Chuong 4

MA TRAN - DINH THUC - HE
PHUGNG TRINH TUYEN TINH

4.1. Ma tran

4.1.1. Khai niém ma tran

* Dinh nghia 4.1. Mot bang s6 chit nhat ¢6 m hang n cot duge goi 1a mot ma tran ¢ m x n.
a;; 12 phan t ndm & hang ¢ cot j clia ma tran A. Ta viét:

aix Qa2 - Qip 11 Q2 - Qip

(21 Q22 -+ Qg < Q21 Q22 -+ Ay
A= " hoac A= "

Am1 Qm2 = Qmp Am1 Am2 - Amnp

Dang thu gon 1& A = [a;;]mxn hodc A = (@ij)mxn-
Ky hiéu tap cdc ma tran ¢ m x n 1a M,,xn
oVi du 4.1. Bang sb
A= B _52 —47}

14 mot ma tran ¢d 2 x 3 v6i cdc phan ti

an =1; app=-2; a3 =4
a1 = 3; Qg =9; Qg = —1.

+ Chii y: Trong khuon kho bai gidng nay, ching ta chi xét chi yéu cac ma tran thuc, tic I3
cdc ma tran véi a;; € R

4.1.2. Mot s6 dang dic biét cia ma tran
a) Ma tran khong

Ma tran khong 13 ma tran ma tat ca cac phan tit déu bing khong. Ma tran khong duge ky
hiéu la O.
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oVi du 4.2.

la mot ma tran khong cd 2 x 4

b) Ma tran hang, ma tran cot
Ma tran hang 1a ma tran chi ¢6 mot hang. Ma tran c¢ot la ma tran chi ¢6 mot cot.

1
[1 2 3] la ma tran hang; 2| 14 ma tran cot
3

¢) Ma tran vuéng cap n
Ma tran vuong cap n la ma tran c6 n hang va n cot, ky hieu A = [a;;], hodc A = (a;;)y

11 Az - Qip
Q21 Qg2 -+ Q2p
A—
An1 Gp2 - Gpp
Cac phan t a1, as, . .., an, duge goi 14 cac phan tii chéo, chiing tao thanh duong chéo

chinh clia ma tran vuong. Ky hiéu tap cdc ma tran vuong cap n la M,,
d) Ma tran tam giac:

Ma tran vuong A = [a;j], trong d6 a;; = 0 néu i > j duge goi 1a ma tran tam gidc tren.
(Ma tran c¢6 cac phan tit nam phia dudi dudng chéo chinh déu bang 0)

11 Qg - Qin @11 Adiz - Qi
0 axp - az . 2 Q22 -+ Q2p
con viéet
0 0 T Qpp Qnp,

Ma tran vuong A = [a;], trong d6 a;; = 0 néu ¢ < j dude goi la ma tran tam gidc dudi.
(Ma tran ¢6 cac phan tit ndm phia trén dudng chéo chinh déu bing 0)

a1 O s O a1
a1 az -+ 0 . s 21  A22
con viet
Ap1 Ap2 - Qpn Ap1 Ap2 - Qpn

Ma tran tam gidc trén hodc ma tran tam gidc duéi duge goi chung la ma tran tam giac.
e) Ma tran chéo

Ma tran chéo 13 ma tran vuong cip n trong d6 a;; = 0 néu i # j:
(Ma tran c6 cac phan tit ndm ngoai dudng chéo chinh déu bing 0)

a1 O s O aiq
0 ap --- 0 R 2 a22
con viet
0 0 - apn Ann

f) Ma tran don vi cap n
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Ma tran don vi cap n 1a ma tran chéo vdi tat cd cac phan tit chéo déu bang 1. Ky hiéu I,
hosic E,. Khi n da rd hosic khong can thiét phai nhic téi ta c6 thé ky hitu ma tran don vi la 1
(hoac E).

1 0 --- 0 1
0 1 - 0 . 1
con viét
0 0 1 1

4.1.3. Phép toan trén ma tran

a) Ma tran bing nhau

x Dinh nghia 4.2. Hai ma tran A vd B dugc goi 14 bang nhau néu ching c6 cuing ¢d va cac
phan tit cung vi tri bing nhau.

b) Cong ma tran

x Dinh nghia 4.3. Tong clia hai ma tran ciing ¢d A = [ai;]mxn V& B = [bij]mxn 12 ma tran
A+ B ¢d m x n xac dinh béi: A+ B = [ai; + bijlmxn

Nhu vay mudn cong hai ma tran cung cd ta cong cac phan ti cling vi tri.

RS e

<& Tinh chat Véi A, B, C, O 1a céc ma tran ¢d m x n dé thiy:

eVi du 4.3.

A+B=B+A
A+0=0+A=A4A
(A+B)+C=A+(B+0)

¢) Nhan ma tran v6i mot s

*» Dinh nghia 4.4. Tich ctia ma tran A = [a;;]mxs V61 s0 thuc k 1d ma tran kA ¢d m x n xac
dlIl]’] béi: kA = [k’aij]an

Nhu vay muén nhan ma tran véi mot sé ta nhan s6 d6 véi tat ca cac phan tit ciia ma tran.
Vi du 4.4.

2{1 2—4}:{2 4—8} ;

Y
-3 1 7 -6 2 14 1 -3

O =
co| l ol ro
—
O

<& Tinh chat Véi A, B € Mo, k, 1 € R ta c6:
kE(lA) = (kl)A

(k+1)A=kA+IA
k(A+ B) = kA + kB

d) Nhan hai ma tran
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* Dinh nghia 4.5. Tich ctia ma tran A = [a;;|mxp V6l ma tran B = [b;;]pxn (theo thi tu d6)
13 ma tran AB = C = [¢ij]mxn V0L cac phan tit duge xac dinh nhu sau:

p
Cij = E aikbkj = ailblj + aigbgj + -+ Clipbpj
k=1

Nhu vay khi lay hang 7 ctia ma tran thi nhat nhan tuong tng véi cot j clia ma tran thi
hai ta duge phan tit ¢;; clia ma tran tich.

oVi du 4.5. )
-3
1 =2 3] | 2| =[L(-3)+(-2)2+34] = [5]
K
oVi du 4.6. )
-3 -3 6 -9
21 -2 3]=]2 -4 6
4 | 4 -8 12
oVi du 4.7.
2 A o [0y
2 4 1)\ 5 4
oVi du 4.8.
{1 —2H4 2}{0 0} {4 2H1 —2}{—2 4}
-3 612 1] 1o o) 2 1J1-3 6] -1 2

<& Tinh chat Véi A, B, C 1a cdc ma tran sao cho céc phép toan dudi day thuc hien duge va
k € R ta co:

(AB)C = A(BC) A(kB) = k(AB)
A(B+C)=AB+ AC (A+ B)C = AC + BC
Al =T.A=A

* Chii y: : Phép nhan ma tran khong c6 tinh chat giao hoén.
e) Luy thira ma tran

* Dinh nghia 4.6. Cho A 1a ma tran vuong cap n, k € N*. Liiy thita bac k clia ma tran A 1a
ma tran vuong cing cap dugc xac dinh nhu sau:

k ma tran A
Nhan xét 4.1. Do tinh chat két hop clia phép nhan ma tran nén:

AP = (AR A= A (AR

Vi du 4.9. Cho A = B i}.TﬁﬂlA@
Lo gidi.
Ta co:

=lo o 1] =lo 1
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B AL I-b

n_ |1 n
A_{o J

Du doan cong thiec:

Ta chiing minh c6ng thitc trén bang quy nap:

e Cong thitc da diang trong truong hgp n = 1,n = 2.

1 k

0 J. Khi dé:

e Gi4 sit cong thitc ding véi n = k > 2, titc 1a: A¥ = {

Akﬂ_[l k} {1 1}_{1 k+1}
0 10 1) 1o 1

titc 1a cong thie ding véi n =k + 1.

Vay cong thic diy doan da duge chitng minh xong.
f) Chuyén vi ma tran

% Dinh nghia 4.7. Ma tran chuyén vi clia ma tran A 13 ma tran c6 dude tit A sau khi doi
hang thanh cot va doi cot thanh hang, ky hieu A*

Nhu vay néu A = [a;j]mxn thi A* = [bjilnxm : bji = a;,Vi=1,...,m,5=1,...,n.

eVi du 4.10.

1 2 3

t __
45 6}:>A_

W N =
S O

<& Tinh chat Véi A, B,C 1a cic ma tran sao cho cic phép toan dudi day thuc hien dudge va
k € R ta co:

(A+ B)!= A"+ B, (KA =Fk.A

(AB)" = B". A% (Am)F = (AT)m

4.1.4. Bién doi so cap trén ma tran

Céc bién ddi sau day dude goi 1a bién ddi so cip trén ma tran:
+) Chuyén vi ma tran;
+) Doi chd 2 hang (cot);
+) Cong nhiéu hang (cot) vao mot hang (cot);
+) Nhan mot hang (cot) v6i mot s6 khéc 0;
+) Nhan mot hang (c¢ot) v6i mot s6 roi cong tuong ing vao hang (cot) khac.
+ Chu y: Hién nhien khi thuc hién céc bién déi trén thi ma tran thay déi. Cac phép bién déi
chi thuc hien tren hang dugc goi 1a bién doi so cip vé hang, cac phép bién ddi chi thuc hién
trén cot duge goi 1a bién doi so cap vé cot.



92 MA TRAN - PINH THUC - HE PHUONG TRINH TUYEN TINH
4.2. Dinh thic

4.2.1. Dinh nghia

Xét ma tran vuong cap n:

@11 a2 - Qip
A= Q21 Qg2 -+ Q2p
Ap1 Ap2 - Qpnp

* Dinh nghia 4.8. Ma tran con tGng v6i phan ti a;; cua A la ma tran c6 duge tir A sau khi
bé di hang i va cot j, ky hiéu la M;;

oVi du 4.11. Vi ma tran

1 2 3
A= 14 5 6
7 89
ta co:
5 6 1 2
Mll . |:8 9:| I M23 - |:7 8:|

x Dinh nghia 4.9. Dinh thitc cia ma tran A 1a mot s6, ky hieu 1a det(A) hoiic |A] duge dinh
nghia nhu sau:

A 13 ma tran cap 1: [an] thi det(A) = aq;

11 Q12

i| thi det(A) = 110929 — Q120921
Qo1 A2

A la ma tran cap 2: {
A la ma tran cap n thi:
det(A) = a1y det(Myy) — arp det(Myg) + ... + (=1)"*"ay, det(My,,)
(cong thitc nay con duge goi 1a cong thitc khai trién dinh thitc theo hang 1)
oVi du 4.12.

1 2 =3
-4 5 6 :1’

5 6‘_2‘—4 6
7 -8 9

—4 5
-8 9 7 9‘_3‘ ’

7 =8

—1(45 + 48) — 2(—36 — 42) — 3(32 — 35) = 258

4.2.2. Tinh chat

a) Tinh chat cd ban ctia dinh thic
<& Tinh chat 1. det(A4) = det(A?)
Do d6 mot tinh chat ctia dinh thitc khi phéat biéu ding véi hang thi ciing sé ding véi cot.
<& Tinh chat 2. Ddi chd hai hang (hay hai cot) ctia dinh thic thi dinh thitc ddi dau.
<& Tinh chat 3. Cong thitc khai trién dinh thic theo hang i:

n

det(A) = Z(_l)i—’—jaij det(M;;)

=1
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<& Tinh chat 4. Cong thitc khai trién dinh thtc theo cot j:

n

det(A4) = Z(—l)iJrjaij det(M;;)

i=1
oVi du 4.13. Xét ma tran

1 2 =3

A=|—-4 5 6

7 =8 0

Khai trién dinh thitc cia A theo hang 2 ta co:

det(A)_4‘2 -3 1 -3 1 2‘

-8 0 70 7 -8
—4.(0 — 24) + 5(0 4 21) — 6(—8 — 14) = 141

ok o]

Khai trién dinh thitc theo cot 3 ta cé:

—4 5 1 2
L =8 7 -8

= —3(32—35) — 6(—8 — 14) = 141

det(A)——?)’ ‘—6’ ‘+O

b) Dinh thic cta ma tran tam giac
Stt dung cong thitc khai trién dinh thitc theo hang 1 hoidc cot 1 dé thiy dinh thitc cia ma
tran tam gidc bang tich cac phan tit chéo:

11 Q12 -+ Qin ai o .- 0
0 azxp --- a a21 A22
= 011022 - . - Anp; ... ... .| T auna... G
O O s Qpp Ap1 Ap2 - App

c) Cac phép toan trén dinh thic
Tong hai dinh thitc. Khi tit cd cdc phan tit cia mot hang (hay mot cot) c6 dang téng clia
hai s6 hang thi dinh thitc c6 thé phan tich thanh tdng hai dinh thitc. Ching han:

a1 a2 + b2l |ann aro air bio

a1 Gz + boy (91 Q22 ag  boy
aip + b aig +bia|  |ann aiz bir bio

21 22 G21  G22 21 22

Nhan dinh thic v6i mot s6. Khi nhan dinh thitc v6i mot s6 ta nhan s6 dé véi mot hang
(hodic mot cot) clia dinh thite. Nguge lai, khi cac phan tt cia mot hang (hodc mot ¢ot) ¢o thira
s6 chung thi ta c6 thé dua thita sé chung d6 ra ngoai dau dinh thitc.

eVi du 4.14.

1 =3 5 2 —6 10

217 =1 4|=|7 -1 4 Nhan s6 2 vao hang 1
5 —9 8 5 —9 8
2 —6 5
=27 =1 2 Dua s6 2 G cot 3 ra ngoai

5 =9 4
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Dinh thiic ctia tich hai ma tran. Néu A va B 1a hai ma tran vuong cling cap thi co:

det(AB) = det(A). det(B)

oVi du 4.15. Cho ma tran

a b c d
-b a d -—c
A —c —d a b
—d ¢ —=b
Tinh det(AQOlO)
Loi giai.
[ a b c d a —b —c —d
-b a d —c|l|b a —-d c
t_
A4 = —c —d a b c d a —b
|—d ¢ —=b a d —c b a
[a? +V? + 2+ d? 0 0 0
B 0 a? + b+ + d? 0 0
N 0 0 a?+ b+ d? 0
i 0 0 0 a? + b+ + d&?
Suy ra:

det(A.A") = (a® + b* + & + d*)*

Ma det(A) = det(A?) nén det(AA?Y) = det(A). det(A?) = [det(A)]*. Do do

Vay:

[det(A)]* = (a® +b* + & + d*)*

det(A2010) = [det(A)]?10 = {[det(A)]2}"™
_ {(a2+b2 +02 —|—d2)4}1005 _ (a2 +62 +02 +d2)4020

d) Cac truong hgp dinh thic bing 0

Néu ma tran c6 mot trong cac dic diém sau day thi dinh thic ciia né bang khong:

C6 mot hang (hay mot ¢ot) bang khong;
Co6 hai hang (hay hai cot) ty 1g;

C6 mot hang (hay mot cot) 1a t6 hgp tuyén tinh clia cdc hang khac (hay clia cdc cot
khéc).

e) Anh hudng cta cac bién ddi so cAp dén dinh thic

Néu chuyén vi ma tran thi dinh thtc ctia ma tran khong doi;
Néu ddi chd hai hang (hodc hai cot) thi dinh thitc ddi diu;

Néu cong nhiéu hang (hodc nhidu cot) vao mot hang (hoic mot cot) thi dinh thic khong
doi;

Néu nhan mot hang (hodc mot cot) cia dinh thite v6i 6 k # 0 thi dinh thitc méi bing k
nhan véi dinh thic ci;

Néu nhan mot hang (hodc mot cot) véi mot s6 roi cong vao hang (hoiic cot) khac thi dinh
thitc khong ddi.
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4.2.3. Tinh dinh thiic bing bién doéi so cap
Dé tinh mot dinh thiic bing bién ddi so cap ta lam nhu sau:

Budce 1. Ap dung céc bién déi so cip dua dinh thite da cho vé dang tam gidc, nhé ghi lai tac
dung ctia timg phép bién doi duge st dung;

Budc 2. Tinh dinh thitc clia ma tran tam gidc bang tich céc phan tit chéo, vi ké dén tac dung
tdng hop ciia cac bién doéi da st dung.

+ Chii y: C6 thé két hop cac cong thic khai trien dinh thdc va bién ddi so cap dé tinh dinh
thiec.

oVi du 4.16. Tinh dinh thiec:

31 11
1 3 11
A=l 131
1. 1=1%3
Loi giai.
66 { 6 AO
1 3 11 ~ PR S Tos
A= 113 1 cong cac hang vao hang 1
1 11 3
1 1 11
1 3 11 NP SR .
= 6 113 1 dua thita s6 6 § hang 1 ra ngoai
1 11 3
1 1T 11
0200 R PO PP .
= 6 00 2 0 cong —1 lan hang 1 vao cac hang khac
000 2
= 6.1.2.2.2 =48
oVi du 4.17. Tinh dinh thtec:
1 2 -1 3
3 6 7 =2
A= 2 7 -8 15
-4 —6 5 =2
Loi giai.
bzl Cong —3 hang 1 vdo hang 2
00 10 11 ong ang 1 vao hang
A= Cong —2 hang 1 vao hang 3
Vo6 Cong 4 hang 1 vao hang 4
02 1 10 ong 4 hang 1 vao hang
12 -1 3
g 01 -2 3 Dua thita s6 3 ¢ hang 3 ra ngoai
0 0 10 —11| Doichd hang 2 v hang 3
0 2 1 10
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12 -1 3

01 -2 3
= =3 Cong —2 hang 2 vao hang 4

00 10 11| ° g g

00 5 4

10 —11 e, ez s N
= -3 _— Khai trien dinh thic theo ¢ot 1 (2 lan)

—  —3(40 4 55) = —285

4.3. Ma tran nghich dao

4.3.1. Dinh nghia

* Dinh nghia 4.10. Cho A 1a ma tran vuong cap n. Néu c¢6 ma tran B vuong cling cip sao
cho:
AB=BA=1,

thi n6i A kha dao va goi B la ma tran nghich dao cia A. Ky hiéu ma tran nghich dao ciua A
la AL

Nhu vay ta c6: AAt=A1TA=1,
Khi A ¢6 ma tran nghich ddo ta néi A khong suy bién.

. o4 121 oo 3 —1 N
oVidu 4.18. Xét A = [5 3} va B = [_5 9 }, ta co:

AB:E ﬂ {—35 _21}:{(1) ﬂ:b? BA:EE) _21} {2 1}:{1 O}:]Q

Vay B=A"'vd A= BL

4.3.2. Tinh chat

¢ Dinh 1y 4.1. Ma tran nghich dio cila ma tran vuong A néu cé thi duy nhat.
A.Gia st B va C' déu 1a ma tran nghich do ctia A, nghia la:
AB=BA=1, AC=CA=I,
T AB = I, suy ra:
C(AB)=CI, = (CA)B=C = I,B=C = B = CL..
¢ Dinh ly 4.2. Néu ma tran vuong A kha ddo thi det(A) # 0.

A Vi A ¢6 ma tran nghich dio nen ton tai A~* va A. A1 = I,. Ap dung cong thic tinh
dinh thite cta tich hal ma tran ta cé:

det(AA™") = det(I,,) = det(A)det(A™") =1
Vay phai ¢6 det(A) # 0. Ta cling ¢6 det(A™1) # 0 0.
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¢ Dinh 1y 4.3. Néu ma tran vuong A € M,, ¢6 det(A) # 0 thi A khd ddo va:

. ¢
det(A)

G dé C = [c¢ij], Ia ma tran phu hop clia ma tran A va ¢;; = (—1)" det(M,;).

A.Ap dung cong thitc khai trién dinh thitc theo hang (i) ta c6:

i(— 1) a;; det(M,;) = det(A)

= i1C1 + QiaCia + + F AinCip = det(A).

Vi dinh thitc ¢6 hai hang gidng nhau thi bing khong nén suy ra:

aklci1+ak26i2+"'+akncin:{ 0 néu k£i-

Do d6 ACt = det(A).I

Ap dung cong thitc khai trién dinh thtc theo cot va lap luan tuong ty ta ciing co:

C" A = det(A).I

1 1 N
Nhu vay A. (det(A) C’t> = <det(A)Ct> .A = I suy ra diéu phai chitng minh 0.

O Dinh 1y 4.4. Cho A la ma tran vuong cap n.
i) Néu B la ma tran vuong cung cap vdi A sao cho AB = I thi A khd diao va B = A~
ii) Néu B la ma tran vuong ciing cap vdi A sao cho BA = I thi A kha ddo va B = A~

A.i) Vi AB = I nén det(AB) = det(/) = det(A) det(B) = 1. Do d6 det(A) # 0. Theo dinh
Iy (4.3) suy ra A kha ddo va ¢6 ma tran nghich ddo AL
Nhan déng thitc AB = I ben trai véi A~! ta co:

AN AB)= A= (A'A) B=A"=B=A"

Phan (ii) ching minh tuong tu 0.
¢ Dinh 1y 4.5. Gia sit A, B € M,, la cac ma tran kha dao. Khi dé:

i) A7! ciing khd ddo va (A~1)~1 = A;

ii) Vm € N* ta ¢6 A™ ciing khd dao va (A™)~! = (A=H)™;

iii) Yk # 0 ta ¢6 kA ciing kha ddo va (kA)™' = —A~;

iv) AB ciing kha dao va (AB)™' = B~1A™L

| =

A.Céac phan duge chiing minh tuong t, ching han ching minh (iv):
(AB)(B'A™ ) = A(BB YA ' = ATA' = AA =T

Vay theo dinh 1y (4.4) suy ra AB kha ddo va ¢6 ma tran nghich déo la (AB)~! = B~'A~! 0.
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4.3.3. Tim ma tran nghich dao bang phu dai s6

Dé tim ma tran nghich ddo cia ma tran A = [a;;], ta ap dung cong thic ctia dinh 1y 4.3:

. ¢
det(A)

6 do:
C = [¢ij]n 1a ma tran phu hgp clia ma tran A;
ci; = (—1)" det(M;;) 1a phu dai s6 clia phan tif a;j;
M;; 1a ma tran c6 dudc tit A sau khi b di hang i va cot j.

oVi du 4.19. Tim ma tran nghich dao cua:

1 2 3
A=12 5 3
1 0 8
Loi giai.
2 3 1 2
LY L
Céac phan tif clia ma tran phy hop I
5 3 2 3 2 5
011:+O 8:407 012:_1 8:_137 613:+1 0:_5
2 3 1 3 1 2
C21:_0 8:_16) 022:+1 8:57 623:_1 0:2
2 3 1 3 1 2
=+ 5| =9 Gr=—|y 5/ =3% c3=+|y | =1
Do do: )
40 —-13 -5 40 —-16 -9
C=|-16 5 2 | =C'=1|-13 5 3
-9 3 1 -5 2 1]
Vay ma tran nghich dao cia A la:
1 40 —-16 -9 —40 16 9
At = — -13 5 3|=1]13 -5 -3
N -5 2 1 5 -2 -1

eVi du 4.20. Tim ma tran X, biét:
1 2 1 -1 2
{—1 3} X = {3 1 —4}

Lai gidi.

(12 1 -1 2
DatA_Ll 3}’ B_{s 1 —4}‘
Ta c6: det(A) =5 # 0 nén A c6 ma tran nghich ddo A~L.

Phuong trinh ma tran da cho trd thanh: AX = B< X = A™'B.
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Ma tran nghich ddo A~! duge tim nhit sau:
731 t_{?) —2} L1 t_1[3 —2}

Vay ma tran X can tim [a:

-3, u
1, _1{3 _2H1 ~1 2]_1{—3 -5 14}_—— =
X_SCB_51131—4_540—2_§O—_2

5 5

4.3.4. Tim ma tran nghich dao bang phuong phap Gauss-Jordan

Mubn tinh ma tran nghich ddo A~! clia ma tran A bing céc bién ddi so cAp vé hang ta lam

nhu sau: !

e Viét ma tran don vi I bén canh ma tran A.

e Ap dung cac phép bién déi so cAp vé hang dé dua din ma tran A vé ma tran don vi I,
tac dong dong thai phép bién ddi so cAp vao ma tran 1.

e Khi A di dugc bién doi thanh ma tran I thi I tré thanh ma tran nghich ddo A~L.

Al - I|B=B=A"

oVi du 4.21. Tim ma tran nghich dao cuia:

1
A= 12
1

S ot N
o W W

L&i giai. Qua trinh bién déi c6 thé ghi tom tit thanh bang sau:

1 2 3 1 0 0 H,

2 5 3 0 1 O H,

1 0 8 0 0 1 H;

1 2 3 1 0 0

o 1 3| -2 1 O0|-2H,+Hy,— Hy
0 -2 5| -1 0 1| —H,+ H;— H;
1 0 9 5 -2 0| —2Hy+ Hy — H;
o 1 3| -2 1 O

0 0 -1| -5 2 1| 2H,+ Hy — Hs
1 0 0|40 16 9| 9H3+ H, — H,
0 1 0| 13 -5 -3|—-3H3+ Hy,— Hy
o 0 -1 -5 2 1

10 0|-40 16 9

0o 1 0} 13 -5 -3

0 0 1 5 -2 -1 —H3 — Hj

1Co 6 1y thuyét ciia phuong phap nay dé nghi xem & phan 4.5.4
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Vay ma tran nghich dao cia A la:

—40 16 9
A'=1]13 -5 =3
5 -2 —1

4.4. Hang cila ma tran

4.4.1. Dinh nghia

* Dinh nghia 4.11. Cho A 13 ma tran cap m x n. Ma trgn con cap p cia A 1a ma tran co
duge tir A sau khi bd di m — p hang va n — p ¢ot. Dinh thic cta ma tran doé 1a dinh thic con
cap p cia A.

*» Dinh nghia 4.12. Hang cta ma tran A 1a cap cao nhat cia dinh thitc con khéac khong clia
ma tran A, ky hieu p(A) hoac r(A).

oVi du 4.22. Xét ma tran:

1 -2 3 4
A=12 -4 1 3
-1 2 0 -1
Céac dinh thitc con cap 3 clia A la:
-2 3 4 1 3 4 1 -2 4 1 -2 3
41 3|=0 |2 1 3|=0; |2 -4 3|=0 |2 -4 1]=0
2 0 -1 -1 0 -1 -1 2 -1 -1 2 0
Cac dinh thitc con cip 2 clia A la:
1 -2 1 3
A

Vay cap cao nhat trong cic dinh thitc con khéac 0 clia A 1 cap 2, do d6 p(A) = 2.

@ Nhan xét Cac bién doi so cAp khong lam thay déi hang céia ma tran.
4.4.2. Tim hang ctia ma tran bing bién doi so cap

% Dinh nghia 4.13. Ma tran bac thang la ma tran c6 cac dic diém sau:

e Céc hang bing 0 6 duéi cac hang khac 0; (néu ma tran vira c6 cac hang bang 0, viia ¢6
cac hang khac 0).

e D&i v6i 2 hang khac khong lien tiép, phan tit khac 0 dau tien (ké tit trai sang) ctia hang
trén ndm bén trai phan tit khac 0 dau tien ctua hang dudi.

eVi du 4.23.
123 0 4
056 0 0],. s . . .
000 7 8 la ma tran bac thang c¢6 3 hang khéc 0
00 00O

Nhan xét 4.2. Hang clia ma tran bac thang bang s6 hang khac khong ctia ma tran do.
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Quy tac thyc hanh tim hang cGia ma tran: Dé tim hang clia ma tran A ta st dung céc
bién doi so cap dua ma tran A vé ma tran bac thang B. Khi do:
p(A) = p(B)= s6 hang khéc khong clia B

oVi du 4.24. Tim hang ctia ma tran:

1 -2 3 4
A=1|2 —4 1 3
1 2 0 -1
Lai giai.
1 —2 3 1 -2 3 4] . . 1 -234
A= |2 —4 1 3| Z22tbzth g o 5 5| 2272 o 0g 0 11
-1 2 0 —1] MR o o 3 3| MEPETE g o 0 0

Ma tran cudi cing la ma tran bac thang véi 2 hang khac khong. Vay: p(A) = 2.
oVi du 4.25. Tim m dé ma tran sau c6 hang bé nhat trong cic gia tri ma né c6 thé nhan:

3 i o1f 4 -1
B m>+m 4 10 1 m+5

1 7 17 3 8

2 2 4 3 1

Véi gia tri d6 cia m hang cia B bang bao nhieéu?

Loi giai.
3 1 1 4 -1 1 4 3 —1
B_ m2+m 4 10 1 m+5| ceccecs [4 10 1 m?>+m m+5
- 1 7 17 3 8 C3+Cy 7 17 3 1 8
2 2 4 3 1 2 4 3 2 1
1 1 4 3 —1 1 1 4 3 —1
Ho<>Hy 2 4 3 2 1 —2H1+Ho—H> 0 2 _5 _4 3
“lrar s 8 o 010 =25 —20 15
410 1 m>+m m+5 7% o 6 15 mPtm—12 m+9
—4H{+Hs—Hy
1 1 4 3 -1
—3Ho+Hs—Hy R O 2 _5 _4 3
4 2
—5H2—|—H3 —>H3 0 0 0 me+m m
H, < H, 000 0 0

Vay hang(B) nhan gia tri nhd nhat néu m = 0. Khi d6 p(B) = 2.

4.5. Hé phuong trinh tuyén tinh

4.5.1. Dinh nghia

x Dinh nghia 4.14. Heé phuong trinh tuyén tinh m phuong trinh, n an la hé phuong trinh cé
dang:
anry + aprs + -+ AT, = b1
a211 + G2 + o+ Qopd, = b2

(4.1)

Am1T1 + QpaTs + -0+ GppT, = bm
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trong do:
® Ti,%o,...,%, l& cic an;
e a;; 12 hé sd clia an x; trong phuong trinh thit ();
e b, la vé phéi clia phuong trinh thit (7).

Dang ma tran cia hé phuong trinh tuyén tinh

Dat:
11 Q2 - Qin X1 by
Q21 Q22 -+ Q2 X2 by
A= " x = : b=
Am1 Am2 **° Omp Tp bm

thi hé phuong trinh (4.1) con ¢6 dang ma tran:
Az =0

trong d6 A la ma tran hé so ; x 1a ma tran an; b 14 ma tran vé phdi.

4.5.2. Giai hé phuong trinh bing ma tran nghich dao
Cho A 1a ma tran vuong cap n khong suy bién. Khi d6 hé phuong trinh Az = b ¢6 nghiém
duy nhat: . = A1)

2I1+3l’2 = 5
4[L‘1—$2 =7

oVi du 4.26. Giai he: {

Lai gidi.

Tim ma tran nghich dao cua A:
-1 — 1 [—1 —
det(A) = —14 £ 0: c—{ ;) 4}; Al——{ 1 3}

suy ra:

4.5.3. Giai hé phuong trinh bing phuong phap Cramer
¢ Dinh ly 4.6. (Dinh ly Cramer) Hé phuong trinh tuyén tinh Ax = b, vdi A la ma tran
vuong khong suy bién thi hé c6 nghiém duy nhét:

Y17 det(A)

=12 ....n

d do A; la ma tran c6 dugc tit A sau khi thay cot thit j bdi cot vé phai b.
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A Vi A la ma tran khong suy bién, det(A) # 0 nén A ¢6 ma tran nghich dao:

. ¢
det(A)

T phuong trinh Az = b, nhan bén trai hai vé véi A™! ta c6:
AN A=A (A A r=A" b lr=A"ber=A""

vay * = A7'b Ia nghiém ctia hé phuong trinh.
St dung biéu thitc ctia A~! & dinh Iy (4.3) ta suy ra:

L1 cii Cy e D
T2 1 Cl2 C2 -+ Cp2 by
~ det(A)
Tn Cin Con " Cnn bn
nghia la ¢6
g - Cljbl + ngbg +% anbn _ det(Aj)
! det(A) det(A)

Mat khac, gia sit hé ¢6 hai nghiém la x va y:

Suy ra:
Ar —Ay=0= Az —y) =0

Nhan hai vé v6i AL

A Az —y) = A 0= (2 —y)=0=2=y
Vay hé c¢6 nghiem duy nha
oVi du 4.27. Giai hé phuong trinh:

Ty + 223 = 6
—3%1 + 41‘2 + 61‘3 = 30
—x1 — 2x9 + 3x3 = 8
Loi giai. Ta cé:
1 0 2 6
A=1-3 4 6|; b= 130
-1 -2 3 8
Tinh duge:
1 0 2 6 0 2
det(A)=|-3 4 6| =44#0; det(A;) =30 4 6| = —40
-1 -2 3 8 —2 3
1 6 2 1 0 6
det(As) = |[-3 30 6| =T72; det(A3) = |-3 4 30| =152
-1 8 3 -1 -2 8

Vay hé da cho c¢6 nghiém duy nhat la:

—40 10 72 18 152 38

S VI T U VI TR P VIR 1
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4.5.4. Giai hé phuong trinh bing phuong phap Gauss

a) Hé tam giac trén la he phuong trinh tuyén tinh c6 dang:

anry + apry + -+ apr, = b
Ao9To2 + -+ + QAopTp = b2
Apndn = bn

vGi ma tran he s6 14 ma tran tam giac trén:

@11 Aiz2 -+ Qip
A= Q2 -+ A2p
aTLTL

V6i gia thiét det(A) # 0 tie 1a ay; # 0,Vi = 1,2,...n, he tam gidc duge gidi dé dang bang cach
thé nguoc tir dudi len.
b) Thyc hanh giai hé phuong trinh bing bién ddi s cap.
Xét hé phuong trinh
Az =b;A e M, voi det(A) #0

Lap ma tran md rong bang cach viét ma tran A va ma tran cot b bén tay phai né
A=[A|b] (A con duge goi 1a ma tran bd sung ciia A)

@ Nhan xét Céc bién déi so cAp vé hang trén ma tran A twong tng véi cac phép bién déi
tuong duong hé phuong trinh.

Do d6 dé giai he phuong trinh tuyén tinh ta thuc hien nhu sau: Ap dung céc bién déi so cap
vé hang trén ma tran A dé dua ma tran A vé dang tam gidc. Hé phuong trinh da cho tuong
duong vé6i he tam giac cudi cung. Giai he tam giac (bdng cich thé ngugce tir dudi len) ta thu
dugce nghiém can tim.

Phuong phap vita trinh bay con c¢6 tén la phuong phdp Gauss.

eVi du 4.28. Giai hé phuong trinh:

2[E1 —|— 4%2 —|— 31‘3 = 4
3I1 + i) - 21‘3 = -2
4.(131 + 111’2 + 7[['3 = 7
Loi giai. Ta cé:
2 4 3|4
A=3 1 —2|-2
4 11 7|7

Ap dung cac phép bién déi so cAp vé hang ta co:

2 4 3| 4 2 4 3 4
A 2o g 10 13 16 Hs Mo, 03 1| -1
—2H1+H3—Hs 0 3 1 _1 —3H2+10H3—Hs O 0 _29 —58
Hé da cho tuong duong véi:
2.131 + 41’2 + 3$3 = 4 ry = 1
3ry + X3 = -1 < Ty = —1

— 2923 = 58 r3 = 2
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4.5.5. Giai va bién luan hé phuong trinh dua vao dinh 1y Kronecker-
Capelli

¢ Dinh 1y 4.7. (Dinh ly Kronecker-Capelli) Hé phuong trinh tuyén tinh Az = b c6 nghiem

khi va chi khi p(A) = p(A).

Giai va bién luan hé phuong trinh tuyén tinh tong quat Az = b, A = [a;;]mxn
Lap ma tran A = [ A | b], stt dung céc bién doi so cip vé hang dia ma tran A vé ma tran
bac thang (khi d6 A ciing duge dua vé ma tran bac thang)

e p(A) # p(A): he phuong trinh vo nghiém;

e p(A) = p(A) = n: hé da cho tuong duong véi he tam gidc gdm n phuong trinh, n an. Giai
hé bing phuong phap Gauss ta nhan duge nghiém duy nhdt ctia phuong trinh;

e p(A) = p(A) =r < n: hé c6 vo s6 nghigm va duge giai nhu sau: Tit ma tran bac thang
duge bién ddi tit A, chon mot dinh thitc con cip r khac khong, cic an tng véi cac cot
ctia dinh thic trén duge goi 1a an chinh, cac an con lai goi 14 an phu. Hé phuong trinh
ban dau tuong duong véi hé mdi gom r phuong trinh tuong tng véi cdc hang ciia dinh
thitc trén. Giai he d6 déi véi cac an chinh ta duge nghiem ciia hé da cho (nghiém cua he
nay phu thudc vao n — r an phu).

oVi du 4.29. Giai hé phuong trinh:

xr1 + 21’2 - 3[E3 = 2
—2x17 + x9 + 4dz3 = 1
—I1 + 31’2 —+ I3 = —4
Loi giai
1 2 —3] 2 1 2 —3] 2 1 2 —3] 2
A= | —2 1 4| 1|2ty 5 o 5| — |05 —2| 5
1 3 1| -4 | M g 5 o _o | TR g g g 7

Vi p(A) = 2; p(A) = 3 nén hé phuong trinh da cho vo nghiem.

oVi du 4.30. Giai hé phuong trinh:

Ty + 2%2 + 3273 = —06
2131 + X9 — X3 = 3
—SZL‘l -+ 21’2 + T3 = 4
—2513'1 + 31’2 + 2$3 = 2
Loi giai
1 2 3| —6 1 2 3| —6
Z 2 1 -1 3 —2H1+H>—H> O _3 _7 15
= L
-3 2 1 4 SHy+Hys Hy 0 &8 10| —14
-2 3 2 2 2+ HymsHy 0 7 8| -—10
1 2 3| —6 1 2 3| —6
8Ho+3Hs—Hs | 0 =3 =7 | 15 55 Ha—Hs 0 -3 =715
5 Ny
THy+3Hy—Hy 0 0 —26| 78 — 25 [y 4 Hy— Hy 0 0 1]-3
0 0 —25| 75 0 0 0 0



106 MA TRAN - PINH THUC - HE PHUONG TRINH TUYEN TINH

suy ra p(A) = p(A) = 3 nén he c¢6 nghiém duy nhat:

Ty + 2.172 + 31‘3 = —6 ry = —1
— 329 — Tr3 = 15 & Ty = 2
I3 = —3 r3 = —3

oVi du 4.31. Giai hé phuong trinh:

rT — ) + 233'3 — 2.1'4 = 1
—21’1 — 3.7)2 + T3 + 4LL’4 = -2
—21’1 + 2%2 — 41’3 + 4ZE4 = -2
31’1 + 2ZE2 + T3 — 61’4 = 3
Loi giai.
1 -1 2 =2 1 1 -1 2 =211
i -2 =3 1 4]-=2 °Hi+Ha—H, | 0 =5 5  0]0
-2 2 —4 41 -2 OH,+Has Ha 0 0 0 00
3 2 1 -6 3 _3Hy+HysH] 0 5 =5 00
1 -1 2 =211
L, —Hy 0 -1 1 010 —
5 JE— —_—
om0 00 ool PA=AA)=2
0 0 0 00
Chon an z; va 3 13 an chinh, hé da cho tuong duong véi:
r + 21‘3 = 1 + x9 + 2[L‘4 e 21’4 + 1
T _ T T3 = X2
3 2 ro 3wy € R

oVi du 4.32. Giai va bién ludn hé phuong trinh sau theo m:

mer + y + =z = 1

r + my + 2z = m

r + y + mz = m?

Loi giai.
m 1 1|1 1 1 ml|m?
A= 1 m 1| m e Hs 1 m 1| m
1 1 m|m? m 1 1 1
1 1 m m?
—Ht e 0 m—1 1—m | m—m?
TS s g gy 1 —m2 | 1 — B

m—1 1—m m(1 —m)

Ho+Hs—H
2+Hs—Hs (1—m)(m+2)|(1—m)(m+ 1)

1
0
0 0
< m # 1 s T PR <
+ Neu (1 —=m)(m+2)#0< { m A thi p(A) = p(A) = 3, hé ¢6 nghiem duy nhat:

—2
( m+ 1
r = ——
r + y + mz = m? m1+2
y - z = —m Sy = —
m + 2
(m+2)z = (m+1) oo (m1)y
L  om+2



