Todn cao cdp Al

Chuong 1. PHEP TiNH VI PHAN HAM MOQT BIEN
Bai 1. GIOI HAN CUA DAY SO THU'C
1.1. Cac dinh nghia
Pinh nghia 1. Mot ham s f di tir tdp cac sb nguyén dwongN'vao tdp s thyc R
( f:N - R), theo d6 voi mdi sd nguyén duong n e N cho twong tng véi duy nhit mot
s6 thuc X € R. Mdi ham s6 nhu vay duge goi 1a mot day s6 thuc va dugce biéu dién nhu
SAU: Xy, Xy yerey X yonr ViEt gon lé{xn}. S6 X, duoc goi la s6 hang tong quat.
Vi du 1. Cho mot ham sé6 f :N° — R duoc xac dinh nhu sau: f (n) =X, =1+3n. Taco
X =4, X, =7, X, =10, x, =13,... Khi d6 ta c6 day so:
4, 7,10, 13, ..., 1+3n, ....
S6 hang tong quat X, =1+3n.
Pinh nghia 2. Day {Xn} duoc goi 1 hoi tu vé& sb thue @ néuVe >0, E|N=N(8) eN sao

cho Wn> N thi |x, —a|<e&. Vakhidé a duoc goi la gi6i han ciia dy sé {X, }, ki hiéu:

limx, =a hayx, —a khi n —>o.

nN—o0
Vi du 2.Chimng minh rang day s6 sau day hoi tu vé 2017.

2018, 2017+%, 2017+%, 2017+%, 2017+%, e 2017+1,

n

Giai.Taco x, =2017 + i x —2017 = 1 Tacin ching minh
n n

s 1
Ve >0, AN=N(&)e Nsao cho Vn> N thi |x, —2017|==<¢
n
A e , N P o1 .
That vay, vdi moi & cho trude ta chon N=| — | (1a phan nguyén cia —) , khi do6
£ g

Vn>N:>n>1:>1<g (dpcm).
g N

. 2N
Vi du 3. Ching minh rang lim =0.

o n? 41
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Giéi.Ta can ching minh Ve >0, 3N=N(&)eN sao cho ¥n>Nthi | ———|<&. Nhan

n°-+1

. 2n 2n 2 ., 2
thay rang — —
n n

> — = , dé

<
n“+1 n

2 .. , 2
<& N>—,vay voi moi & cho trudce ta chon N=| — |,
g £

khi d6 Vn>N:>n>g:>g<g:>
& n

< & (dpem).
n®+1 (dpem)

Pinh nghia 3. Gidi1 han tai vo cuc:

limx, =+00 < VE >0, 3N(E)saocho ¥n>N(E)thi x, >E.

nN—oo

limx, =—o0 <> VE >0, IN(E)sao cho Vn>N(E)thi x, <-E.

nN—o0

Vi du 4. Chimg minh rang lima" =+ (a>1).
n—o0

Giai.Ta can ching minh VE >0, 3N (E) sao cho Vn> N (E)thi a" > E . Nhan thay rang

. InE
déa">E<na">InE<nlha>InE<sn>——.  Vay VE>0 ta chon

Ina

N(E):['Irr‘]_'ﬂ,khi d6ovn>N(E) thi n>||rr‘]—§@a” >E (dpcm).

Dinh nghia 4.

Day {Xn} duogc goi 12 bi chan trén néu t6n tai sé thuc a sao cho X, <a, VX € {Xn }
Day {X,} duoc goi 1a bi chin du6i néu ton tai sb thuc @ sao cho X, >a, Vx €{x,}.

Day {Xn } duoc goi l1a bi chan néu n6 vira bi chan trén vira bi chan duéi, nghia la néu ton tai
sb thuc @ sao cho |x|<a, Vx e{x,}.
1.2. Cac dinh li vé giéi han cia diy s6

1.2.1.Tiéu chuén hdi tu 1: Néu y_ <x <z, ¥n>n,véi n, 14 sb tu nhién 16n hon 0 bét

kivalimy, =limz, =a thi limx, =a.

N—o0 N—o0 n—o0
1.2.2.Tiéu chuan hdi tu 2 (tiéu chuan Cauchy): diéu kién can va du dé day {Xn} co gioi

han la

Ve>0, 3N=N(¢)eN: <& Vvn>Nva VpeN.

Xn+p - X,

1.2.3.Tiéu chuan hdi tu 3: Diy don diéu va bi chin thi hoi ty.
- Day don di¢u tang va bi chén trén thi hoi tu.

- Day don di¢u giam va bi chan duoi thi hoi tu.
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1.2.4. Tinh chit va cac phép toan:
Cho {x,} va {y,} hoi tu, khi do:

a. Néuy, <x. thi Ilmyn <limx,

N—o0

b. lim(x, +y,)=limx, +limy,

n—oo N—o0 N—o0

c. lim(x,.y,)=limx, limy,

n—o0 n—o0

(x limx,
d. lim| = |=2=2—vsilimy, #0
n—»o0 y ||myn n—

n—o
1.2.5. Mt s giéi han co ban cia diy sb:

.1 _ . , Y PR
a. lim— =0véia 1a hang so. E; ,'ﬂ,l a =1véia>0.

nN—o0 n

f. limq" =0 vsi|g|<1.

b.lim—— = Ovéia >0.

n—» |n%n n
g Iim(1+£j =e
c. limin® =1 véi moi peN. oo n

nN—oo

i 2 P _
d. Ilmea0 +an+a,n®+..+an’ =1

n—o0

véimoi peN.

. (-5) +6"
Vi du 5. Tim gi6i han lim~————
o 20 4 7"




Todn cao cdp Al

Bai 2. GIOI HAN HAM SO
Gia st f 12 ham sb xéac dinh trén tap DcR va aeD hodc agD.
2.1. Gi6i thiéu cac ham sd lwong gidc ngwoe
a. Him sé y=arcsinx (Poc 13 ac-sinx).

Ngudi ta chimg minh duoc rang:  y=sinx,—n/2<x <n/2 < x=arcsiny,-1<y<1.

Nhu vay, ham sé: c6 ham sb nguoc:
f:[-n/2,m/2] > [-11], X > sinx f 1 [-11] - [-7/2; /2], X > arcsinx
Y y
Loy . ;
] ¢ y=arcsinx
T y=sinx :
2 X
o) x -1 X
? o 1
....................... 1
......... _%

Ham sd y =arcsinx c6 mién xac dinh [-1;1], mién gid tri [-7/2;7/2], 12 ham sd tang trén
[-1,1].

b. Haim sé y =arccosx (Poc la ac-cosx).

Ta co: y=c0sX,0<x<m < x=arccosy,-1<y<1.

Vay, ham sb f:[0;n] > [-L1], x+>cosx  c¢b ham sé nguoc:

y

1 y=C0SX
T
2 Ty

f1:[-11] — [0;7], X > arccosx

y
1
Y
2
y=arccosx
X

-1 o] 1

Ham s y =arccosx c6 mién x4c dinh [-1;1], mién gia tri [0;n], 1a ham s6 giam trén [-1,1]

c. Him s6 y =arctanx (Poc 1a ac-tanx).

Ta co: y=tanx,—m/2<x<mn/2 < x=arctany,yeR.
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Hamsé f:(-n/2;n/2) > R, X+ tanx c6 ham so nguoc:
f1:R—(-n/2;7/2), X > arctanx
v
y
x
Y ET[ 2
P ix e R,
o )
0
: y=arctanx
Hyed| 0 e,
H _T
2

Ham s6 y =arctanx cé mién xac dinh R, mién gia tri (—n/2;7/2), 1a ham s6 ting trén R.
d. Him s y =arccotx (Poc 1a ac-cotx).

Ta co: y=cotXx,0<Xx<m < Xx=arccoty,yeR.

Ham s f:(0;7) > R, X > cotx c¢6 ham s6 nguoc

f1:R— (0;7), x —>arccotx

y=Ccotx

0 yzm

0

Ham sé y=arccotx c6 mién xac dinh R, mién gia tri (0;m), 1a ham s6 giam trén R .
2.2. Pinh nghia gi6i han ham s6
a. Gi6i han tai diém hiru han.
SO LeR duoc goi la gi61 han cua f(x) tai diém a néu v6i €> 0 bat ky tdn tai &> 0 sao
cho v6i moi x théa mén 0<|x—a|<38 thitaco [f(x)—L|<e.
Viét gon dudi dang ky hiéu logic:
lim (x) = L<{ve>0,36>0,vxeD:0<|x—a|<d=[f(x)-L|<&}.

Vi du. Chimg t6 rang )I(img(xz —6x+9)=0.HD:Ve>0, chon 6=+/¢.
_>

b. Gi¢i han mét bén.

Ta dinh nghia gi6i han phai, gi6i han trai ctia f(X) tai a (néu c6) nhu sau:

lim f(x) =L < {ve>0,35>0,vxeD:0<x—-a<d=[f(x)-L|<e}.
x—a*

lim f(x) =L <{ve>0,35>0,vxeD:0<a-x<3=[f(x)-L|<z}.
X—a~

Nhan xét. lim f(x)=L< lim f(x)= lim f(x)=L.
X—a x—at —a~

5
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, X .
Vidu. Cho f(x)="—.Tinh lim f(x) va lim f(x).
x—0*

X X—0"
c. Gidi han tai vo cue.

Ta dinh nghia gidi han cua f(x) tai +oo va —o nhu sau:

lim f(x)=L<{ve>0,3N>0,vxeD:x>N=If(x)-L|<&}.

X—>+00

lim f(x)=L < {Vve>0,3N>0,vxeD:x<-N=[f(x)-L|<zg}.

X—>—00

Vi dy. Chimg t6 ring_lim L 0va tim =-o.

—>+o0 X2 Xx—>—0 3fx
P 1 .. 1
HD: Ve>0, lan lugt chon N>—= va N >—.
Je g

d. Giéi han vo cuec.

Ta dinh nghia:
lim f(x) =+00 < {¥YN>0,35>0,vx e D:0< |x—a|<5=f(x) > N}.
X—a

lim f(x) = —0 <> {VYN>0,35>0,vxeD:0<|x—a|<8=f(x) <-N}.

X—a

Vi du. Chung t6 rang )!i_r)noi4=+00. HD: VN >0, chon 6=—.
X

N
Bl

2.3. Tinh chat
Tinh chat 1. Cho )I(I_rpdfl(x) =L, )I(I_rQlfz (xX)=L,.

Trong d6 L,,L, hitu han, con a co thé 13 hiru han hodc vo cung. Khi do:
i) limCf,(x) = CL,, v6i C la hdng so; i) )I(I_rg[fl(x) +f,(x)] =L, +L,;

i) lim [f,(0F,00] = L,L,: iv) im%:%,vdi L, #0.
2 2

Tinh chat 2.
sinx

i) lim=—==1;
x—=0 ¥

X |

X
i) lim (142 =e; lim (1+x)" =e;  v6i e~2,718281828.
X—>Fo0 X x—0

1

Vi dy. Tinh | = lim (1+sinx)" . DS: I=e.
x—0
2.4. Cac dang vo dinh
0
a. Dang —:
Ang 0

Trwong hop 1. Khi f(x) = % , vo1 P, Q 1a céc da thue.
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+Néu Q(@)#0 thi Jim £(x) = Jim g((i)) giz))

+Néu P(a) =0; Q(a) =0 thi phan thirc Q(( ; can gian wdc mot hodc vai 1an cho x —a.
X

3 J—
Vidu Tinh I=lim > 1 ps: 1=-3.
x>1x? —3x+2°
Truomg hop 2. Khi f(x) 1a ham c6 chira cic biéu thic vo ty, thi bang cach dat phép thé dé
dua nd vé dang hiru ty hodc bién ddi dé dua biéu thirc vo ty tir mau sd 1én tir s6 hodc nguoc

lai.

Vidu. Tinh 1= I|m . bS:1=2.
x—0 \/x+ ~1
: 2 : . sinx
Trwong hop 3. Khi f(X) c6 chira cac bi€u thire lugng gidc, thuong ap dung )l([)%s— =1.
X
Vi dy. Tinh 1= lim 27%%% pg;i=1,
‘ x—>0 X 2

b. Dang .
o0

Khi f(x) = Pu(X) , trong d6 P_(x),Q.(X) la hai da thirc bac m va n twong ung. Ta chia tir
Q. (X) ) "

n
s6 va mau so cho x* , voi k =max(m;n).

3
Vidy. Tinh 1= lim 2 2X*2 pg;j o,
X—0 x°+4
¢. Dang c0—o0:

A s 5 \ A \ \ < A A+ gR J A O
D¢ tim gio1 han cia ham so6 trong truong hop nay, ta bién déi dé dua nd vé dang o

o0 4 < s , , o ~ e o9 A
hodc —, va ti€p theo 1a 4p dung cac phuong phap gidi nhu da n6i ¢ trén.
o0

Vidu.Tinh 1= lim («/x2+4x—x). PS: =2
X—>+00

d. Dang 0.c0:

8

Trong truong hop ndy, ta cling bién dbi dé dua né vé dang % hodc —.
o0

Vidy. Tinh I =lim(1- x)tan7 bS: 1=

2
x—1 T
2.5. VO cung bé va vo cung lon
a. Dinh nghia.

Ham s6 (x) dugc goi 1a vo cung bé (viét tat 1a VCB) khi X —a néu limf(x) =0.

X—a

Ham s6 f(X) dugc goi 1a vo clng 16n (viét tat 1a VCL) khi X —a néu
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limf(x) =+ hoac limf(x) =—o.
Nghich ddo cua VCB la VCL, va nguoc lai.
Vi du. f(x)=x? 1a mot VCB khi x — 0.
b.Tinh chit.
Cho f,(x), f,(x) lahai VCB khi X —a.

(i) Néu Iim% =0 thi ta n6i VCB f,(x) co6 bac cao hon VCB f,(x) va ky hi¢u
X—a X
2

f,(x) =0(f,(x)). Ching han: x?=0(3x).
(i) Néu Iim% =C (v6i C#0) thitandéi VCB f,(x) cung bac véi VCB f,(x) va ky
X—a X
2
higu f,(x) = O(f,(x)).

Dic biét, néu Iim% =1 thi ta néi rang VCB f,(x) tuong duong v6i VCB f,(x) vaky
X—a X
2
hiéu f,(x) ~f,(x) khi X —a. Chang han: sinx ~x khi x —0.
(iii) Néu khi X —>a, ¢6 f,(x) ~f,(x); g,(X) ~g,(x) thi
00 H00
9,(x) 9,(x)

f,()9,(x) ~F2(x)g,(x) va

Mt s6 cong thire (khi x —0):
2

sinx ~X; tanXx ~ X; 1—cosx~X?; In(1+x) ~X;
¥ -1~x; a*—1~xlna; @+x)* -1~ax. |
Vi du. Tinh cdc gioi han: A= limSMX=3) . g _ jing 12608 . o _ i, In(Cosx).
‘ x>3X2 —4X + 3 x—0 X2 x50 X2
2
ps: Al g .co_L
2 2 2
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Bai 3. TINH LIEN TUC CUA HAM SO
3.1. Ham s6 lién tuc

Cho f 14 ham s6 xac dinh trén (a,b). Ta noi f lién tuc tai X, € (a,b) néu lim f(x) =f(x,)
X—>X0

f duoc goi 1a lién tuc trén (a,b) néu f(X) lién tuc tai moi diém thudc (a,b).
Vidu. f(x)=x+2 1a ham s lién tuc trén R.
Chii y. Nguoi ta con dinh nghia ham sé lién tuc theo ngdn ngit £—& nhu sau.

flién tyc tai x, < {Vs >0,35>0,Vx e(a,b):[x—xo| <& = [f(x)—F(x,)|<ef

3.2. Ham sb gian doan.

Ham s6 f(x) khong lién tuc tai X, duoc goi 1a gian doan tai diém ay.

Piém x, 1a diém gian doan cta f(x) néu xdy ra I trong cic kha ning sau:

+ X, khong thuoc mién xac dinh cta f(X);

+ X, thudc mién xac dinh cia f(x), nhung xllg]( F(X) =f(X,);
0

+ Khong ton tai lim f(x).
X—)XO

Vidu. f(x) =§ 12 ham sd gian doan tai X, =0.

3.3. Tinh chit ciia ham sb lién tuc
Tinh chat 1. Cho f(x),g(x) 1a 2 ham s6 lién tuc trong khoang (a,b), khi do:
i) f(x)+9g(x)lién tyc trong (a,b);
ii) f(X)g(x) lién tuc trong (a,b). Pic biét Cf(X) lién tuc trong (a,b) (véi C 1a hang
50);
11)) % lién tyc trong (a,b) trir ra nhitng diém x lam cho g(x) =0.
Nhan xét. Cac ham da thurc, ham phan thure hitu ti, ham luong giac, ham lugng giac nguoc,
ham lily thira, ham mil, ham 16garit lién tuc trén mién xac dinh cta ching.
Vi du 1. Khdo sat tinh lién tuc cua ham sb f(x) = %’ khi x =0
1, khi x =0.
Vi du 2. Cho f(x) = {4'3X’ khix <0
2a+ X, khi x>0.
Xéc dinh a dé f(x) lién tuc tai diem x=0. PS: a=2.
Tinh chat 2. (Dinh ly vé gia trj trung gian)
Cho f(x) 12 mot ham sb xéac dinh, lién tuc trong (a,b). Néu c¢6 o,p thoa min

a<a<B<b va f(a)f(B) <0 thitdn tai mot ¢ e (a,p) sao cho f(c)=0.
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Bai 4. PAO HAM - VI PHAN
4.1. Pinh nghia dao ham

Gia st f 13 mot ham sb xac dinh trén khoang (a,b), x, €(a,b). Néu ton tai

lim T =T00) (3.1)

X—>X0 X — XO
thi gi6i han d6 goi la dao ham cua f(x) tai X,, va duoc ky hi¢u la f'(XO) :
Ham s6 f duoc goi la c6 dao ham trén (a,b) néu f c6 dao ham tai moi diém
X, €(a,b).
Khi ham s6 f c6 dao ham tai diém X, tandi f kha vi tai diém X, .
Nhin xét. Néu dit Ax =X —X, thi (1.1) tré thanh

f(AX+Xx,)—T(X,)
AX '
Vi du. Cho f(x) =x*. Tinh dao ham cua f tai diém X, theo dinh nghia.

(3.2)

)= fim

Nhan xét. Néu f 13 ham sb c6 dao ham tai X, thi f lién tyc tai X,.
4.2.Y nghia hinh hoc ciia dao ham

Gia str ham s6 y =f(X) c6 do thi 1a dudng cong (C). Néu f kha vi tai X, thi f'(X,)
chinh 13 hé s6 goc ciia tiép tuyén A ciia dudong cong (C) tai diém M, (X0, F(Xo))-

Tl d6 suy ra rang: Néu f kha vi tai diém X, thi tiép tuyén A cta (C) tai Mg (X, (X))
c6 phuong trinh la: y =f'(x,) (X —Xq)+ Y.
4.3. Pao ham m{t phia
+ Gid str ham s6 f x4c dinh trén khodng [X,,b). Néu ton tai

F0-F(%0) _p
X=X,

lim ,

+

X—>XO

thi gidi han d6 duoc goi 13 dao ham phai cua f tai diém Xy, va ky hiéu la f'(x0+) :
+ Gia sirham sé f x4c dinh trén khoang (,X,]. Néu ton tai

f0)-f(xo) _p
X=X,

lim
X—>X0

thi gidi han d6 duoc goi la dao ham trai cua f tai diém X,, va ky hi¢u la f'(XO_) .
Nhén xét. f(x) kha vi (c6 dao ham) tai x, <f (X,*)=f (X, ).
) o o Cx o e” khix >0
Vi du 1. Dung dinh nghia, tinh dao ham (n€u c6) cua ham so f (X) =
x> +x+1 khix<0
tai diém x, =0.

Giai.

10
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+ Dao ham bén trai cua ham so tai diém X, =0:

X

£(07)= lim FO)=H0) _ iy (Eexet)e? im X0 _ i (x+2) =1

X—0 X—-0 X—0" X x—0" X X—0"

+ Dao ham bén phai cua ham s6 tai diém X, =0:

_ X A0 X
f-(o+):|imM:"mu:"me 1:1
Xx—0" X—-0 Xx—0* X x—=0" X

Ta thy £'(07)=F'(0")=1. Vay ham s6 da cho c6 dao ham tai diém X, =0 va £(0) =1.

Vi du 2. Cho f(x) =|x|. Tinh f'(0%) va f (07).
Giai.
X khix>0
Taco f(x)=|x|= _ :
—X khi x<0
+ Pao ham bén trai ctia ham s tai diém Xo =04
. F(x)-f(0 X — .-
f'(O‘)z lim M: lim X—Oz lim —X=—1
x—0" X—-0 x—0" X x—0" X
+ Pao ham bén phai cua ham s6 tai diém X,=0:

f'(o+): jim F00=F(0) i x=0 o x
x—0* X—-0 x—0" X x—0" X

Ta thiy f '(o—) £ '(o+). Vay ham sé da cho khong c6 dao ham tai diém x, =0.

Vi du 3. Dung dinh nghia, tinh dao ham (néu c6) cia ham s6 y=f(x)= {XZ khi_ x=1
2x—-1 khix>1

tai diém x, =1.

Giai. Sinh vién tuw lam xem nhu bai tdp.

Vi du 4. Dung dinh nghia, tinh dao ham (néu c6) cia ham s6 y=f(x)= {ex kh? x=0
x+1 khix<0

tai diém x, =0.

Giai. Sinh vién tuw lam xem nhu bai tdp.

4.4. Quy tic tinh dao ham

Gia sir cac ham sb u va v c6 dao ham (hiru han) tai diém x. Khi d6 cac hams6 U+V,

uv, ku (k 1a hang sd) c6 dao ham tai diém x va

i) (u+v)' —U 4V i) (uv)' UV
i) (ku) = ku'; iv) (%j :“"V;z“" v6i V(x) #0:

4.5. Bang cac dao ham co ban

11
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C =0, (C=const); (x“)':ax“‘l; (ax)lzaxlna; (ex)lzex;

' 1 ' 1 . ! . ! - .
| _ - Inx) == (sinx) =cosx; (cosx) =—sinx;
(109 x) xIna’ (Inx) X’
(tan x)' = : (cotx)' I : (arcsin x)' 1 ;  (arccos x)' __ 1

cos? x sin? x 1 x2 1-x2
(arctan x)' = ; (arccotx)' -
1+x%’ 1+x2

4.6. Pao ham ciia ham s6 hop
Néu ham s6 u=g(x) c6 dao ham tai x va ham sé y=f(u) c6 dao ham tai u thi ham

hop y=f(g(x)) c6 dao ham tai x va

y'x = ylu-u‘x -

Vi du. Tinh dao ham ctia ham sb y = (sinx +x? +x)*°.
4.7. Pao ham cip cao
Cho f1a ham s6 xac dinh trén (a,b) va gia thiét f kha vi tai moi diém X e (a,b). Néu

f'(x) kha vi thi dao ham cua f (x) dwoc goi & dao ham cap hai cta f(x), ky hiéu f ()

2
hodc S—E . Khi d6 ta noi f kha vi 2 1an trén (a,b). Tong quat hon, ta c6 dinh nghia sau:

Pinh nghia. Cho ham sé f x4c dinh trén (a,b). fdwoc goi 13 kha vi n lan trén (a,b) néu f
lakha vi n—1 1an trén (a,b) va "D (x) ciing kha vi. Khi 6 dao ham cip n cua f duoc

dinh nghia boi h¢ thic:

fV(x) = [f (n-1) (x)] .

Vi du. Cho f(x) =sinx. Tinh dao ham cap n.

HD: Bing quy nap, tim dugc: (M (x) =sin[x+n.(z/2)].
4.8. Vi phan
a. Pinh nghia.
Xét y =f(x) 1a ham s6 co dao ham tai X,. Theo dinh nghia dao ham ta co:

—im AY ey i
0= lim f(xo)_AI)!T)O

Ay—f'(xo).Ax
AX—0 AX X

= Ay —f (X,).AX = 0(AX) .

Do d6:

Ay =T (X,).AX + 0(AX) (3.3)

trong d6 0(AX) la vo cung bé (VCB) c6 bac cao hon AX.
Gia tri f'(xO)Ax dugc goi 1a vi phan cua ham y =f(X) tai X,, va ky hiéu la dy hoac df.

Vay:

12



Todn cao cdp Al

dy =f (x,).AX.
Xét vi phan cua ham y =X tai X, tuy y. Khi do6 f'(xo) =1 va do d6 dx =1.Ax=AX. Vi

vay:

dy =f (x,)dx|. (3.4)

Pang thirc trén dugc goi 14 biéu thirc vi phan ciia ham y = f(X) tai X,.
Vi du. Tim vi phan ctia ham y =/x + 2% — log, X tai diém x, =4.
b. Vi phén ciia tong, tich va thwong.

Tir cong thire tinh dao ham cua tong, tich va thuong cta hai ham sb suy ra:

d(u+v)=du+dv; d(uv) =vdu +udv; d(gjzw.
Y v
c. Ung dung vi phan vao phép tinh gin ding.
Gia sir y =f(x) 1a ham s6 kha vi tai x,. Theo (3.3) Ay ~f (x,).Ax khi Ax—0.

Vay khi [Ax| khé bé, ta c0: f (X,).AX = Ay = (x, + Ax) —F(x,) . Suy ra:

f(Xo +AX) ~ F(Xo) +F (Xg).AX|. (3.5)

Vi du. Tinh gan dung A =4/15,8.
HD: Xét y =4/x ; chon x, =16; Ax=-0,2; A~1,9938.

13
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Bai 5. CAC PINH LY CO BAN VE PAO HAM VA UNG DUNG PAO HAM
TIM NGHIEM GAN PUNG

A.CAC PINH LY CO BAN VE PAO HAM

5.1. Céc dinh 1y co ban vé ham kha vi

a. Pinh ly Fermat. Gia st ham s6 f x4c dinh trén (a,b) va dat cuc trj tai diém x, e (a,b).
Néu f c6 dao ham tai diém x, thi f'(xo) =0.

Y nghia hinh hoc: Néu f dat cuc tri tai X, va c6 dao ham tai c6 dao ham tai x, thi tiép tuyén
ctia dudng cong y =f(x) tai diém (Xo;f(Xo)) song song vai truc hoanh.

b. Binh ly Rolle. Néu ham s flién tuc trén[a, b], c6 dao ham trén (a,b) va f(a) =f(b) thi

ton tai ¢ (a,b) sao cho

f'(c)=0. (4.1)
Y nghia hinh hoc: Néu cung AB cila dudng cong
y="f(x), voi A(a;f(a)) va B(b;f(b)), lién tuc Y

va co ti€p tuyen tai moi diém, dong thoi

f(a) =f(b) thi trén cung ay co it nhat mot diém

C c6 hoanh d6 ce(a,b), & d6 tiép tuyén song

song vdi truc Ox (cling song song véi day cung S C b
AB).
Vidu.Cho f(X)=(x+3)(x—-2)(x-1).
i) Phuong trinh f (x) =0 c6 it nhét bao nhiéu nghiém ?
i1) CMR phuong trinh f (x) =0 c6 it nhat mot nghiém trén (-3;2).
c. Pinh ly Lagrange
Néu ham s6 f lién tuc trén [a,b] va cé dao ham trén (a,b) thi ton tai ¢ € (a,b) sao cho:
f(b)-f(a)
b-a
Y nghia hinh hoc: Néu cung AB cila dudng cong y
y =f(x) véi A(a,f(a)), B(b,f(b)), lién tuc va c6

f(c)= (4.2)

tiép tuyén tai moi diém thi trén cung ay c6 it nhat

mét diém C c6 hoanh do ¢ e(a,b), & d6 tiép tuyén

song song voi ddy cung AB. o : c o\
Nhan xét: Dinh 1y Rolle 1a mot truong hgp riéng cua dinh ly Lagrange. That vay, khi
f(a) =f(b) thitir (5.2) suyra f (c) =0.

Vidu. Ap dung dinh Iy Lagrange, CMR: [sinb—sina|<|b—a.

14
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d. Pinh ly Cauchy. Néu f(x),g(x) lién tuc trén [a,b], c6 dao ham trén (a,b) va
g (x) =0,Vx (a,b) thi ton tai c e(a,b) sao cho:
f ) _f(b)-f@)
g(c) 9(b)-g(a)
Nhan xét: Dinh Iy Lagrange chi 13 trudng hop riéng cua dinh Iy Cauchy, vi néu chon

g(x)=x,tacod g (x)=1; g(c)=1; g(a)=a; g(b) =b. Thay vao (4.3), ta duoc (4.2).

(4.3)

Vi du. Hay khao st xem cac ham f(X) = x* —2x +3 va g(x) = x> = 7x* + 20x =5 c6 thoa
man diéu kién kién dinh ly Cauchy trén doan [1;4] khong ? Néu ching thoa mén dinh 1y
Cauchy thi hdy tim diém c e (L4).
Taco: + RGrang f, g lién tuc trén [1;4] va c6 dao ham trén (1,4);

+ g (x) = 3x* —14x + 20> 0, VX & (—o0;+0).
Vay f va g thoa man dinh ly Cauchy, do d6 ton tai ¢ € (1;4) thoa man:

fc) f(4)-fQ) c. 2c-2  11-2

c=2
g(c) 9(4)-g@) Y 3 14c+20 27-9 '

c’—6c+8=0 c{
c=4

Ta chi nhan ¢ =2 thoa yéu cau bai toan.
5.2. Khir dang v6 dinh — quy tic De L’Hospital

a. Dang v6 dinh %:

Gia st f, g 1 hai ham s xac dinh, kha vi trong 14n can U cta diém a (c6 thé trir tai a).

Néu limf(x) = limg(x) =0, g'(x) £0,vx U thi fim &) _ jjm £ )
x—a x—a x-ag(x) x-ag'(x)
ax —2ax
Vidu 1=lim&—% __ ps:1=-3
x-0 In(1+ X)

b. Dang vo dinh =z,
o0

Gia st f, g 1a hai ham s6 xac dinh, kha vi trong lan can U clua diém a (co thé trur tai a).

Néu limf(x) =limg(x) =, g'(x) #0,Vx e U thi Iimf =lim :
x—a x—a x—ag(x) x-ag'(x)
3
Vidy. Tinh lim X%+
Xx—>+0 X +3

c. Dang vo dinh 0.c0:

Ta chuyén vé dang % hodc iy
o0

Vidu 1= lim (x—g)tanx.DS:I:—l.

X—n/2

d. Dang vo dinh oo —:
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00

1 1 . V . u
U—V=UV{———} U—V=U{l——] u—v=v{——1]
vV u u \

2
Viduy. Tinh 1= lim (e* —x?). HD:(eX—xz):eX[l—X—Xj; | =+00.

X—>+00 e

Ta chuyén vé dang % hoac 2 Taco thé viét f(x)—g(x) thanh mot trong cac dang sau:

e. Dang vé dinh 0°,00°,1”:

P(x)
Ta viét [f (x)](p(x) = e'”[f COJ™ _ eo(x)Inf(x)

6 1
Viduy. Tinh A= lim X**™; B=_lim (x+x/x2+1)'“x; C= lim (tanx)

X—0T X—>+00 X—>n/4

tan2x

PS:A=¢;: B=e: C=¢".
5.3. Coéng thirc Taylor
a. Cong thirc Taylor
Pinh ly. Néuham s6 f(x) c6 dao ham dén cp n trong khodng déng [a,b] va c6 dao ham
cdp n+1 trong khoang mo (a,b)>x, thi tdn tai diém c e (a,b) sao cho véi moi x e(a,b)

ta co:

_ f'(Xo) 3 f"(xo) Y f(”)(xo) o £ ()
FO0 = Fxg) + = (x 0 )+ (X m) et P2 (=) !

(x—x,)""| (4.9)

voi

C=X,+0(Xx—X,), 0<0<1. (4.5)
Cong thirc (4.4) goi 14 cong thirc Taylor, s6 hang cudi & vé phai goi 14 s6 hang dw Lagrange.
Biéu dién ctia ham s6 f(X) dudi dang (4.4) goi la khai trién hitu han ciia T(X) & 1an can
diém x,.

Khi x, =0, cong thirc (4.4) tr¢ thanh:

f(x)=f(0)+mx+mx2+...+f(n)ﬂx”+wxn+l (4.6)
1 21 n! (n+1)!

Cong thuc (4.6) goi 1a cong thirc Maclaurin.
Nhan xét. Cong thirc (4.4) cho phép biéu dién f(x) gan dung vdi da thirc

f(x,) f(x,) 2 £(M(x,) N
Pn(x):f(x0)+T°.(x—xo)+2—!°.(x—x0) +...+T°.(x—x0)
& 1an can diém X, v&i sai so:
f(n+1)(C)

n+1
Ry 00 =y (X %0)™

Vi du. i) Khai trién theo cong thirc Taylor ctia ham f(x) = x* —2x* +3x +5 tai X, =2
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ii) Khai trién Maclaurin cia ham €* dén cap 3.
b. Bing cac cong thirc Maclaurin ciia mot s0 ham so cap co ban

o (1+X)m :1_,_%)(_'_ m(m-1) W2+ 4+ m(m-1)...(m-k+1)

X$+..+x™ meZ".

2! k!
2 n_n n+l 1 n+l.
° 1+X=1—X+X —...+(—1) X +(—1) mx 1 0<06<1.
. i=1+x+x2+...+x”Jr—mx'”l; 0<0<1.
1-x (1+6x)
2 n
. In(1+x)=x—X—+...+(—1)nX—+(—1)n+l t ! -X" 0<0<1.
2 n n+1 (1+ex)“+
2 n
. In(l—x):—x—x——...—x—— t 1 —x"; 0<6<1.
2 n n+1 (1+9x)
X2 n eex .
e =14+ —+—4. . . +—+ X" 0<0<1.
1n 21 nl (n+1)!
3 5 2n-1 2n
. sinx=x——+X——...+(—1)”71X—+(—1)" X sinox: 0<0<1.
3l 5l (2n-1)! (2n)!
2 4 2n 2n+1
. cosx=1—X—+X——...+(—1)n X +(—1)n+1x—cosex; 0<0<1.
21 4l (2n)! (2n+1)!

LG NI OL(Ot_l)"'(oc_k+1)xk +. a(a—l)...(oc—n+1)xn +0(Xn)'
!

o (1+x)" =1+ax+ " -

bac biét:

.\/1+x=1+%x—%x2+0(x2) Vi — :1—%x+gx2+o(x2).

J1+X

Vi du. Khai trién Maclaurin ham 1+ x dén cap 2. Dung két qua khai trién, tinh xap xi
$/1,03.
HD: (1+x)" =1+ox+ wxz +0(x%).

B.UNG DUNG PAO HAM TiM NGHIEM GAN PUNG
6.1. Mo ta phwong phap

Dé ap dung phuong phap Newton giai gan ding phuong trinh f(x) =0, ta ludn gia thiét
f(x) thoa méan cac diéu kién: f,f ,f lién tuc trén [a,b]; f(a)f (b) <0; mdi ham f.f déuco
déu 6 dinh (duong hodc 4m) Vx e[a,b]; ngoai ra [a,b] la khoang phan ly nghiém.

C6 4 trudng hop lién quan dén cac to hop vé dau cia f,f vaxéc dinh nghiém gan dung
cua phuong trinh f(X) =0 nhu sau:

)f >0, f>0; ii)f >0, f <0; iii)f <0, f <0; iv)f <0, f >0.
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Sau day chung ta chi mé ta cho truong hop f >0, f >0,cac truong hop con lai 1a

tuong tu.

Y tudng cua phuong phap Newton
la tim cach thay phuong trinh phi
tuyén f(X) =0, bang phwrong trinh
gan diing tuyén tinh, cu thé hon 1a
bang phwrong trinh tiép tuyén. Cho
nén phuong phdp Newton con co tén

|a phwong phdp tiép tuyén.

Van dé 1a chon tiép tuyén véi tiép
diém nao dé giao diém cua nod véi
truc hoanh thude (a,b) ?

Trén hinh v&, néu ta chon tiép tuyén véi tiép diém tai A thi giao diém cta no6 vai truc
hoanh nam ngoai [a, b] . Vay ta xét tiép tuyén voi tiép diém tai B va chon Xo=b (luuy rang

ta chon X, sao cho f(x,) cung diu véi f"). Phuong trinh cua tiép tuyén nay la:

y—f(Xo) =F (%) (X—X,).
Pé tim giao diém clia nd voi truc hoanh, ta thay y = 0 vao dang thirc trén, tim dugc:
f(X,)
f (%)
Goi B, (x,;f(x,)), tacé cung AB, thu hep clia cung AB. Tiép tuc xét tiép tuyén véi tiép

X, =X, —

diém tai diem B, (x,;f(x,)) va ldp lai budc tim giao diém cia tiép tuyén ndy véi truc

f(x,)
(%)

hoanh, ta tim duoc X, =X, — V.V ... va mdt cach tong quat:

_x 1)
Xng =X, f'(xn)' (5.1)

Dung lai ¢ budc tinh thir n xac dinh nao d6, ta dugc X, va xem X, 1a gia tri gén ding cua
nghiém o .

Dinh 1y sau day dam bao cho sy hdi tu ciia ddy X, va sai s6 cia phurong phap.

6.2. Pinh 1y vé sw hdi tu va sai s6

Pinh Iy. Gia st [a,b] 1a khoang phan ly nghiém o cta phuong trinh f(x)=0; f,f ,f lién
tuc trén [a,b]; f(a)f(b) <0; mdi ham f,f déuco ddu cb dinh Vx e [a,b]. Xép xi dau x,

chon 13 a hay b sao cho f(x,) cung ddu véi f . Khi d6 X, duoc tinh bai (8.1) hoi tu vé o
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khi N — 400, cy thé hon ta ¢6 ddy x, don diéu giam t6i o khi ff >0;va day x, don diéu
tang to1 o Khi ff <0.

Vé saiso: |a—X,|< . véi 0<m= argnxigb‘f'(x)‘.
6.3. Vi du. Tim nghiém o gan dung cua phuong trinh f(x) =x% —2x% —4x —7 =0 thudc
[3;4], v6i do chinh xac t6i 0,01.
Ta co: f(x)=3x2—4x—4; f (xX)=6x—4; f(3)=—-10<0; f(4)=9>0;
D& thdy f >0,f >0 trén [3;4] va bai toan thoa man cac diéu kién cta phuong phap

Newton.

+ Chon X, =4, khido x, =X, —%:4—%:4—%z3,7 va f(x,) =f(3,7) =1,473.
XO

[F(x,)
m

Kiém tra diéu kién sai s6: |OL - x1| < <0,01 7

véi m= arp)(igb‘f'(x)‘ = [min,[3x* —4x—4|=11.

[f(x,)| L1473
m 11

X, = 3,7 chua théa man d¢ chinh x4c dat ra.

Vi |oc - X1| < ~ 0,14, nén khong thoa man bat dang thic trén. Nhu vay gid tri

+ Tiép tuc tinh X,:

X, =3,7—:.(é’77)) ~3,7-0,066=23,634; f(x,)="(3634)~0,042.

~ 0,004 <0,01.

Kiém tra sai s0: |ou—X,| < Fox,) < 0,042
m 1

Vay nghiém gin ding ctia phuong trinh da cho 1a X, = 3,634, thdoa man do chinh x4c dit ra.
Nhan xét:

+ Trong thuc t€ ngudi ta ding lai qué trinh tinh khi: [x, — X, ,|< sai s6 cho phép €.

+ Phuong phap Newton h¢i tu nhanh hon phuong phap chia doi.
6.4. Tom tat phwong phap: (theo thuat todan)
Bucéc 1:  + Cho phuong trinh f(x) =0,
+ Kiém tra cac diéu kién: f,f',f" lién tuc trén [a, b] . f(a)f (b) <0; mdi ham f',f"
déu c6 dau cb dinh ¥x e[a,b]; [a,b] 14 khoang phan ly nghiém.
+ An dinh sai s cho phép €.
Budéc 2:  Chon X, 14 a hodc b sao cho f(X,) cung diu voi f .

f(Xo)

Buoc 3: +Tinh X, =X, ——= :
f (%)

19



Todn cao cap Al

+ Tinh e =[x, —X,|.
+Néu e <¢ thi két luan: o ~ X,, v6i sai s6 cho phép €.

+ Néu e > ¢ thi quay lai budc 2.
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