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Chuong 1

TICH PHAN BOI HAI

= / / F(x,y)dxdy,
D

trong d6 f(x,y) la mot ham hai bién xéac dinh trén mién bi chan D C R%. dxdy goi la yéu t6 dién
tich.

1.1 GIOI THIEU

Cho R = [a,b] x [c,d] va ham sb f(x,y) xac dinh trén R. Gid st f(x,y) > 0,V(x,y) € R va c6 do
thi 1a mot mit cong (S) ndm phia trén (Oxy). Xét vat thé (Q) bi gidi han trén bdi (S), gidi han
dudi boi (Oxy) va bi gigi han xung quanh béi mat tru song song véi truc Oz c6 dudng chuan la
bién ctia mién R. Bai todn dat ra 1a 1am thé nao dé xac dinh dugc thé tich V ctia vat thé nay.

D€ giai bai todn nay ngudi ta lam nhu sau

1. Chia doan [a, b] thanh m doan bang nhau [x;_1, x;] c6 d6 dai Ax = (b — a)/m. Chia doan [c, d]
thanh n doan bang nhau [y;_1,v;] c6 do dai Ay = (d — c)/n. Khi d6 hinh ch@ nhat R dugc
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chia thanh nhting hinh chr nhat nho R;j c6 dang
Rij = [xi—1, %] X [yj—1, ¥l = {(x,y) /%o <x < w9521 <y < yj}

c6 dién tich 1a AxAy = (x; — xi—1) - (yj — Yj-1)-
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2. Tai 6 Ry; ta tinh thé tich hinh hop chir nhat c6 ddy R;; chiéu cao f (x3j, vij), (VO (x5, y7;) tuy y
thudc 6 Rjj), cu thé bang
f (x;“j, y;"j)AxAy.

3. Dung cac khoi tru c6 ddy R;j quét khap R. Tong thé tich cac khdi nay gan bang thé tich khoi
can tim. Tinh t6ng thé tich ctia day hinh tru thi ta dugc thé tich Vy,, nhu sau

m n
Vin = ), ) f (x5 yip) Axdy.
i=1j=1

Thé tich nay xap xi gan bang thé tich V ctia vat thé ban dau.

| fyy)
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4. Do chinh xac cang cao tirc xap xi cang tot khi ludi dugce chia day dac hon, hay m,n dd 16n.
Khi duong kinh 16n nhat ctia cic mién Rjj dan t4i 0, tuc 1a m,n — +oo thi V,,,; dan t6i mot
gidi han. Gidi han nay chinh 1a thé tich V cta vat thé ban dau va bai toan dat ra da dugc giai.
Vay

m n
V= lim Vy,= lm Y Y f(xj,yj)Axdy.

m,n— 400 m,mn——4o0 ¢ .
i=1j=1

Tir bai toan nay nguai ta xdy dung dinh nghia tich phan boi hai cting tuong tu nhu vay nhung luc
nay ham f c6 dau bat ki trén mién R. Ta c6 dinh nghia sau:
Cho ham z = f(x,y) xdc dinh trén hinh chir nhat R. Néu

m n
A (Z Y f(xv5) - AxAy)
' i=1j=1

t3n tai thi gi6i han nay dugc goi 1a tich phan béi hai ctia f trén R, ky hiéu 12 / / F(x,y)dxdy. Vay
R

J[ fleyysdy = im (Z Y f i) AxAy) .
R ’ i=1j=1

Nhu vay trong trudng hop ham f(x,y) > 0, V(x,y) € R thi thé tich cta vat thé (Q)) dugc chinh la
tich phan boi hai cta f trén R, tic la

V= //f(x,y)dxdy.
R
P& khao sat tich phan / / F(x,y)dxdy trén mién D bat ky (hinh bén dudi)
D

YA Ya

Y
L

W

-

0 X

ta m& rong ham f xac dinh trén hinh chi nhat R bao quanh D bang ham F sau day

F(x,y) = { fxy), (x,y) €D (Equation 1)

0, (x,y) &€ D

Néu F c6 tich phan trén R thi
//f(x,y)dxdy = //P(x,y)dxdy.
D R
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1.2 CAC TINH CHAT CO BAN

Ta c6 mot vai tinh chat co ban ctia tich phan bdi hai nhu sau

1.

// flx,y)+g(x,y))dxdy = //fxydxdy+//g(xydxdy
//Afxydxdy A//fxydxdy
2. Néu D chia thanh hai mién D = D; U D, trong d6 Dj, Dy khong trung lép lén nhau thi
/ / f(x,y)dxdy = / / f(x,y)dxdy + / / f(x,y)dxdy.
D Dy D,

3. Néu f(x,v) < g(x,y),V(x,y) € D thi

/ / f(x,y)dxdy < / / g(x, y)dxdy.
D D

1.3 PHUONG PHAP TINH TiCH PHAN BOI HAI

I = //f(x,y)dxdy.
D

Xét tich phan

Ta chia D thanh cac truong hop sau.

1. Néu D = {(x,y)/a < x < b,c <y < d} (Mién hinh chi nhat) thi

j(/d xydy)dX/(a/bf(x,y)dx)dy-

c

2. Néu D lamiénloail, tiacla D = {(x,y)/a < x <b,g1(x) <y < g(x)}

y=aix) ’ y=glx) ’ y=glx)

D D

y=glx) |

[ P ——
[~ R —
> —_—
=

T f———
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thi
b [ §2(x)
I:/ /f(x,y)dy dax.
a 1(x)

3. NéuD = {(x,y)/c <y <d,(y) <x<hy(y)} (Mién loai 2)

y — j
=i fp (TR x=h{y)| b x=lly)
b o\ >
1] X
thi
d ([ ha(y)
I:/ /f(x,y)dx dy
¢ \nu(y)

Ta xem giai thich vé cong thirc 2 trong tai liéu Calculus ctia James Stewart nhu sau.

In order to evaluate J‘_l'D f(x,¥) d4 when D is a region of type 1, we choose a rect-

angle R = [a, b] X [c, d] that contains D, as in Figure 6, and we let F be the function

Y=912(%) given by Equation 1; that is, F agrees with /" on D and F is 0 outside D. Then, by
dr—- ‘ \ Fubini’s Theorem,
. R b
D ([ 76e ) da = [[ FGxyyaa = [ [ P ) dy dx
S el
‘T | I y=g Observe that F(x,y) = 0if y < gi(x) or y > g2(x) because (x, ) then lies outside D.
' I I Therefore
0 a x b X
[ Fe.y)dy = [ PGy dy = [ pxy) dy
FIGURE 6 Je Jgi(x) Jagi(a

Chung minh tuong tu cho cong thuc 3.
Vi du:
1. Tinh tich phan
I= //(x + 2y)dxdy

D

re 4o .2 32
v6i D gi6i han bsi duong cong y = 2x%y = 1+ x2. Daps6 [ = —.

15

2. Tinh tich phéan

I = // xydxdy
D

trong d6 D gi6i han béi duong cong y = x — 1;y> = 2x + 6. Dap s6 I = 36.
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15.2| EXERCISES
1-2 Find [* dx and | dy. - 1+ x?
ind |3 f(x, y) dx and [} f(x,y) dy 8. H 1+xj JA, R={(ny)|0<x<1 0=y=<1)
R ¥
L flx,y) = 12x7y° 2. flx,y) =y + xe* K .
3-14 Calculate the iterated integral. ,U xsin(x + y) dA, R = [0, 7/6] X [0, 7/3]
R
"3 rl (2 2.2
3] ‘] ‘(: (1 + 4xvy) dxdy 4. Ju i] (4x* = 9x*y?) dy dx .
o ’ 20. H dA, R=1[0,1]1x[0,1]
e E ref2 5 ® 1+ xy
5. ‘_‘ “xsinydydx 6. J;' cos ydxdy
JooJo wf6 J-1
. e 2. ([ xve™aa, R=1[0,1] % [0,2]
[ @x + pPdady 8. J' [* == aydx U
<0 J0 0 1 )’
T X
azfx vy 3 ey ) 22. H ———5dA, R=[1,2]x[0,1]
..‘1 ..‘1 (."+Jf)d}dx 10. JuJue dx dy Yty
c1oscl 5 for 3 5
I ,‘(: ,‘(: G = o dudv 12. Ju Ju xyJx® + y* dy dx 23-24 Sketch the solid whose volume is given by the iterated
integral.
" fw [l
13. rsin®0 d dr 14, s+ tdsdt oL p
..‘u ..‘u Ju Ju [23] ‘Ul 'ul 4 — x — 2y)dxdy
15-22 Calculate the double integral. 4. “l "l 2 — x* — y*)dy dx

JO Jo

5. (| (6x*y* = 5y*)da, R={(xy)|0=x=3 0=y=1}
&

25. Find the volume of the solid that lies under the plane
3x + 2y 4+ z = 12 and above the rectangle

16. 'J cos(x + 2v)dA, R={(x,y)|0<sx<=m 0<vy=< 7/2} R={xy)|0sx=1, —2=y=3)

R

- xy? 26. Find the volume of the solid that lies under the hyperbolic
“ s——dA, R={xy|0=x=1 -3=y=3} paraboloid z = 4 4+ x* — y* and above the square
2t R=[-1,1]x[0.2].
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Exercises « =+ + o o « o & & & s s s s e & &« o s & & & & o

1-6 m Evaluate the iterated integral. 13. ‘I yidA,
o o D
1. |“I |0 (x + 2v) dv dx 2 ‘L l xy dx dy D is the triangular region with vertices (0, 2), (1. 1), and (3, 2)
(e SR W. ([ (x + ) d4, Disbounded by y = x,y = x>
a L,I | Sdedy . ‘1 [ (¢ = ) dvds L] (x + y)d4, Disbounded by y = x,v =x
Jo o Jy Jo Jx
5. [ [ ewodrap 6 [ ["VT=v2dudv 15. |} @x—y)dd
JO JO JO 0 D
D is bounded by the circle with center the origin and radius 2
7-16 m Evaluate the double integral. 16. “ ve'dd, D is the triangular region with vertices (0, 0),
e lD.
7. Il wyid4, D={x|0=x=2 —x=y=yx} (2, 4), and (6, 0)
D
8. Il ‘43- d4, D={(x.y)|1=x=2 0=y=2y 17-24 ®m Find the volume of the given solid.
Joxt 42 : °
D

17. Under the paraboloid z = x* + y* and above the region
bounded by y = x? and x = »*

N 2"‘
9. || T D={(xy|0=sx=1 0=y=x}
5 ¥ 18. Under the paraboloid z = 3x* + ¥* and above the region

o s bounded by y = x and x = -y

0. ||e"dt, D={xy|0=y=<10=<x<y} ) )
5 19. Under the surface z = x» and above the triangle with
vertices (1, 1), (4, 1), and (1, 2)

. Il xcosydd, Disboundedbyy =0, y=x% x=1 20. Bounded by the paraboloid z = x* + ¥* + 4 and the planes

b x=0y=0z=0x+y=1
12. |l ¥y —x2dd, D={x,»)|0=sy=1,0=sx=<y} 21. Bounded by the planes x = 0,y = 0,z = 0, and
D x+y+:z=

Bai tap:

1. Tinh
I = // xe¥dxdy,
D

trong d6 D lahinh chitnhat0 < x < 1,1 <y <2

I = //xsinydxdy,
D

trong d6 D la hinh tam gidac OAB véi A(,0), B(m, ).

I = // (xzy — 2xy> dxdy,
D

trong d6 D la hinh chi nhat x € [0,3],y € [-2,0].

I = // ye*Ydxdy,
D

trong d6 D 1a mién bi gi6i han bdi cac duongy = L,y =4;x = 0;xy = 1

2. Tinh

3. Tinh

4. Tinh
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