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CHUONG 7: HAM HAI BIEN

A.LY THUYET

1. Cac khai niém

Dinh nghia:
Cho D lataptrong R’
f:D->R
(x,y)—>z="1f(xY)
Ghi chu

e Néu M(x, y), taco thé viét z = f (M)

e Tap D goi la tap xac dinh.

o Tap f(D)={f (x y):(x y)eD} goi latap gia tri.

e Tap G ={(x vy, f (xy)): (x y)eD} cic diem trong hé toa d6 Oxyz goi la

db thi cua ham sé.

Dang 1. Tim tap xac dinh ciia ham s6

Vi du: Tim tap xéac dinh ciia ham sé sau
2x-1

Z = arccos + In(xy)

Gidi:

Tap xéac dinh cia ham 1a nhiing x,y thoa méan diéu kién.

2x-1
<1 {(2x—1)23x2 {3x2—4x+130 Tex<t
X & = 0 <43
Xy >0 xy >0 Xy > y>0

Vay E :{(x, y) :XGE ;1},ye(0;+oo)}

Dinh nghia 1.

Choham z = z(x, y).
e Dao ham riéng (cap 1) theo bién x, ki hiéu z' (x, y): coiy la hing sb va lay

dao ham cua z(x, y) theo bién x .

e Tuongtw, z',(x, y): coi x la hing sb va lay dao ham theo bién y .
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Dang 2. Tinh cac dao ham riéng cap 1

Vi du. Tinh dao ham riéng cip 1 cua
a) z=x'+2xy?

b) z=sin(x*+y?)

Gidi:
a) Taco:
z' = (x"+2x2y?)" = (2x*). +(2x°y?), = 4x% +2y*2x = 4x° + 4xy>.
Taco:
z, = (x* +2x%y?), = 4x’y
b) Taco:
z' = (sin(x® + y?)). =cos(x* + y*)(X* + y*)! = cos(x* + y*).2x
Taco:

z, = (sin(x* + y?))}, =cos(x* + y*)(x* +y*); =cos(x* +y*).2y

Pinh nghia 2.

. Cac dao ham riéng cap 2:
o Z"XX :: (Z 'X)IX ;
o z",=(z') ;

Ghi chu:

e Tuong tu, ta cling c6 cac dao ham riéng cap n tly y.

e Vi “ mot sé diéu Kién “ ta ludn o : z"yy = Z"yx (Dinh 1y Schwarz)

2", =(z',)", (cac daohamriéngcua z', )

z",=(z',)', (cacdaohamriéngcua z', )

le n . . .
e H :(Z"XX Z"ij goi la ma tran Hessian.

yX yy

e Ma tran Hessian c6 nhiéu tng dung trong kinh té & k¥ thuat.

Dang 3. Tinh cac dao ham riéng cap 2

Vidu. z=x*+2x’y*

Gidi:
Taco: z", = (z'x)'X=(4x3 +4xy2)'X =12x* +4y?

2", =(2')", =(4x° +4xy* ), = 8xy
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Pinh nghia:Gia sir ham z = z(x, y) c6 cac dao ham riéng lién tyc thi dai luong
dz=2", (X, Yo )AX+2" (X5, Yo )AY
goi & vi phan toan phan cua ham sé.

Ghi chu:
Dé thdy, dx = Ax,dy = Ay , do dé:

dz =7" (X5, Yo)AX+ 2", (X;, Yp)AY
Bai toan tinh gan ding. Cong thuc xap xi
2(Xy +AX, Yo +AY) = Z(Xg, Yo ) AX+2', (X5, Yo )AX+ 2", (%, Vo) AY
(V6iAx , Ay nho Vé tri tuyét dbi).
Ghi chu:

Ung dung trong kinh té
2(%+1, Yo +1)=2(%, Yo) = 2, (X5 Yo) + 2", (X, Yo)

Dang 4. Tinh gan diing

Vi du : Tinh gin ding cua biéu thic A=In (/8,990 -3/8,050).

Gidi:

Xeétham: z=1In(</x-fy)

Tacd: = 8,990 =x, + AX = X, =9; Ax=-0,01
8,050=y,+Ay =Yy, =8Ay=0,05

Taco: z(9; 8)=In(9-3/8)=In1=0

1 ey
ZX_'\/;—W(\/; \/y)x 2

=7,(9;8) =

ol

1
Fx—3)
=— 1 =17.(9 L
y 3(\/;_%/y)%/y72 y(9’8) 12

Vay A=z(X, +AX, Yo +Ay) = Z( Xy, Yo ) AX+Z", (%o, Yo ) AX+ 2", (Xg, Yo ) AY

Z 1

1 1
=0+=(-0,01)——(0,05) = -0,006
5 (7000 --(0.05)
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2. Cuc tri cia ham 2 bién

Pinh nghia:Ta ndi ham z= z(x, y) dat cuc dai (cuc tiéu) tai diém Mo (%o, Yo ) néu
ton tai mot 1an can cua diém M, sao cho trén 1an can do
Z(%, Y) < 2(%o, Yo)(Z(%, Y) = 2(X;, Vo)) -
Ghi cha.
e Giétri cuc dai hoic cuc tiéu duoc goi chung 1a cuyc tri.
e Giatrj cuc dai hoic cuc tiéu chi mang tinh dia phuong.

Pinh Ii 1:Néu ham z = z(x, y) dat cuc tri tai diém M (x,, Y, ) va tai d6 ham s6 c6
cac dao ham riéng thi (x,,y,) thoa mén hé
z,(x,y)=0
{z'y(x, y)=0
Ghi chu:
e Mdidiém M thoa man hé trén goi 1a diém ding hay diém téi han (loai 1)
o Kihieu A=z" (X, Yy) i B=2",(%:¥): C=2", (%, Yo) -

Pinh Ii 2: Gia st M, (%, Y,) 12 mot diém t6i han cua ham z=z(x, y) (ham s6 c6
cac dao ham riéng lién tuc toi cap hai tai M, ).
Khi do:
e Néu B?—AC >0 thitai M, ham s6 khong cé cuc tri.
e Néu B?—~AC <0 thitai M, ham s6 c6 cuc tri va la cuc dainéuA < 0, 1a
cuc tiéu néu A > 0.
e NéuB?—AC=0 thichua cé két luan.
Ghi chu:
— Bai todn tim cuc tri chia lam 2 budc:
Bwéc 1: Tim diém tGi han;
Buwéc 2: Xét ddu B2—AC
— Khi B?—AC >0 thi goi M, 1a diém yén ngua.

Dang 5. Tim cuc tri cia ham sé

Vi du. Tim cyc tri cia ham s6 z =x° +6xy +8y° +1
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Tap xac dinh: R? .
Buwéc 1. Biém t6i han:
{ z', =3x+6y=0 {X:O_ x=-1

g ;
z',=6x+24y*=0 " |y=0 y:_%

Suy ra ham sé c6 hai diém toi han 12 0(0;0) va MO(—l;—%) .
Buweéc2.Tacd: z' =6x; 2, =6, z', =48y.

Tai O(0;0) taco :

A=2,(0,0)=0 ; B=z,(0,0)=6 ; C=2,(0,0)=0

Suy ra: B2~ AC =36>0 . Ham s6 khdng c6 cuc tri tai O(0;0).

Tai Mo(—l;—%) taco:
1 1 1
A=z (-L--)=-6 ; B=z,(-1-=)=6; C=z, (-L,-=)=24
W(-5-2) (L) )
Suy ra B2—AC =-108<0 . Ham s c0 cuc trj tai MO(—l;—%).

Vi A=—6<0néndoddlacucdai. z,=z (—1;—%) = 2

Bai toan: Tim cuc tri cia ham: z = f (x, y) vairang bugc: g(x, y) = 0 (1).

Ghi cha. Bé don gian, ta lubn gia thiét cac ham f, g c6 dao ham riéng dén cap can
thiét.

Phwong phap nhan tir Lagrange:
Ki hiéu. Ham Lagrange L(x, y, L) = f (x, y) — A9(X, ¥) (A goi la nhén tir Langrange).

Pinh Ii 1:

(Piéu kién can) Néu M, (x,, v,) 1a diém cwc tri caa bai toan (1) thi ton tai sb thuc
Ao

Sao cho ( xg, y9,A) thoa mén hé

L')yxy,A) =0
L',xy,A)=0
L'y(xy,)) =0

Ghi chi. M&i nghiém cua hé trén goi 1a mot diém ding cua ham Lagrange.
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Pinh Ii 2:
(Diéu kién du) Gia st ( xg, Yo, Ao ) 1 mot diém dirng cua ham Lagrange.
Pit:
0 9% 4y
|A| = g’x L"\x L”xy
gy L'y L,y
Khi do:
o NEU [A|(x,y000) > 0 thi My(xo, ¥,) la diém cuc dai cia bai toan (1).
o NEU [Al( 2,02, < O thi My(xg, yo) 1a diém cuc ticu cua bai toan (1).
o NEU |A|( x,y02,) = 0 thi khdng c6 két luan.
Ghi chu.
o COthé thay ( xo, o, Ag) vao A trudc khi tinh |A]
e Néu tir rang budc g(x, y) = 0 ¢6 thé rat ra x (hodc y), ta thay vao ham f, dua
vé tim cuc tri ham 1 bién (khdng can dung phwong phap nhan tir Lagrange).

Dang 6. Tim cuc tri ¢6 diéu kién ciaa ham sé

Vi du : Tim cuc tri c6 diéu kién caa ham s
z=f(x,y)=x+y
x4+ y2=2.

Giai:

Tap xéac dinh: R? .

Buwéc 1. Tim diém dirng caa ham Lagrange.

Tacd: g(x,y) = x2 + y% — 2.

Ham Lagrange: L(X, y, &) = X +y — A(x? + y?- 2).

Xét hé :
L',=0 (—(x*+y%2—-2)=0 x=1 x=-1
I'y=0 o { 1-22x)=0 @{y= ,{3’:_1
L'y=0 L 1-2Q2y) =0 A=1/2 A=-1/2
Buwoc 2 .
0 g,x g,y 0 2x Zy
Tacoh: AI=19", L'xx L'xy| = [2x =21 0 | = 8Mx%+y?)
g, L'y L, 2y 0 =22

* Tai (1,1,%) tacod |[A| =8> 0= M,(1, 1) 1a diém cuc dai va z.p = 2.

* Tai (—1, —1,—3 ta co |A| =—-8 <0 = M,(—1, —1) la diém cuc tiéu va z.; = 2
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B. GIAI BAI TAP

Bai 7.1 Tim tap xac dinh va minh hoa bang hinh hoc trén h¢ tea d¢ truc chuan
Oxy:

1. z= In(2x—1)(4—y2)

2. 2=416-x*-y? +|g(x2+y2_4)

3y+2
X

3. z=arcsin

4. z =arcsin ﬂ+arccos(y+4x)
X

5. z=arcsin(3x—4y);x<2;y>-3

Gidi:

1.z=In2x — 1)(4 — y?)

biéu kién: (2x — 1)(4 — y?) > 0

1
THLE?_%>8 { x>3
-y > —2<y<?2
1
THzﬁx_§<8@{ X<3
-y < y < =2 hodgcy > 2
Biéu dién hinh hoc:
v
1
. = —
7 7B
y=2
2
-
0 X

b | =

(Tap xac dinh 1a mién gach chéo khong ké cac duong bién)

10
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2.2=,16 —x2 —y% +1g(x* + y*> — 4)

s e (16 —x2—y* >0 24y <16
DléUklénZ{ 5 xz Y @{x:yz

x“+y-—4>0 x“+yc>4
= Tap xac dinh: 4 < x? + y*> < 16

Biéu dién hinh hoc

-

>

Tap xac dinh 1a mién gach chéo ké ca duong tron tam O ban kinh 4 (0;4) khéng ké

duong tron tam O ban kinh 2 (0O;2).

. 3y+2
3.z = arcsin=2:=
X

Ham sb xac dinh khi:

X_ZSyS—x+2

3y + 2 3y + 2 3 . 3

e R i ML LI

x+ 2 x—2

x+0 x+0 -3 <y< 3
x>0

Biéu dién hinh hoc.

11
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Tap xéac dinh 1a mién gach chéo ké ca cac diém nam trén
+2 N .2 2
y=- xT triae diem A(0; g).

2 duong thang y =

x=2
3 )

4.z = arcsin%y + arccos(y + 4x)

Ham sb xac dinh khi:

x#0
2y

X
ly —4x| <1

<1l &

Biéu dién hinh hoc

b 3
y==

( x>0
! Fsys<3

& hoic ;4x—1§z§4x+1
! Ssys=
4x—1<y<4x+1

i
L, T |

Tap xéac dinh 1a mién gach chéo ké ca cac dudng bién trir diém O(0;0)

12
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5.z=arcsin(3x—4y);x<2;y>-3

Ham z xac dinh khi:

Bx—4y|<1 (-1<3xr—4y<1 (2P 3x+1
x <2 = x <2 S 4 <9 4
y=-3 y=-3 x=
y=-3
Biéu dién hinh hoc
¥ x=2 ~3x —1
T4

il

L

—
Tap xéac dinh 1a mién gach chéo ké ca cac dudng bién.

Bai 7.2 Tinh dao ham riéng cap 1

X +y°
1l z=——=
X’ +y

2. z:ln(x+1/x2+y2)
y
arctan—
3.z=e X

4 7oV Y -x
X2y X
5. z=x"

2 2

X -y
X+

7. 7 — (X+ y)sinx.siny

6. z=arctan

13




Dé cwong on tdp Toan cao cdp 2

Giai:

_ x3+y3
x2+y2

1.z

’

, <x3 + y3> 3x2(x% +y2) —2x(x3 +y3)  x*+ 3x%y? — 2xy3
Zx == = =
X

xZ _l_ yZ (xZ + yZ)Z (xz _|_ y2)2
L x3+y3 ’ B 3y2(x2 +y%) — 2y(x3 + y3) B y* + 3x%y? — 2x3y
Zy = X2 + y2 , = (x2 + y2)? = (x2 + y2)2
2.z=1In (x + /x2% + yz)
x2+y?+x

2x
1
_( T \ g +2,/x2+y2_ Vx2+yr oo 1
= (in(x 4 H72)) = Xyl xt ity Jaity?
2y
. o 2yx*+y?r y
zy—(ln(x+ x2+y2))y_x+ xz+yz_xz+yz+x\/ﬁy2

y

3. 7 = e?retan;
7 = arctan% _ __y 1 arctan% 4 arctan%
x = \€ x—xz.—yz.e ——x2+ 2.€
1+25 Y
X2
, 1
' X y ’ X ¥ X
Zy — (earctanx) — (arctan_)y.earctanx — X 5 .earctanx
Y X 1+
X2
— X arctan%
x% 4+ y?
4.7 =In =
' JxZ+yZ4x
.y 1/xz+yz—x), (,/x2+y2—x> x2+y?+x
z, = (In = :
2 2 2 2 [+2 2 _
x“+yc+x x+y+xxx+y X

14
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() W e - () -

x% + y?
(o )
o x> +y2+x
N
_(x—\/xz+y2)(\/x2+y2+x)—(x+\/x2+y2)(\/x2+y2—x)
\/x2+y2.(\/x2+y2+x)2
o x> +y2+x
N
X =xP =yt = (P +y? —x?) JxP+yr+x
\/x2+y2.(\/x2+y2+x)2 JxE Ay —x
3 —2y? =2y =2
- 2+ y2 (Jx2 +y2 + x)(Jx2 + y2 — x) - y2,/x2 + y2 - Jx%+ y?
m-x),_<m-x>’ X2t Y%+ x

X2 +yZ4x’ xZ+y%+x y'w/x2+y2—x

Z—y 2+ 2_|_ _Z—y 2+ 2 _
oy W) s W eyt =)

z, = (In

x> +y?+x
(V22 +y2+%) 2ty —x
y 2_|_ 2_|_ _ 2+ 2_|_
R YRRV e
(m+x) x4yt —x

2x

\/x2+y (\/x2+y +x)(\/m—x) ym

5z=xY

7= (), = y3r"

= (xyg)y = x7°.Iny3. (y3) = 3y2x¥’. Iny®

v—y
N

6.z = arctan

= (arctan

STy (1
i \JEiy) 1

1+ﬁ

15
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2 2

2xy x*+y? y

B /x4—y4.(x2+y2). 2x2 _x/x4—y4

’

P (P |
) \Jeer)

Ty

z, = (arctan 5

——Zy 2 Z_Z—y 2 _ 2
W VT T g VT sy

x% 4+ y? ©2x?
\/xz + y2 \/xz — y2
I <\/x2 —y? ¥ Jx? + y2> —y. 2x? —y
B 2x? - 2x3\/x* — y* B Jxt =yt

7.7z = (x + y)sinx.siny

ZJ,c — ((X +y)sinx.siny);c

ZJIC — ((x +y)sinx.siny);c
Taco: Inz = In(x + y)S™S™ = sinx. siny.In(x + y)
Pao ham 2 vé ta co:

Z, siny. sinx
= = siny.cosx.In(x + y) + Sy Smx
Z xX+y

’ . sinx i i
= z, = siny (cosx. In(x +y) + xl+—y) (x + y)sinxsiny

ZJI, — ((x +y)sinx.siny);

Ta co: Inz = sinx.siny.In(x + y)
Pao ham 2 vé theo y ta co:
Z, sinx. sin
= = sinx.cosy.In(x + y) + SIE- STy
VA x+y

= z, = sinx (cosy. In(x +y) + l—;) (x + y)sinxsiny

sin
y x+

Bai 7.3 Tim cac dao ham riéng cap hai cia ham hai bién

\/(x2 + y2)3

2In(x+y)

1. z=

=

> X Wk

Z y

3.
4, 7= In(xy+w/x2y2 +a2)

Giai:
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Dé cwong 6n tdp Toan cao cdp 2

1) z :%\/(xz + y2)3

13(x +y) 24 2)2

[ ] mu?r

3 2\/x +y)3

][

x> + Xy

N
\/x2+y2J

o)

5 X
_(3X +Y? N g7 = (4 xy )m (3 + 2+ y?)— X + xy?)
= X* +y? ) (¢ + y? N+ y?
_3X2+y2—X2 B 2x* +y°
Weryt ey

x® + xy?

2xy«/x +y? (x + Xy )
x?

+y°

o {3

N

X*+y

:2xy(x +y ) y(x + Xy )_ 2Xy —Xxy

2

Xy

(x2+y2)m _\/x2+y2

1 3(x2+y?f .2y

- \/x2+y2

(x2 +3y2)\/x2Ty2—(x2y+ ys)ry -

Ty

( HJy

y(x + yz)}' _

2

X2 +y?

_ (x2 +3y2Xx2 + yz)— yz(x2 + y2) _xXE+2y?

(x2 + yz)\/x2 +y? N
z, "=1 JEENE S
2) z=x*In(x+y)
x2 )
2x1
) (xn(x+y) X+yl
_y2
=2In(x+y)+ 2X +2x(x+y)2 X
X+y (x+Y)
_ 2
=2In(x+y)+ 2 +2x(x+y)2 X
X+y (x+Y)
. x2 ) 2x X2
z,=|2xIn(x+y)+ = —
Xy( () x+yjy x+y (x+y)f
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Dé cwong on tdp Toan cao cdp 2

3) z=x’

=) = vy -1
z;y (yxy‘l)y =X+ yx I x=z,

Z,, =(xy In x) = x’ Inx.Inx = x’In?x
y

2= In(nym/xzy2 +a2)

2

2Xxy
Y+ ———
. 2 2.,2 2 2.,2 2 2
;- JX2y? +a A yX2y? +a’ +xy
Xy ++/x?y? +a? Xy /x’y? +a +x’y? +a’

X
Xy® + y4/x°y* +a’

(xy+\/x2y2+a )\/x y’+a’

2

Xy

_yi
¥y +at | —xy

y
[/X2y2+aZl x2y2+a? (X2y2+a2)3

X’y

\/x y? +a’ Xy* +a’
_ X°y® +a’ —x°y? _ a’
(x*y? +a?)|x2y? +a? \/(X2y2+a2)3
o XY |

;- 2\/xX°y? +a’ _ XXy’ +a’ +x%y
Y xy Xyt +al (xy+\/x2y2+a )\/x y’+a’
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Dé cwong on tdp Toan cao cdp 2

Bai 7.4 Tinh gan dtng bang vi phan toan phan:

1. A=0,996°%

B = In(3/27,0200 + /15,9700 — 4)

C =arcsin(L52—'%e ), biét V321727 =314

D =arctan 2(@ —00531"), biét V/3=172,7 =314

H wn

Giai :

1) A=0,996>%

Xétham: A=z(x,y)=x"
. 0,996 = X, + AX = X, =1, Ax =-0,004
Taco:

505=y,+Ay =y, =5Ay =0,05
2(1,5)=1° =1
z, =yx'* =12 (15)=51"=5
z,=x".nx=2z,(5)=In1=0

Vay A=z(15)+z,(L5)Ax+z, (1,5)Ay =1+5(-0,004)=0,98

2) B=In(3/27,0200 + 4/15,9700 -4}

Xétham: B =1z(x,y)= In(§/§+‘{/§—4)
. 27,02 =X, +AX= X, =27;Ax=0,02
Ta co:

1597 =y, + Ay = y, =16;Ay =-0,03

2(27:6)= (427 +4/16 —4)=0
A 1
zx_(|n(&+ﬁ 4))X 3%/?(?&/;#{/?—4

- 1
):> z,(2716)= o

):,» z'x(27;16)=2—17

. 1
YTy B4y -4
1 1

Vay B =z(27,16)+z,(2716)Ax + 2, (27,16)Ay = 0+ 57002+

(~0,03)=-0,0002

3) C =arcsin (1, 52_1%) biét V3=1727 =314

Taco: C =arcsin (1,52 —10\0/5): arcsin (1,52 —e°®*)
Xét ham: C =z(x, y)=arcsin (x—e” )
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