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Chuong 1

HAM SO VA GIGI HAN HAM SO

1.1 ANH XA

1.1.1 Dinh nghia

Cho hai tap hgp E va F, ta goi mot anh xa tir tdp E vao tap F la mot quy luat tuong tng f sao cho
vdi mbi phan tir x € E, c6 duy nhat mot phan tir y € F duge xac dinh bsi y = f(x). Ta thuong ky
hiéuanhxadolaf: E — F.

1.1.2 Cacloai anh xa

Choéanhxa f : E — F. Tanoi

1. f1a mot don anh néu vdi moi y € F, c6 nhiéu nhat moét x € E sao choy = f(x).

2. flamot toan anh néu vdi moi y € F, ¢6 it nhat mot x € E sao choy = f(x).

3. flamotsong anh néu f vira 1a don nh vira la toan anh.

4. Choanhxaf:E — Fvaanhxag:F — G.Tandéianhxah = go f laanh xa hgp cta g va f
néu vdi moi x € E, ton tai duy nhat z € G dugc xac dinh bdi z = h(x) = (go f)(x) = g(f(x)).

5. Choanhxa f : E — Fla mét song anh lic nay va anh xa g : F — E clng la mét song anh sao
cho v&i moi y € F, ton tai duy nhat x € E duge xac dinh bdi x = g(y) véiy = f(x). g duge goi la
anh xa ngugc cta f ky hiéula g = L.

1.2 DAY SO

1.2.1 Dinh nghia

Choanhxa f : N — R. Vdin =1,2,3,... Ta cd cac gia tri f(1), f(2), f(3), ... lap thanh mot day
cac sb thuce va ta néi day 1a mot day sé thuc. Néu dat x, = f(n), ta c6 day sb x1, x2, X3, ..., Xp, .., KY

hiéu 1a (x,),cpn hay {xn},en-
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1.2.2 Vidu

Cho day s6 (x,) véi x, nhu sau
x, =1,tacoday1,1,1,..,1..
x, = (—1)", tacéday —1,1,—1, ..., (-1)", ...

1+ (-1)" 1 1 -1)"
Xy = #, tacoday0,1,0, 5 #,

1.3 HAM SO

1.3.1 Dinh nghia

Mot ham sb f 1a mét anh xa di tir mot tap con D ctia R vao chinh né. D dugce goi la mién xéac dinh
ctia ham s6 va tap f(D) = {f(x) : x € D} goi la mién gia trj ciia ham s6. Phan t&r x € D goi la
bién s6 ctia ham.

1.3.2 Vi du vé cic ham so cap co ban

Ham lay thua

La ham s6 c6 dang y = f(x) = x* trong d6 « € R. Ham s0 nay c6 mién xdc dinh phu thudc vao
«. Vi du nhu:

Néua =0,1,2, ... thi mién xac dinh 1a D = R.
Néua = —1,—2,... thimién xdcdinh1a D = {x € R : x # 0}.

Néu o = %, 411’ % thi mién xac dinh 1a D = [0, +c0).

Néu a = —%, —31, —% thi mién xac dinh 1a D = (0, +0).

Néu a = %, %, % thi mién xac dinh1a D = R.

Néu a = —%, —é, —; thi mién xac dinh 1a D = {x € R:x # 0}.

Néualasbvotivaa > 0thi D = [0,+0), & < 0thi D = (0, +00).
Néu & € R thi D = (0, +00).

Ham mu

La ham s6 c6 dang y = f(x) = a* trong d6 0 < a # 1. Ham s6 nay c6 mién xac dinh1a D = R va
mién gia tri f(D) = (0, +00). Ham s tang khi a > 1 va gidm khia € (0,1).

Ham logarit

La ham s6 ¢6 dang y = f(x) = log,x trong d6 0 < a # 1. Ham s6 nay c¢6 mién xac dinh la
D = (0, +0c0) va mién gid tri f(D) = R. Ham s6 tang khia > 1 va gidm khia € (0,1).

TS. Bui Thanh Duy 2 duybui55@gmail.com
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Cac ham lugng giac
y=f(x) =sinx,y = f(x) =cosx,y = f(x) =tanx, y = f(x) = cotx.

Cac ham lugng giac ngugc

N A . S A N - « X s . N o X .z . 7T 7T
1. Ham s0 y = arcsin x. Ham s0 nay ¢6 mién xac dinh D = [—1,1] vamién gid tri R = [_E' 5] .
e . . 1
V6i moi x € (—1,1), ta c6 (arcsinx)’ = i
— X
2. Ham s6 y = arccos x. Ham s6 nay c6 mién xac dinh D = [—1,1] va mién gid tri R = [0, 7t].

V6i moi x € (—1,1), ta c6 (arccosx)' = A
— %
N A N A N 2 + A s . [N R .z . 7T TT
3. Ham soO y = arctan x. Ham s6 nay c6 mién xac dinh D = R va mién gia tri R = (—— —>.
1

V6i moi x € R, ta ¢6 (arctanx)’ = TR
X

4. Ham s6 y = arccotx. Ham s0 nay c6 mién xac dinh D = R va mién gia tri R = (0, 7). Véi
1

14 x2

moi x € R, ta ¢6 (arccotx)’ = —
5. Chuy:

Yy = arcsinx < x = siny,
Y = arccos x < x = cosy,
y = arctanx < x = tany,

Yy = arccotx < x = coty.

1.3.3 Ham so cap

Ham so cap la nhitng ham dugc tao ra tir mot s6 hiru han cac phép lay tong, hiéu, tich, thuong,
ham hgp ctia cdc ham so cap co ban va cac hang sb.

1.4 GIOI HAN CUA DAY SO

1.4.1 Dinh nghia

Cho day s6 (x,) : x1,%2,X3, ..., X, .... Tanoisd L € R 1a gidi han cta day s6 nay néu véi moi s6
¢ > 0 du bé cho trudc, ton tai sb n. € N sao cho v6i moi chi sb n > ne, ta c6 |x, — L| < e. Lic nay
ta ky hiéu L = lim x,,. N6i mot cach dé hiéu hon, s6 L € R 1a gidi han ctia day sb (x,,) néu |x, — L|
tién vé 0 khi 7 tién ra vo cling.

Cho day s6 (x,), ta n6i day s6 nay c6 gidi han la duong vé ciing hay dan t6i duong vo cting néu
véi moi s6 M > 0 du 16n cho trudc, ton tai s6 1y € N sao cho v6i moi chi s6 n > nyy, ta ¢6
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xp = M. Liacnay ta viét lim x,, = +o0.
Cho day s (x,,), ta néi day s6 nay c6 gi6i han la &m vo cting hay dan t6i &m v cting néu véi moi
s6 M < 0 sao cho |M| du 16n cho trudc, ton tai s6 np; € IN sao cho véi moi chi sd n > nyy, ta c6
xp < M. Lac nay ta viét lim x,, = —oo.

Vi du: Xét day sb (x,),x, = 1+ % Nhan xét rang khi 7 cang 16n thi % cang nho nén x,, tién gan
vé 1. Do vdy ta sé chitng minh gigi han ctia day s6 trén la 1. That vay, ta xét |x, — 1| = % Véi
moi ¢ > 0 nho tuy y cho trudc, theo dinh nghia, dé |x, — 1| = % < ethin > % Nhu vay chon
Ne = E] + 1 (s6 tu nhién nhoé nhat 16n hon %) thi véi moi n > n,, ta dugc |x, — 1| = % < &
Tom lai, v6i moi € > 0 nho tuy y cho trudc, ton tai so 1, = E} + 1 sao cho v6i moi n > ng, ta co6

1
lx, — 1] = o <e Vay lim x,, = 1.

1.4.2 Cac tinh chét co ban

1. lim A = A, trong d6 A 1a hang s6.

2. Cholimx, = A,limy, = B, véimoi«a € IR, ta c6
(a) lim(x, + ay,) = A+ aB.
(b) lim x, limy, = AB.

n

©) lim}% - %va £ 0.

(d) Néu lim x,, = A, lim y, = oo thi lim - = 0.

Yn

(e) Néu limx, = A, limy, = 0 thi lim ;—” — o0,
n
.1 n
n
4. Cho P(n) = an* + a_1n* " + ... + a1n + ag, ta c6 lim Py(n) = lim a;n*.

5. lima” = 0néu |a| < 1.

1.4.3 Mot sb két qua thong dung

1. Cho day s6 (x;). Néu ton tai hai day s6 (v ), (z,) vasd ng € N sao choy, < x, < z,,Vn > ng
déng thoi limy, = limz, = L thilimx, = L.
2. Néu limx,, = L thilimx, . = L,Vk € Z.

3. lim ¢/n = 1,

1 n
4. lim (1 + —) —=e,
n
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5. V6ip>0,tacolim{/p =1,
o

6. Voip>0,a e R, tacolim—— =0
y T+p)"
14

.. , 4. I
7. Voia € IR,tacohm—' =0,
n!

n

X
8. VéixEIR,tacélimﬁ =0.

1.4.4 Tinh gidi han ctia mot day sob

Trong chuong trinh phé thong, khi tinh gidi han ciia mot day sb ta thuong gép hai dang vo dinh
sau day

oo

—, 00 — 00,

oo

Luc nay, ta khong thé xac dinh dugc liéu 1a gigi han dang xét c6 ton tai hay khong do d6 phai tim
cach khtt cac dang vo dinh nay di. C6 nhiéu phuong phap dé khit cac dang vo dinh nhu: Quy
dong mau s6, nhan lugng lién hgp, dat thira s6 chung, dit 4n phuy, dung cac tiéu chuan ton tai
gidi han, dung cac gi6i han co ban... Sau day, ta nhac lai mot vai vi du cho hai dang v6 dinh nay.
Dang ; Day la dang v6 dinh thuong gap khi ta tinh cac gisi han dang phan thitc, phuong phap
chung 1a rit n ¢6 s6 mi cao nhat nam dudi mau & trén ti 1an dudi mau.

Vi du:

25_ 3 2 1
1. Tinh Ly = lim 2% — o 7+ 1

n®+1
5(p—-3 41 4 1 3 .1 1
Ly — Tim - (2 ”2+”3+”5>:11m2_ﬁ+$+"_5:2.
n5<1+%> 14’%
Vnd +2n414n>-2
2. Tinh L, =1i .
inh L, = lim 2 on 13
of /1,2 1 _ 2 1,2 1 _2
Lzzlimn( £+ﬁ—km_m):lim %—i_m—i_F_F:O
n2<1+%+%) 1+%+%
3
n
3. Tinh Ly = lim ———.
inh L 1m_§12_|_1
Ly =lim ——— = lim ——— —
n2<—1—|—nl—2> —1+

Dang oo — co. D€ giai quyét dang nay ta thuong dat thira s6 chung hodc dua vé dang g bang cach
nhan lugng lién hgp. Ta xem cac truong hop thuong gap sau day.
Vi du:

TS. Bui Thanh Duy 5 duybui55@gmail.com
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1. Tinh Ly = lim (\/4n2+n—|—1—n>.

T 1
Ly = limn (,/4+—+—2—1> — too.
n n

2. Tinh Ls = lim (\/n2+n+1—n)
L5:lim<\/n2+n—|—1—n> zlimn< 1+%+%—1> —0

Céach 1am trén sai vi ddu bang thit 2, gi6i han can tinh c6 dang 0.co va day ciing 1a mét dang
vo dinh. Do do, ta phai lam lai nhu sau
(> +n+1)—n> n+1 , 1+1

= lim

1

= lim —=.

vVn2+n+1+n vVnZ+n+1+n 1+14 141 T2
3. TinhL6:Iim(3 n3—|—n2+1—n).

L5 = lim

L6 = lim

n2
{\/n3—|—n2—|—1 } I+ n2+1+n2
+

(Jotearte ot

Nl’_‘

= lim

1
3
1.5 GIOI HAN HAM SO

1.5.1 Dinh nghia

Chohams6 f : D C R — R va diém xy € R. Piém xo dugc goi 1a diém tu ctia ham s néu vdi
moi k> 0nho tuy y, ta c6 (xg — h, xo + h)\{xo} N D # @.

Gia st xp 1a mot diém tu cta D, ham s6 f duoc goi la ¢6 gidi han hiru han L khi x tién vé x
néu v6i moi s6 ¢ > 0 nho tiy y cho trudc, ton tai s6 §(xp, &) > 0 sao cho véi moi x € D thda
0 < |x — x| < 8(xp,€), tacod |f(x) — L| < e. Liic nay ta viét }l}n;of(x) = L.

N6i mot cach dé hiéu hon, ham sb f ¢6 gi6i han hiru han 1a L khi x tién vé xy (x # xg) néu
|f(x) — L] = 0khi |x — xo| — 0.
Vi du: Ta xét ham s6 f(x) = x* — x + 2 va tinh gia tri ctia ham s6 nay tai cac diém x gan 2 nhu sau.

TS. Bui Thanh Duy 6 duybui55@gmail.com
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x | f¥) x| fx)

1.5 2.750000 | 2.5 5.750000
1.8 3.440000 | 2.5 4.640000
1.9 3.710000 | 2.1 4.310000
1.95 | 3.852500 | 2.05 | 4.152500
1.99 | 3.970100 | 2.01 | 4.030100
1.995 | 3.985025 | 2.005 | 4.015025
1.999 | 3.997001 | 2.001 | 4.003001

Ta thay khi x gan bang 2 thi gia trj ham f(x) gan bang 4. Vay ta c6 thé néi "4 1a gidi han ham s
f(x) = x* — x + 2 khi x tién t&i 2" va viét 1112(98 —x+2) =4
x—

. N N Ay s p . oy . x—1 L1 e,
Ta minh hoa thém bang mét vi du khac. Du doan gidi han hnq 1 Ta c6 bang gia tri sau
x—1 X< —

x <1 | f(x) x>1 | f(x)

0.9 0.526316 | 1.1 0.476190
(3:99 0.502513 | 1.01 0.497512
0.999 | 0.500250 | 1.001 | 0.499750
0.9999 | 0.500025 | 1.0001 | 0.499975

Ham s6 f(x) = .

1 g . X . o1 .
1 khong xac dinh tai x = 1, nhung van c6 gidi han tai 1, cu thé khi x ~ 1 thi

, P ooox—1
f(x) =~ 0.5 tir bang gia tri ta doan Jlgq 21
Ham s6 f dan vé duong vo cting khi x tién vé xo néu véi moi s6 M > 0 du 16n cho trudc, ton tai
s6 8(xo, M) > 0 sao cho véi moi x € D thda 0 < |x — x| < 6(xp, M), ta cé f(x) > M. Liic nay ta

viét lim f(x) = +oo.
X— X

2 —
= 0.5.

Ham s f dan vé am v6 cting khi x tién vé xg néu vdi moi s6 M < 0 sao cho |M| du 1én, ton tai
s6 8(xo, M) > 0 sao cho v6i moi x € D théa |x — xo| < §(x0, M), ta c6 f(x) < M. Lic nay ta viét
lim f(x) = —oo.

X—Xg

Mot ham s f khong c6 gidi han hiru han khi x tién vé xy duoc hiéu theo hai nghia. Mot 1a gidi
han nay bang vo cting. Hai 1a gidi han nay hoan toan khong c6.

Ngoai ra, ngudi ta con dinh nghia gigi han ctia mot ham s6 thong qua gidi han cta day s6 nhu
sau. Cho ham s6 f xac dinh trén D C R va xg € R. Ta néi ham s6 c6 gidi han htru han la L tai xg
néu vdi moi day (x,) C D sao cho limx, = xg (x, — xp), ta c6 lim f(x,) = L (f(x,) — L). Liic
nay, ta viét lim f(x) = L.

X—XQ

21 )
Vi du: Dung dinh nghia tinh lim ad . Giéi han dang xét dugc viet lai nhu sau lim f(x), trong
) x—2 X+ 2 x—2
do f(x) = 2;2 xac dinh v4i moi x # —2. V&i moi day (x,) C R\{—2} thdéa limx, = 2, ta c6
2 2

x;—1 . 2—1 3 _ . . 3

= 1 = = —. 1 - —.

f(xn) v, po valim ) = 5—— = 7. Vay lim f(x) =

TS. Bui Thanh Duy 7 duybui55@gmail.com
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1.5.2 Cac tinh chét co ban

1. Gidi han ciia mot ham sé néu cé 1a duy nhét.
2. Gia st f la mot ham so cAp c6 tap xdc dinh 1a D C R va xy € D. Lic nay li_>m f(x) = f(xo).
X=X
x?—1 x2-1 22-1 3

V1d1_1:T1nhg101han9161_>n’5 o nhusau)lg_)n’é T2 o242 %

3. im C=C, lim C=Cva lim Sn:O,trongdéCléhéngsévénEIN.

X—+X0 xX—to0 xX—too X

4. (Tiéu chuan ton tai gidi han 1) Gia st cdc ham sb f, ¢, w xac dinh trén moét 1an can cda x
ngoai trir xg va thoa g(x) < f(x) < w(x). Neu xli_)rgog(x) = xli_)rrxlow(x) = L thi xli_)rrxlof(x) = L.

5. (Tiéu chudn ton tai giéi han 2) Gia st cic ham sb f xac dinh trén [a, +-00) Véi a la mot sb
duong dud 16n. Hon nira f 1a ham don diéu ting va ton tai M sao cho f(x) < M. Lic nay

xngrrloo f(x) ton tai.

6. Gia stt cac ham sb f va g déu c6 gidi han trong ciing mot qua trinh (x — xp hay x — +00).
Trong qua trinh do, ta c6
(@) im[f(x) + g(x)] = lim f(x) + lim g (x).
(b) lim[f(x)g(x)] = lim f(x) lim g(x).
f(x) _ limf(x)
g(x)  limg(x)
7. Céc gidi han co ban

(c) lim néu lim g(x) # 0.

. u __
lim 2% lim 20% g im & 11
u—0 U u—0 U u—0 u
In(1 1 1\"
im MUY 0 )t = lim (1+—) —e
u—0 u u—0 U——+00 u

o

. (@) Néu f(x) > 0 trén mot 1an can cta xo va lim f(x) = L > 0 thi lim In[f(x)] =

X— X X—XQ
In <lim f(x)> =InL.

X— X

(b) Néu f(x) > 0 trén moét lan can cta xp va lim f(x) = L > 0, lim g(x) = K thi
X—Xg X—Xp

X—=Xxq

lim g(x)
} =Lk

lim [f(x))$%) = | lim f(x)

X—r X |:X*>XO

1.5.3 Gi6i han mot bén
Cho ham s6 f xac dinh trén D C R va xp € R.

1. Ta n6i ham sb ¢6 gidi han bén trai 1a L tai xo néu v6i moi day (x,) C D sao cho x, < xo va

Xp — Xo, ta c6 f(x,) — L. Lic nay, ta viét lim f(x) = L.
X=Xy

TS. Bui Thanh Duy 8 duybui55@gmail.com
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2. Ta néi ham s6 c6 gidi han bén phai 1a L tai xg néu véi moi day (x,) C D sao cho x, > xo va

xn — Xo, ta ¢6 f(x,) — L. Lic nay, ta viét lim f( ) = L.
x—)xo

Tir dinh nghia ta suy ra lim f (x) ton tai khi va chi khi lim f(x), lim f (x) ton tai va bang nhau.
X—

x—>x0 x—>x0

Khi do xh_)n);lof(x): lim f(x )— lim f( ).

X‘)XO X*)XO
Vidu:
2
—3x+1
1. Tinh giéi han sau: lim ¥ O T Tacs lim (x*=3x+1)=—-1<0va lim (x—1) =0,
=1+ x—1 x—>1+2 x—1F
—3x+1
Honntta, do x — 1" nén x — 1 > 0. Vay lim S —00

x—1t x—1

2. Xét sy ton tai ctia gidi han tai xo cia cac ham sb sau

2x+1,x <1,
(@ f(x) = {_xx2+:x Ly (0 = 1) Tacd Jim f(x) = lim (2x+1) = 3. Mat khdc,
11m f( ) = 11m ( x* +4) =3.Vay lim f(x) = lim f(x) =3nén limf(x) = 3.
x—1- x—=1t x—1
(b) f(x) = |* ‘ (xp = 0). Tacd lim f(x) = lim © = 1. Mat khéac, lim o Vay
x—0t x—0*t X x—=0— X

lim f(x) 75 lim f(x)nén lim f(x) khong ton tai.
x—0+ x—0~ x—0

1.54 Cac dang v6 dinh khi tinh gigi han ctia ham s6

Khi tinh gi6i han cia mot ham s6 ta ciing thuong gap cac dang vo dinh sau day
91 f/Oo - OOIO X 0011001001000
0" o0
Lic nay, ta phai tim cach khit cac dang vo dinh nay di. C6 nhiéu phuong phap dé khit cac dang
v6 dinh nhu da dé cap & phan gidi han ctia day s6. Sau day 1a mot vai vi du minh hoa.
Vi du:

0
1. D —.
ang o
2 _ _
(@) lim yAEx-6 lim (x+3)(x=2) = lim (x—2)=-3-2=—-5.
x—-3 x+3 x——3 x+3 x——3
(b) lim VX+8=3 x—1 — lim ! _1

X120 -3 2 (Vx 1 848)(x—1)(x+3) xo1 (VX 18+3)(x+3) 24
(© lim Vx+3—V3x2+5 lim(\/x+3—2)—(\3/3x2+5—2):

x—1 x—1 x—1 x—1

. x—1 B 3(x"—1) _

m ((x—l)(\/x+3+2) (x—1)(\3/(3x2+5)2+2\3/3x2+5+4)) Bl
3(x+1) _ 1

x—>1 (x/x—|- 3+2 \3/(3x2+5)2+2\3/3x2+5+4> N

1
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YY" Patt= ¥x,suyrat — 1khi x — 1va gidi han trén tré thanh
el r(x—1) y g
443

t t—1 1 1
lim———— = lim = li S—
P2 1) BN+ A0+ .. 11) sl 0+ . +1) 12

2. Dang —

. 2x-3 . 2-3 2
(a) x1—1>r—&1:100 —3x xl—1>+oo 1 -3 _3
2
5 1
(2x —5)(1 — x)? -9 (t-1) ,
(b) lim = 1i ==
x40 3x3—x+1 X—+00 3_x1_2_|_l3 3
1 3+1
(© lim 3x + . +

= lim = —-1(Luuyx -+ —conénx <0
x—>—°°«/1—x+4x2—x X——00 /F__+4_1
do d6 khi rut x* ra khoi can ta duoc —x).
2
(@ lim (1—20)/2=2 = lim —\/(1 2x) (3x 1)
X—r—+00

—_ — % — 2 A
B+1 7 xoteo B 2v/3 (luu y u Vu? néu
u<0vau=vVuZnéuu >0).

3. Dang oo — co.

x+1 1+1 1
a) lim x24+x+1—x)= lim = lim =
()x%+00< ) xot0o \/x2 L x + 14 x x—otoo /1+ 1y +1 2
x? 1
b) 1 Vad+a2 —x) =1i = .
( )x—lgloo( A x) xlgi(,3/x3+x2)2+x13/x3+x2+x2 3
(0) 11m (\3/x3+3x2—\/x2—2x>: 1_1)rJrr1 ((\3/x3—|—3x2—x)—{—(x— x2—2x)>:
X [ee]

3x? 2x
lim 5 + =2
x=foo \ (Va3 +3x2)2 + xv/x3 +3x2 + 22 x4+ Va2 —2x

4. Dang 0.co0.
(1
1 s | - : 1
(@) lim xsin (—) = lim 1<x> 1. (Dung lim S 1 vdiu = -).
X—>+00 X X—>+00 x u—0 U X
1 sin (%) s 1
(b) lim x sin (—) = lim 1 = 1. (Dung lim —— = 1 v6i u = —). Cach lam nay sai vi
x—0 X x—0 = u—0 X
1

u=_ - khi x — 0. Do d6 ta khong thé ap dung gidi han co ban 1111}) %u = 1. Bai
u—

. (1 (1
sin (—) x sin (—)‘ < xl.

X X

1

X

toan nay lam lai nhu sau. V6i moi x # 0, ta co < 1.Suyra

1
Do d6 —|x| < xsin (—> < |x|. Vilim |x| = 0= lim —|x| = O nén lim x sin
X x—0 x—0

x—0

TS. Bui Thanh Duy
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-,

x X 1 —(x+1)) ~xH1 .
5. Dang 1 .xgrﬂw(x+l) :xgrfw{(l_x+1) } =e (Dungbltlgb(l—ku)

. X
va lim — =
x+1 x—400 x+1

==

evliu = —

~1).

6. Dang 0°. lim x*. Vdimoi x > 0, ta cd x* = ¢*™* Xét L = lim xInx. Day la mét gidi han
) x—0t ) ) ) ) x—0t )
kho neu chi dung nhitng bién do6i co ban. Do dé dé c6 theé giai quyet bai toan nay, ta dung

moét ung dung ctia dao ham trong moét quy luét sau.
1.5.5 Quy tac L'Hospital

s o, < . < 2 1a o . 5 2 1A ~ £ . X .
Gia st cac ham f, ¢ c6 dao ham & 1an can diém xp va ¢'(x) # 0 ¢ lan can xp. Néu lim f(x) co

x=30 g(x)
/ /
dang 0 hay % vanéu lim f /(x) ton tai httu han thi lim fx) = lim f (x) Quy tac nay van
0 0 X=X § (x) X=X g(x) P g’(x)
dung cho truong hop x — co.
Quay lai vi du & Dang 0°, ta nhan thay gi6i han L = lilg+ xInx c6 dang 0.co do d6 dé st dung
x—

y i 1 .
dugc quy tac UHospital ta viéet lai gi¢i han nay nhu sau L = lirél+ nTx (Dang z). Ap dung quy
x— 2

1
tac 'Hospital ta dugc L = lim —— = lim (—x) = 0.Suyra lim x* = el =e=1.
x—0t -2 x—0t x—0+
e " Inx . Inx o,
7. Dang oo, lim x¥. Vi moi x > 0, ta co Xt =e¥.XétL = lim —— (Dang —). Ap dung
X—4-00 x—+oo X o8

. 1
quy tac L'Hospital ta dugc L = lim — = 0.Suyra lim x¥ = ek =0 =1.
x—+o00 X X—r+-00

8. Chung minh 1_1>rJrr1 sin x khong ton tai. Gidi han dang xét c6 thé khong ton tai theo hai
X [e]
nghia. Mot la lim sinx = £oo, hai la lim sinx khoéng xac dinh. Do sinx € [—1,1] nén

X—>+4o00 X—+00
lim sinx = #cola v ly. Vdy lim sinx la khong xac dinh. That vay, gia st lim sinx
x\%—i—oo X——+00 X——+00
ton tai httu han va c6 gid tri la L. Nhu vay v6i moi day (x,) C R sao cho x, — +oo, ta
.. 7T .. .
co6 sinx,; — L. Chon x,, = 5 +mn2m, tacésinx, = 1. Suyra L = 1. Chon x, = nr, ta cod
sinx, = 0. Suy ra L = 0, diéu nay v6 Iy vi L 1a duy nhét. Bang cach chiing minh tuong tu ta

cing c6 cac ket qua sau lim sinx, lim cosx khong ton tai.
X——00 X—dzco

1.6 BAI TAP CHUONG 1

Bai 1. Chitng minh rang

1. lim ¢/n = 1. (Dat u, = {/n — 1 va dung Dinh ly kep.)
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) 1 N )
2. limx" = 0neu |x| < 1. (Xét x = 0 sau d6 xét x # 0, luc nay daty = — — 1 > 0 rdi dung bat

dang thitc Bernoulli.)

x|

3. Voip >0,tacolim {/p = 1. (Xét p > 1. Dat x,, = {/p — 1 va dung Dinh li kep.)

14
4. V6ip > 0,a € R, tacélim ———
(1+p)

hon a. Xét (1+p)" > Ckp.)

114

5. Vaiwa € IR, taco lim% =0.(Gidsu L = lim%.Suyra lim nt

. (n* (n+1)"
Suy ra lim (E — m

n

L T A A
6. V6i x € R, ta c6 lim — = 0. (Tuong tu cau trén.)
n!

7. lim(sinn) va lim(cos ) khong ton tai.

Bai 2. Tinh cac gi¢i han sau

. V14+2x—+/19

1. lim .
Vx =3

x—9
Vat+2x3 —4x2+9
3x2+1 '
3. lim

(\/x2+7—\/x2—1>.
x—>+o0
4. lim x<\3/x3—|—3x2—2\/x2—|—x+x>.

X—r—+00

x+1 2x
x—+oo \ X — 2 '

2. lim

X— 0

5. lim

6. lim (sinx)".
x—0F

7. lim (cotx)™.
x—0+

sin7x
im .
x—0 tan 10x

9. lim( _1 —cotx).
x—0 \ sin x

10. Jim -~ VY
x—0 X
x_
1. lim &%,
x—0 sInx
12. lim (€05%)
x—0 X

).SuyraL:O.)

o

= = 0. (Ta chi xét & > 0. Chon k la s6 nguyén nho nhat 16n

(n+1)!

4
13, lim ¥
xX—+o00 X
X =X
14, lim & — ¢ — 2%
x>0 x—sinx
1
15. lim(cos x) 2.
x—0
i 1
16. xgrfmx <ex — 1) .
X __ X
17, lim > %
x—0 x4+ x
1 1
18. 1 - -
8 x0 (x er — 1)
x _
19, lim © "
x—1 x—1
20. lim (1 + sinx)* .
x—0
1—e*)(1—
21, fim (L= ¢)1 —cosx)
x—0 x3 4 sin’x
In(cos x)
22. lim

23.

24.

x—0 11’1(1 + xz) '

1
lim (—2 — cot2x> .
x—0 \ X

1
. tan x \ «2
lim .
x—0 X

TS. Bui Thanh Duy
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25.

26.

27.

28.

29.

30.

lim (x—i—2x)%.

X—+o00

1

im xin(e*-1),
x—0+t

lim Inx
x—0+ 1+ 21In(sinx)’

o x? —sin®2x
].lm —.2.
x—+o0 x2 4 sin“2x

x+Inx+ cosx

lim
X— 400 X
. 7T — 2 arctan x
lim

X+ 1, (1 + %)

etanx —eX

31. im ——.
x—0 tanx — x
1
32. lime 2x 100,
x—0
33. lim (7 —2arctanx)Inx.
x—0t
t X
34. lim (tan E) (% )
x—1 4
1 X
35. lim <ln—) .
x—07F X
36. lim (arctan x)lnTx
X—r+00

37.

lim /2e7ns sin (x—%)

2 (1 —+/sinx)(1 + tanx)
X (\3/x3+x2—2\/x2—|—x—|—x>

43.

44.

45.

46.

47.

48.

49.

50.

51.

54.

55.

56.

lim
x—07F ex

2

1\*" 1
1+-) —.
(+x) ex

lim sinxInx.
x—07F

lim
X—+o0

e n

- V1+tanx — /1 +sinx

li
x—0 x3

1
lim (10g3(1 + 4x) ln3> x .
x—0 4x

) TTX
lim Inxtan -

. I . -1+
38 x—1>I—Ikloo 2x +1 *
3 57. 1i x 1
39. XE@m((2x+1)2—|—4\/x2—|—4\/x3—|—3x2>. M\ T T Inx
2x . 3 5 X
40. lim M_ 58. lim (1 + -+ —2> .
X—r—+00 X X—+00 X X
41. lim 1 1), : COSX—1+”§_—2
x—0 \ xsinx  x2 59. lim 1 )
x—0 X
o tm (Lo 1) 60. lim xTins.
x—0*t x?2 xInx X——+o00
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Bai 3. Mot vat thé c6 khéi lugng m duoc tha rai tu do tir trang thai nghi. Van tdc cta vat sau thoi
gian t giay, c6 tinh luc can cua khong khi dugc cho boi cong thic

trong d6 g 1a gia toc trong truong, ¢ 1a hang s6 can ctia khong khi. Biét rang luc can ctia khong khi

12 f = cv. Hay ching minh cong thirc trén. Gia st vat thé roi trong mot khong gian md (khong ¢6

ddy), hay tim van tdc ctia vat ltic nay. Vi t cho trudc, tinh lim+ v qua d6 ta c6 nhan xét gi vé hién
c—0

tugng nay.
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Chuong 2

BO SUNG VE PAO HAM HAM MOT BIEN

21 DPAO HAM
2.1.1 Pao ham ctia ham s6 tai mét diém

Cho ham s6 f xac dinh trén (a,b) va xo € (a,b). Xét mot sd Ax sao cho |Ax| nhé tuy y dé xg + Ax €

(a,b). Néu
lim £ (X0 + A%x) — f(xo)
Ax—0 Ax

ton tai hiru han thi ta néi ham s ¢6 dao ham tai x( va ki hiéu

f/(xo) — Lim f(xO + Ax) —f(xo).

Ax—0 Ax

Vi du: Tinh dao ham ctia ham sé y = f(x) = x? tai xg = 1. Xét

Ax) — Ax)% — x? Ax(Ax +2
lim f(xo+ A%) = f(x0) = lim (x0 +A%)7 = xp = lim X(Ax +2x0) = lim (Ax+2xq) = 2x.
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0

Vay f'(xg) = 2xgnén f'(1) = 2.1 = 2. Tir day ta cling suy ra két qua sau f'(x) = 2x,Vx € R véi
fx) = 2%
2.1.2 Dao ham bén trai va bén phai

Cho ham s6 f xac dinh trén (a, x]. Xét mot s6 Ax < 0 sao cho |Ax| nho tuy y dé xo + Ax € (a, xq].

Néu
lim f(xo+ Ax) — f(xo0)
Ax—0— Ax

ton tai hiru han thi gi¢i han nay goi dao ham bén trai ctia ham s6 f tai diém xo va ta ki hiéu la
Fl) | |
Cho ham s0 f xac dinh trén [xo, b). Xét mot s0 Ax > 0 nhé tuy y dé xo + Ax € [xo,b). Néu

L S+ AY) — f(x)
Ax—0t Ax
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