g| < 1 thi lim |¢"| — 0 hay S = lim S, = T do dé chudi hoi tu va ¢o
, 1
tong S = ——.
ong N

- Néu |¢| > 1 thi S = lim S,, = oo, vay chudi phan ky.
-Néug=1thi S, :n;,oiihi d6 S = lim S,, = oo chudi phan ky.
- Néu ¢ = —1 chudi s6 c6 dang 1 — 17":0; —1+....Khid6 S, =0khinchin, S, =1
khi n 18, do d6 S, khong dan t6i mot gidi han xac dinh khi n — oo, vay chudi phan k.
Tém lai, chudi s6 3 ¢" hot tu khi |g| < 1, phan ki khi |¢ > 1.

n=0

Dinh 1y 1. (Diéu kién can dé chudi s6 hoi tu). Néu chudi s6 > u, hoi tu thi s6 hang
n=1
tong qudt w, dan tdi 0 khi n — oo

Chitng minh. That vay, u,, = S,, — S,_1, méit khac do chudi hoi tu nén

lim S, = lim S, 1 =S5 = lim u, = lim (S, —S,_1) =0

n—oo n—oo n—oo n—o0o

do d6 lim u, = 0. O

n—oo

Chi 7. Diéu kien lim wu, = 0 chi la diéu kién can chi@ khong phai diéu kien dua dé

chuéi > u, hoi tu.

n=1

re pen x 1 . . 1 .
Vi du. Chudi dieu hoa > — c¢6 s6 hang tong quét u, = — — 0 khi n — oo, nhung chudi
n=1 n
phan ky.
That vay, xét
1 1 1 1 1 1 n 1
Son — Sy = iF—>— 4 —+ .+ —=—==Vn=>1
2 i R T T I T T M

Néu chudi hoi tu thi S, S, cing dan t6i mot gidi han khin — oo, tiic1a lim (Ss, — S,) =

0 diéu nay mau thuan véi Sy, — S, > 5
T dinh ly trén suy ra néu u,, khong dan t6i 0 khi n — oo thi chudi s6 Y u, phan k.

n=1

4.1.2 Tiéu chuan Cauchy.

o
Dinh 1y 2. Chudi s6 . u, hoi tu khi va chi khi véi moi e > 0 cho trude, tim dugc so

n=1

P
> Un

n=q+1

nguyén duong ng sao cho khi p > q > ng ta cé |S, — S,| = <e.
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Chiing minh. That vay, chudi s6 hoi tu khi va chi khi day cac tong rieng S, hoi tu. Theo
tieu chuan Cauchy vé day s6 hoi tu, day S, hoi tu khi va chi khi v6i moi e > 0 cho trudc,

p
tim duge s6 nguyen duong ng sao cho khi p > ¢ > ng ta c6 |S, — S,| = ‘ > ouyl<e. O

n=q+1

4.1.3 Tinh chat ctia chudi s hoi tu.

o0 o0
a) Néu chuoi Y u, hoi tu va cé tong la S thi chuoi Y auy,, trong dé a la mot hang
n=1 n=1
so, cung hot tu va cé tong la aS.
o

b) Néu cic chudi Y up, > v, hoi tu va cé tong la S va S' thi chudi . (u, + vy,) ciing
n=1 n=1 n=1

hoi tu va co tong la S + S'.
c¢) Tinh hoi tu hay phan kj ciia mot chudi s6 khong thay doi khi ta thém hodc bot di

mot s6 hitu han s6 hang dau tién.

4.2 Chudi s6 duong
4.2.1 Dinh nghia.

oo
Chuoi s0 Y u, duge goi la chuoi so duong néu u, > 0 vdi moin =1,2,3, ...

n=1

Ta ¢6 Spp1 = Sy + Ung1, Uny1 > 0 suy ra S,y > S, Vay {S,} la mot day tang.
Do d6 néu day s6 {S,} bi chin trén thi ton tai lim S,, khi d6 chudi hoi tu. Néu day

n—oo

s6 {5, } khong bi chdn thi lim S,, = oo, chudi phan ky.

n—oo

4.2.2 Cac dinh ly so sanh.

Dinh 1y 3. (Quy tdc so sanh)
Cho hai chudi so6 duong Z Uy VA Z Up. Gid st u, < v,,Vn = ng € N. Khi do

n=1 n=1

a, Néu chudi so Z v, hoi tu thi chudi so Z Uy, cting hoi tu.
n=1 n=1

b, Néu Z u, phan ky thi chudi s6 Y v, phan kj.
= n=1

Chung minh. Theo tlnh chit ¢ ctia chudi s6 ¢ muc (3.1.4), ta c6 thé xem ny = 1. Dat

S, —Zuk,S{1 ka Do uy < vy v6i moi k > 1 suy ra S, < S,.
k=1 k=1

a, Néu chudi s Z v, hoi tu va c6 tong 1a S’ thi S/, < S suy ra S, < S’ nén tong

n=1

o
rieng S,, bi chan trén, do d6 chudi > w, hoi tu.

n=1

b, Néu chudi s6 > u, phan ky thi lim S, = +o0 suy ra lim S/ = +oc0, do d6 chudi

n—1 n—00 n—00

s6 > v, phan k. O
n=1

Dam Thanh Phuong - Ngo Manh Tudng 47



Bo mon Khoa hoc Co Bin Bai giang TOAN CAO CAP 2

Vi du. Xét su hoi tu ciia cac chudi so.

o

1 =1
“ LT

. 2 X 1 1 1 oo 1\"
Giadi. a, Chudi so hoi tu, vi < — v6i moi n > 1, ma chudi =
L g DOV S S 5 Vel moin 2 Py (3)
hoi tu.
bChx"io:1 han ky, vi 1>1 61 moi >1‘hx"§:1 han ky
, Chudi so an ky, vi — > — véi moi n > 1 va chudi s — phan ky.
2 o phanky v on > o 2. . phan ky

[e.o]

Dinh 1y 4. (Quy tdc tuong duong). Cho hai chuéi s6 duong > u, va Y. v,. Néu ton
n=1 =1

n

un N . X - X X PN N, ¢ A~ - o PN N, ¢
tai gidi han hiu han lim — =k > 0 thi hai chuoi so ay dong thoi hov tu hodc dong thoi

n—o0 Uy,

phan ky

Chitng minh. Do lim — = k > 0 nén bat dau tit mot s6 hang nao dé tré di ta co

n—00 Uy,

< — < =

kK wu, 3k
2 Up, 2

. IO ) JO. 3 ) . 3k . X )
Néu chudi » v, hoi tu thi chudi > w, cing hoi tu vi u,, < — Un- Con néu ) u, hoi tu
n=1 n=1 n=1

00 k
thi > v, hoi tu vi u,, > §vn. O

n=1

Vi du. Xét su hoi tu ciia cac chudi so.

oo 1 o0 .
a,nz:;ln <1+ﬁ>;b,;sm21n

1 1
Gidi. a, Ta c6 In (1 + —) ~ — suy ra
n n

| . . 1
ma chudi Y — phan ky. Theo tiéu chuan tuong duong chudi > In (1 + —) phan ky .
n=1"N n=1 n

b, Ta c6
. T
sin -
i — =1
2n

R . = m
chudi > — hoi ty, suy ra chudi > sin — hoi tu.
n=1 2" n=1 2"
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4.2.3 Cac quy tac khao sat su hoi tu ctia chudi sb.

Dinh 1y 5. (Quy tac D’Alembert.) Cho chudi sé duong > u,. Néu

n=1

lim 2 — (4.1)

n—o0 Uy

thi chudi s6 > uy, hoi tu khir < 1, phan ky khir > 1

n=1

= 7 nén

Chitng minh. That vay, gia sit + < 1. Chon ¢ di bé dé r +¢ < 1. Vi lim —2*!

n—00 Uy,

X 3 . 40t . Unt1
ton tai s6 nguyen duong ng sao cho véi n > ng thi ——
Unp

do

= r+¢e. C6 thé xem ng = 1. Khi

Up Up—1 U2 n—1
= < (r+¢e)"
Up—1 Up—2 U1

Up =

Vir+e < 1 nén chudi c6 s6 hang tong quat (r + 8)”_1 . hoi tu. Theo dinh 1y so
X s . P4 N N ~ A N P 2, . u
sanh, chudi » u, hoi tu. Néu r > 1, thi t&t mot s6 hang nao dé tré di, ntl o 1, do

n=1 Unp,

d6 Uupq > Uy, tic 1a s6 hang téng quat khong dan téi 0 khi n — oo, vay chudi s6 phan
k. 0
(n )a

,a € R,

Vi du. Xét su hoi tu ctia chudi s Z

That vay, ta co6

D " 1
lim 2 = im ([(7” W n ): = lim (n+1)°" (1+—) = - lim (n+1)*""
n

n—oo U, n— oo (7’L + 1)n+1 (n!)a n—00 € n—oo

Un+1

Néu a > 1, lim

n—oo un
Un+1

= +00, chudi phan ky.

Néu a < 1, lim
n—oo un

Z . Un+1 1 X+ 1 A

Néu o = 1, lim 4= = = < 1, chudi hoi tu.
n—oco Uy, e

= 0, chudi hoi tu.

Dinh 1y 6. (Quy tac Cauchy). Cho chudi so duong > u,. Néu

n=1

lim Yu, =r (4.2)

n—oo

thi chudi so6 hoi tu khir < 1, phan ky khir > 1

, . . ) L2027 .m T
Vi du. Xét sy hoi tu cta chudi — sin? o, V6l —= < o < —.
n=1M 2 2

n
Ta c6 lim &u, = lim ¢ sin?” « = lim

n—oo n—o0 n2 N—00 A /

L. 1 s s
Néu sin® a < 27 tuc la 7 <a< 1 chudi hoi tu.

sm a = 2sin? a.

. 1
Néu sin®a > = 5 tic la —g <a< —g ) <a< § chudi phan ky.

) 1
Neu a = :I:Z ta c6 chubi Z —, 16 hoi tu.
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Dinh 1y 7. (Quy tdc so sanh vdi tich phan). Gid sit ham sé f(x) lién tuc, duong, gidm
+oo

trén khodng [1,+00) va dan tdi 0 khi x — oo. Khi dé tich phan suy rong [ f(z)dz va
1

chudi s6 . uy,, trong dé u, = f(n), cing hoi tu hodc cung phan ky

n=1
e z ~c 2 X A x 1 N N e x- .
Vi du. Xét sy hoi tu ctia chudi s6 >, —, « 1a hang s6 (Chuoi Riemann,).
n:lna
1
bat f (x) = —, tac6 f(x) lién tuc, duong, don diéu giam trén [1, +o00) va u, = f (n),
:LAO(

do d6 chudi Riemann va tich phan suy rong [ —dz cung hoi tu ho#ic cung phan ky. Ta
T

. *® 1 .
da biét tich phan [ —dz hoi tu khi @ > 1, phan ky khi @ < 1, nén chudi Riemann hoi
1T

tu khi @ > 1 va phan ky khi a < 1.

4.3 Chudi s6 c6 s6 hang vé6i dau bat ky
4.3.1 Hbi tu tuyét d6i. Ban héi tu.

oo
Xét chudi s6 Y u, véi cac sd hang u, bat ky.

n=1

Dinh ly 8. Néu chudi > |u,| hoi tu thi chudi > u, ciing hoi tu
n=1 n=1

oo
Chatng minh. That vay, vi chudi > |u,| hoi tu nén theo tiéu chuan Cauchy, v6i moi e > 0

n=1

p
cho trude, tim duge ng € N* sao cho khip > g >ngtacé >, |u,| <e. Do dé

n=q+1
p P
>l < 3 i<
n=q+1 n=q+1
~ oo
Vay chubi > wu, hoi tu. O
n=1
X, COSN
Vi du. Xét sy hoi tu clia chudi s6 > 5
n=1 T
Xét chuoi
(o.9]
Z cosn’ Z |cosn|
n=1
cosn 1 . . . ~ .. X |cosn
Vi | 5 | < — va chudi Z 5 (Chudi Riemann véi a = 2) hoi ty, nén chudi ) |—; ‘
n n n= 1n n=1 n
_ R cosn . _.
hoi tu, do d6 chudi Z 5— hoi tu.
n=1 T

Chii ¢. Chudi > |u,| hoi tu chi 1a diéu kien dt dé chudi Y u,, hoi tu, chit khong phai la
n=1 n=1
diéu kién can.
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Dinh nghia.

Chudi Y u, dugc goi la hdi tu tuyét ddi néu chudi - |u,| hoi tu, la ban hoi tu

n=1 n=1

néu chuoi > u, hoi tu nhung chudi > |u,| phan ky.

n=1 n=1
Chi 3. Néu dung quy tdc D’Alembert hay quy tic Cauchy ma biét duge chudi > |u,|
n=1

phan ky thi chudi Y w, phan ky. That vay, khi d6 |u,| khong dan t6i 0 khi n — oo, do
n=1

dé u, cling khong dan t6i 0, vay chudi s6 phan ky.

4.3.2 Chubdi s6 dan dau.

Chudi s6 dan dau 1a chudi s6 c6 dang + (u; — ug + uz — uy...), trong do uy, us, us, ...
13 nhitng s6 duong. Ro rang ta chi can xét chudi s6 dan dau véi s6 hang dau tien duong:

U — Ug + Uz — Uyg...

Dinh 1y 9. (Leibniz). Néu day s6 duong uy, ug, Us, ..., Uy, ... gidm va dan tdi 0 khi n — oo

thi chuoi so6 dan dau u; — ug + ug — ... hoi tu va co téng bé thua uq
Chatng minh. V6i n s6 chan, n = 2m, ta c6
Som = (uq — ug) + (uz — ug) + ... + (U2m—1 — Uom)
Do u,, giam nén Sy, tang khi m tang. Mat khac
Som = u1 — (ug — ug) — (ug — us) — ... — (Ugm—2 — Ugm—1) — Ugm

do d6 Sy, = u;. Vay diy s6 S, tang va bi chin trén, nén ton tai giéi han lim Ss, = S,

n—oo

vil S < uy.

Néun 1é, n = 2m + 1, ta c6 Somi1 = Som + Uzma1. VI Ugme1 — 0 khi m — oo nén

lim S,,41 = lim S, = S. Vay chudi s6 dan dau hoi tu va co tong bé thua u. O
N . o1 1 . . ~. . Y
Vi du. Xét chudi dan dau > (—=1)""" =. Ta ¢6 céc s6 hang ciia chudi don dieu gidm
n=1 n
va dan t6i 0, do d6 né théa man cac dieu kién ctia dinh 1y Liebniz, nén né hoi tu. Mat
e 41 > 1 N .
khac tac 3 |(=1)"""' =| = 3. = phan ki (chudi diéu hoa). Vay chudi dang xét ban hoi
n=1 n n=1M

tu.

4.3.3 Cac tinh chat ctia chudi s6 hoi tu tuyét doi.

Ta biét ring tong ctia mot sé hitu han s6 hang c¢6 tinh chéat giao hoan va tinh két hop:
né khong thay doi khi ta thay doi thiu tur clia cdc s6 hang ctia n6 hay khi nhom mot s6

hang lai mot cach tiy ¥ trude khi cong. Nhung diéu d6 khong con ding déi véi tong ciia
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mot chudi cic s6 hang c6 dau bat ky.
L = 41
Vi du. Xét chudi 3 (—1)" " =.
n=1 n

Ta cb

L X 41 .
Khi d6 chudi 3 (—1)"" o ciing hoi tu va ¢6 tong 1a
n

n=1

1
=5~ 1Ts st gt~ (2)

Nén chudi Jio [(—1)"1 + (= 3:1

n=1

35 l.ahk =1 1 1
2 AN o o 3
2 H 3.4 2 * 5! + 7 4 * (3)
Nhung chudi s6 (3) lai suy ra tit chudi s6 (1) bang cach thay ddi thit tu ciia cac sé hang.
Vay khi ta thay doi thit tu ctia cac s6 hang clia né, tong ctia n6 da thay doi.
Tuy nhién tinh chat giao hoan va tinh chat két hop van ding véi cac chudi s6 hoi tu

tuyet doi. Nguoi ta chiing minh dudc cac tinh chat sau:

Tinh chat 1.

Vi chudi hoi tu tuyét doi, tinh hoi tu va tong cia né khong thay doi khi ta thay doi
thit tu cdc s6 hang va nhom tuy § mot s6 so hang.
Vi chudi s6 ban hoi tu, ta cd thé thay doi thi tu cia cic sé hang cta né dé nhan

dugc chudi so hoi tu va 6 tong bang mot so bat ky cho trude, hodc trd nén phan ky.
Dinh nghia.
. . o0 o0 - . oo
Cho hai chuoi $0 Y u, va Y, vy, nguoi ta goi tich cia ching la chuoi so Y w,, trong

n=1 n=0 n=0

n
do wy, = > upvy_.
k=0

Tinh chat 2.

oo [e.9]
Néu hai chudi > w, va Y. v, hoi tu tuyét doi va cé tong la U va V thi tich clia ching
n=1 n=0

hoi tu tuyét doi va cé tong la U.V.
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4.4 Chudi ham sb
4.4.1 Hbi tu va hoi tu déu.
Téng vo han

Z U, () (4.3)

trong d6 wu, (x) 1a cdc ham s6 xac dinh trén tap hop X C R, dugc goi 1a chudi ham s6.
S () = 3 uy, (z) duge goi la tong rieng thi n clia chudi ham.
k=1

Dinh nghia 1.

Chudi ham s6 (4.3) duoc goi hoi tu tai diém xo € X néu day ham s6 {S, (z)} hoi tu
tai diém xy va duoe goi la hoi tu trén tap X néu no hoi tu tai moi diém thuoc X. Gidi
han S ciia {S, (z)} goi la tong ciia chudi.

Vi du 1. Xét chudi ham so6

c+a?+ad+at+ . a+

14 cap so6 nhan vo6 han cong boi x, né hoi tu va cé tong 1a S (x) = . néu |z| < 1. Do
—x

S()=—— =a+a?+a8+at b b2+ v —l<z<l

11—z
) ) a2 X sinnx )
Vi du 2. Xét chudi ham s6 ) ———. Ta c6
n=1T°+n
sin nx sin nx 1
2 2| = ’2 2| S 5, VzeR
Te+n T +n n

oo
Ma chudi ) — hoi tu, nén chudi da cho hoi tu tuyet doi.
n=1

~ , X "
Vi du 3. Xét chudi ham so —-
n=1 TV

Vé6i x = 0 chudi hoi tu.

) Lo "
V6i x # 0 ap dung quy téac D’Alembert cho chudi ) 4 ta duge
n=1 T
lim Y g T —0
n—oo Uy, n—oo |x|" (n + 1)! n—oo 1 4+n

Vay chudi ham s6 hoi tu tuyet doi véi moi z € R.

Dinh nghia 2.

Chudi ham s6 (4.3) dugc goi la hoi tu déu trén X dén ham S(x) néu day ham sé
{S, ()} hoi tu déu tdi S(x) trén X, nghia la vdi moi € > 0, ton tai s6 ng € N sao cho
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vdi moi n > ng thi |S (x) — S, (z)| < e,Vo e X.
i L& (=)t . ) o ,
Vi du. Xét chudi ham s6 ) %, do6 1a chudi dan dau thoa man diéu kién cia dinh
n=1 & n
Iy Leibniz, do d6 né hoi tu véi moi « € X. Phan du tht n ctia chudi ciing 1a chudi dan

dau théa man diéu kien ctia dinh 1y Leibniz nén cé tong nhé thua tri tuyet déi ctia sb

hang dau tién, ta c6
1 1

<
24+n+1 n+1

|5 () = S (2)] <

Z

Néu

1 1
1<€:>n>——1thi S(z)— S, (x)] <e.

n+ €
1 . 1
Chon ng = F (— — 1), phan nguyén cia — — 1, r6 rang ng khong phu thudc vao
€ €

x € R. Vay chudi ham s6 trén hoi tu déu trén R.

4.4.2 Tiéu chuan héi tu déu cta chudi ham sé.

Dinh 1y 10. (Tiéu chuin Cauchy). Chudi ham s6 . u, (x) hoi tu déu trén tap X khi va
n=1

chi khi vdi moi e > 0, tim dugc s6 nguyén ng sao cho khi p > q > ng ta coé
1Sy () — S, (z)| < e, Vo e X

Dinh 1y 11. (Tiéu chuan Weierstrass). Cho chudi ham s6 Y. u, (x) théa man |u, (z)| <
n=1

an,¥n € N\Vo € X va chudi s6 Y. a, hoi tu. Khi dé chuéi ham da cho hoi tu tuyét doi

n=1
va deu trén tap X

Chitng minh. Ap dung dinh 1y so séch cho hai chudi s6 duong > |u, (2)], 3 a, suy ra
n=1 n=1

o o0
chudi ham s6 Y u, (x) hoi tu tuyet d6i tren X. Mt khac ta c6 chudi s6 > a, hoi ty, theo

p
dinh 1y Cauchy, v6i moi € > 0, tim dugc s6 ng sao cho khi p > g >ngtacé >, a, <e.
n=q+1

Do dé
|Sp (2) =S4 ()] = [ug1 () + . +up ()] < ugr (@) + o+ [up (2)| S agyr + .. +a, <e

Vay chudi ham s6 da cho hoi tu déu tréen X. O

, , . . S ©  sinnx
Vi du. Xét sy hoi tu ctia chudi ham: > ———
2 2

Ta co:
sin nx

1
Eai;;§'1<'55,vn,vx eR

o
ma chudi s6 > — hoi tu nén chudi da cho hoi tu tuyet doi va déu tren R (theo tieu
n=1

2 .
chuan Weierstrass).
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