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Churong 1. Ly thuyét sai so va binh sai truc tiép diy tri do ciia ciing mét dai lwong
1.1. Khai niém vé do dac

Phép thir nham xac dinh mot dai luong tric dia goi 1a phép do. Phép do 1a so
sanh dai luong can xac dinh véi mot dai luong cung loai dugc chon lam don vi. Céc
diéu kién tao nén phép do goi 1a diéu kién do. Két qua thu dugc ciia mot phép do theo
mot quy trinh nhét dinh, trong mot thoi diém cu thé goi la tri do.

Céc diéu kién ctua mot phép do bao gom diéu kién dic trung cho méi truong
ngoai canh, diéu kién dic trung cho do tin cdy cua may moc, dung cu do va diéu kién
dac trung cho nguoi do.

Vi du trong do dai tryc tiép bang thudc thép. Quy trinh do lac nay duoc tién
hanh ttr thao tac dinh tuyen phan doan, kéo thudc, doc sd va do cac dai lugng can thiét
dé hiéu chinh vao mdi doan nhu nhiét do, hiéu chénh cao cua hai dau thudc,...Céc
diéu kién dic trung cho moi truong do c6 thé ké dén 1a anh huong cua nhiét do, do 16i
16m dia hinh, cua toc do gi6; Pac trung cho dung cu may moéc la do chinh xac doc s6
cua thudc thép, cia may moc dung dé do nhiét, do hiéu chénh cao; Dic trung cho
ngudi do co thé 1a cach t6 chire nhom do, luc kéo & hai dau thude va kha nang doc sb.

D@ nhan thay, mdi thao thac trong quy trinh do déu anh huong dén két qua cua
mot phép do. Tri do thu duoc cudi ciing 13 tong hop cac thong tin thu dugce tir cac diéu
kién dac trung cua diéu kién do trong mot khoang thoi gian nhat dinh. Trén thuc té
phép do c6 thé tién hanh bang phuwong phap truc tiép hay gian tiép
1.1.1. Po tryee tiép va do gidn tiép.

Do truc tiép: La so sanh truc tiép dai lugng can do vai don vi do tuong Uing. Vi
du: Do d6 dai cia mot doan théng b::ing thudc thép.

Do gian tiép: La dai lugng can x4c dinh duge tinh toan thong qua dai luong do
truc tiép. Vi du: Mudn xac dinh dién tich cta 1 hinh chit nhat ta can phai do tuc tiép
chiéu dai a va chiéu rong b hay tri do gian tiép dugc xac dinh thong qua hai dai luong
do tryc tiép a va b.

1.1.2. Po cung do chinh xac va khong cung do chinh xac.

bo cung do chinh xéc: La két qua do nhan dugc trong cung mot diéu kién do.

Do khong cung d6 chinh xac: La két qua do nhén dugc trong diéu kién do khéc
nhau.

Vi dy, két qua do goc i, P2, Ps trong mot tam gidc mot ngudi do dung mot may
do theo mot phuwong phap véi sé 1an do nhu nhau va trong diéu kién thoi tiét 6n dinh
thi két qua do cua 3 goc dé nhan dugc cung dd chinh xac, nguoc lai, mot trong cac
diéu kién trén khac di, chang han dung may khac, ngudi do khac hoic ap dung cach do
khac thi két qua do ctia 3 goc s& khong cung d6 chinh xéc.

1.1.3. Tri do can thiét va tri do thira.

Tri do can thiét (t): La sd luong do tdi thiéu dé xac dinh mot d6 hinh ludi tric
dia va giai mot bai toan tric dia.

Tri do thira (r): La dai lugng do du ra dé kiém tra hodc nang cao d6 chinh xac.
Trong binh sai diéu kién thi tri do thira chinh 13 s6 phuong trinh diéu kién rang budc
gifra cac tri do vdi nhau, s6 tri do thira duge xéc dinh la:

r=n-t
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1.2. SAT SO VA PHAN LOAI SAI SO
1.2.1. Sai s6 do

q Bét ky mot phép do nao du hoan chinh dén dau van ton tai sai sd, tuc 1a khong
thé xac dinh dugc tri thyc cia dai lugng can do.

Néu goi Li 1a tri do, Lo 1a tri thuc thi chénh 1€ch gitra tri thuc va tri do duoc goi
la sai sO thuc cua tri do, ki hi€u 1a Ai.

Ai=Lo- Lj (2.2)

,Sai s6 thue 17u6n luén ton tai do do ta phai tim quy luat dé xéc’dinh no, trong
thyc té ta khong thé tim dugc tri thuc ma chi xac dinh dugc tri xac suat thong qua so
hiéu chinh Vi:

Li=Li+V, (2.3)

Trong d6: L’i dwoc goi 1a tri xac suat nhat hay tri sau binh sai.
1.2.2 Nguyén nhan gy nén sai s.

C6 rat nhidu nguyén nhan giy ra sai s6 do nhung ta c6 thé phan thanh 3 nguyén
nhan chinh nhu sau:

+ Sai s0 do dung cu do va may moc: La sai s6 do sir dung dung cu va may moc
khong chinh xac.

+ Sai 56 do nguoi do: Do cac gidc quan cua con nguoi khong chuin xac gay
nén. Vi dy, mat nguoi chi phan biét duoc hai diém cach nhau 0.2mm nén khi do chiéu
dai mét doan thang néu ta udc doc khong ding phan 1é mm sé& c6 sai s6 doc sb.

+ Sai s6 do ngoai canh: Do anh huong cua diéu kién thoi tiét, diéu kién dia
hinh, dia vat gdy nén. Vi dy, cung do chiéu dai mot doan thang bang thudc thep nhung
khi do nhiét d§ moi truong thay doi lam chiéu dai thude bi co dan hodc dia hinh gap
ghénh thudc bi cong, vénh,... thi két qua do s€ kém chinh xac.

1.2.3 Phén loai sai s6

Dua Véo, tinh chat va quy luat xuat hién khi xur ly s6 liéu do dac nguoi ta phan
lam 3 loai sai so:
1.2.3.1 Sai 56 thé (sai lam).

La sai sb do nhidm lan cQa con nguoi trong khi do dac hoég tinh toan, sai sb thd
thuong co gid tri 16n khong xuat hién theo quy luat nhung c6 thé phat hién va loai bd
nho phép do thura.
2.1.3.2. Sai s6 hé thong.

La nhitng sai s6 thuong c6 tri §6 va déu khong d6i va né bién doi theo mot quy
luat. Cac nguyén nhén sinh ra sai s0 h¢ thong 1a do dung cu may moc khong hoan
chinh, do thoi quen ctia nguo1 do va do diéu kién ngoai canh,...

Vi du: Gia s dung thude thep 20m dé do mot duong ghéng nao do, nhung
chiéu dai that cua thudc 1a 20,001m. Nhu vay trong két qua mot 1an kéo thude co chira
+1mm va sai s0 nay dugc goi la sai s6 h¢ thong.

Sai s6 hé thong c6 thé loai bo hoic giam bot dugce néu biét nguyén nhan va quy
luat xuat hién bang rdi dung phuwong phap kiém dinh tim dugc tri s6 cia nd dé cai
chinh vao két qua do.

2.1.3.3. Sai s6 ngdu nhién.



Sai s6 ngiu nhién sinh ra do tong hop cia nhleu nguon sai so chung luén ton
tai trong két qua do, xuat hién bién thién phuc tap ca vé dau va tri sd.

Gia str khi do doan thang bang thudc thép ngoai sai s6 khic vach va sai s gidn
no nhiét 1a mang tinh chat hé théng, con céc sai sd do luc kéo khong déu, do gi6
thoi,...tAt ca cac sai sd nay déu ddong thoi tac dong trong khoanh khic theo do 16n (tri
s6) va chiéu (dau) khac nhau 1én chung 1a sai s6 ngau nhién.

Sai s6 ngau nhién xuét hién khong theo quy luat do dé ta khong khic phuc ma
chi c6 thé tim cach han ché anh huong cia n6 téi két qua do.

Vi sai s0 tho va sai sO hé thong c6 thé tim bién phdp loai trir hodc giam bot
dugc nén co thé coi sai sO ngau nhién la thanh phan chu yéu cua sai s6 va no la doi
tuong nghién ctru cua ly thuyét sai so.

1.3. Pic tinh ciia sai s6 ngiu nhién
1.3.1. Vi du khao nghi¢m.

Sai sé? ngau nhién co tri s6 va deflu xyét hién khong theo quy luét, nhung trong
cung mot diéu kién do nhat dinh, sai s6 ngau nhién s& xuat hi¢n theo nhiing quy luat
nao do.

bé nghién ctru ddc tinh co ban cua sai sb ngﬁu nhién, ngu:éi ta tién hanh thuc
nghiém do cac goc cua 162 tam giac, da xac dinh dugc céc sai so thuc nhu sau:

bang 1-1

khoang sai s6 -A + A tong

sd luong % s6 luong % s6 luong %
0" 00 -:-<0"20 21 13,0 21 13,0 42 26,0
0" 20 -:- <0"40 19 11,7 19 11,7 38 23,4
0"40-:-<0"60 11 6,8 16 9,9 27 16,7
0" 60 -:- <0"80 8 50 13 8,0 21 13,0
0" 80 -:- < 1"00 7 4,3 9 5,6 16 9,9
1"00-:-<1"20 6 3,7 5 3,1 11 6,8
1"20-:- <1"40 3 1,8 1 0,6 4 2,4
1"40-:- <1"60 2 1,2 1 0,6 3 1,8
> 1"60 0 0 0 0 0 0
tong 77 47,5 85 52,5 162 100,0

Pé dé nhan biét quy luat phan b cia sai sd, ta dung sd liéu ¢ bang1-1

dé vé dd thi:

Trén tryc hoanh biéu dién cac khoang sai 5O tuong ung voi bang trén. dién tich

ctia mdi hinh chir nhat biéu dién bang sO phan tram xudt hién trong khoang sai sd ghi
trong bang 1-1. ta c6 thé xac dinh chiéu cao dé v& hinh chit nhat nhu sau: vi du sai s6
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xudt hién trong khoang 0" 00 -:- < 0"20 chiém 13% thi chiéu cao cua hinh chit nhat
tuong tng la:
13

h=—-—=0.65
100x0.2

Néu noi diém gitra ctia cadc canh day phia trén hinh chit nhat ta s€ dugc mat
duong gay khiic d61 xtirng qua tryc tung va ti€ém can voi truc hoanh
A

/\é
" o
/L 05 xx
/ 04
- 03
hinh 1-1 oL
do thi vé tinh chit cia = —>
sai s6 ngdu nhién -16-14-12-10 -08 -06-04 -02

0+02+04+06+08+1+12+14+16

1.3.2. Cac dic tinh ciia sai s6 ngiu nhién.
Qua thuc nghiém trén ta thay sai s6 ngau nhién c6 nhiing dic tinh sau day:
a. Ddc tinh gioi han:
Trong nhirng diéu }(ién do dac cu thé, tri tuyét ddi cua sai sb ngﬁu nhién khong
vuot qua mot gidi han nhat dinh.
b. Dac tinh tdp trung:
_ Sai s ngiu nhién co tri tuyét ddi cang nho, thi ¢ kha ning xuat hién cang
nhiéu.
c.Diic tinh déi xikng:
‘ Sai s6 ngiu nhién duong va am véi tri s6 tuyét doi bé co sd lan xuét hién gan
bang nhau.
d. Ddc tinh bu tru:
Khi s6 1an do tién toi vo cung, thi s6 trung binh cdng ctia cac sai s6 do dac ngiu
nhién cua cung mot dai luong s€ tién tdi khong.
Aj+Ag+ot by o M:O

n—oo n—oo

n n

lim

1.4. Tiéu chuin danh gia d6 chinh xac
Mot trong nhirng nhiém vu cht yéu ciia cong tac xir 1y sb liéu trac dia la danh
gia do tin cdy cua cac dai lugng do. Panh gia do tin cdy la xay dung céc dai luong dac
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trung cho két qua do va két qua xtr 1y, 1am tiéu chudn dé so sanh goi 14 tiéu chuan danh
gia do chinh xac.

Trong thuc té, sau khi do nhiéu 1an ta s& thu dugc cac tri trung binh cong trong
cac trudng hop véi sd 1an do khac nhau 1a khac nhau. Nhung cac tri trung binh cong
nay ludn khac tri thuc. Nay sinh van dé 14 tri trung binh cong ndo & trong céc tri trung
binh trén dugc coi la dang tin cdy nhat. Giai quyét mau thuin ndy ngudi ta dira vao cac
tiéu chuén sau diy dé danh gia.

1.4.1. Sai s6 trung binh
Khi do 1 dai lugng nao d6 n lan, gia su cac sai s6 thuc cianlan do d6 1a: A1, Az
Az, As..... An Vi tong dai sb cua cac sai s6 do theo tinh chit thtr ty cua sai s6 ngiu
nhién s& triét tiéu nhau nén khong dung n6é dé danh gia do chinh xac cua két qua do
duge.Vi vay ta dung so trung binh dé danh gia d6 chinh xac két qua do do.
_ Sai sd trung binh 13 tri trung binh cong céc tri tuyét d6i cac sai sb thuc thanh
phan, dugc xac dinh bdi cong thirc:
6 = M (2.5)
n
Trong d6: A 1a sai s6 thuc
n 12 s6 1an do.

Tuy nhién dung sai s6 trung binh 0 trong nhiéu treong hop chua danh gia dugc

chinh xéc vi né chua phan dnh dugc do bién dong cia sai s6 ngiu nhién

Vi du: Do mdt dai lugng & 2 diéu kién khac nhau (khong cung do chinh xac)
nhu sau:

Dicu kién 1: A:-57, -3, +77, +1”.
Diéu kién 2: A: +57, -47, -37, -4”,
Sai s6 trung binh:

Diéu kién I: 0, = %7” g
Pidu kién II: 6, = # g

Ta thay 61 = Ou ¢ nghia la ¢ hai diéu kién do khac nhau cho d6 chinh xac nhu
nhau. Vé6i két qua nay ta 1am tudng 1a hai két qua do ¢ hai diéu kién do dat do chinh
x4c nhu nhau, nhung. Nhung diéu kién II tot hon vi bién dong sai s6 caa diéu kién II <
diéu kién I (hinh 2.1)

Khoang bién dong diéu kién I Khoang bién dong diéu kién I

-5 -4 0 +5  +7

1.4.2. Sai s6 trung phwong (m)



bé phan anh dugc mirc do dao dong cua cac sai sO nguoi ta da dung sai s6 trung
phuong dé danh gia do chinh xéac cua céac dai lugng do. Khi ¢ day sai so thuc, néu n
vO cung 16n thi sai s0 trung phuong s€ dugc tinh :

Cong thirc gan dung cua Gauss:

A2+ A2 4.+ A
M=+ AnA \/l+ 2: + A%, (2-6)

Trong do:

A 12 sai s6 thyc: Ai=Lo-Li (2.7)

n 14 s6 lan do.

Vay sai so trung phuong (m): La cén béc hai cua tri trung binh cong cua binh
phuong céc sai s6 thyc thanh phan.

Vi dy: Véi s6 lidu ciia muc (2.2.1), thay vao (2-6):

m, = /w — +4."58

25+16+9+16
m, = 4

Tir két qua trén ta thdy ro rang diéu kién II t6t hon diéu kién L.

=+4."06 .

1.4.3. Sai s6 xac suit (r)

Sai sO x4c suat 13 tri sO nao d6 cia sai sd ngﬁu nhién ma cac sai s6 ngau nhién
khac co tri tuyét d6i lon hon hodc nho hon né déu c6 kha nang Xuat hién nhu nhau.
Néu sap xép cac sai sd ngau nhién theo th tu ting dan thi c6 thé coi sai s nam gitra 13
sai sO X4c suat.

Bing ly thuyét xac sut ngudi ta chimg minh duoc mdi quan hé gitra sai s6 xac
suat va sai s6 trung phuong m:

0 = 0.7979m zgm (2-8)

r = 0.6745m z%m (2-9)

1.4.4. Sai s6 trung phwong tu’o’ng doi

Sai 0 trung binh, sai so trung phuong, sai sO gidi han 14 nhimng sai sb tuyét doi.
Trong do dai néu dung sai s6 trong ddi s& phan anh rd hon mirc d6 chinh xac cua két
qua do.

Sai sb tuong doi 1a ty so giita sai s6 do va gia tri cua dai lugng do. Trong do tur
6 luon nhan 1a 1 con mau sd duoc lam tron den boi s6 cta 10. Mau sd cua sai sb
tuong ddi biéu thi cho chét lugng do dac, mau s6 cang 1on thi d§ chinh xac do cang
cao va nguoc lai.

=— (2-10)
Vi du: Do chiéu dai 2 doan thang bang thudc thép duge két qua nhu sau:
S1=50m; mg = +5mm
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S2=250m; mg, =£5mm
Niru nhin vao tri sb tuyét ddi ms thi ta tudng réng hai canh do véi do chinh xac
nhu nhau, nhung néu dung sai s0 tuong doi ta thay canh Sz c6 d0 chinh xac cao hon.
Sai sb trung phuong tuong dbi:

m, 5 1
S, 50.000 10.000 '
mg, &5 1

S,, 250.000 50.000
1.4.5. Sai s6 gi6i han

Theo dic tinh thir nhit cta sai sé ngdu nhién di néu rd: trong didu kién do nhat
dinh, tri s& tuyét ddi cua sai s6 ngau nhién khong vuot qua mot gisi han nhét dinh.

Nhu vy, trong mot diy két qua do, tri do nio c6 sai s6 vuot qua gidi han d6 thi
tri do Ay khong phu hop voi quy ludt va xem nhu khong dam bao d6 chinh xac va
khong ding dé cai chinh vao két qua do.

Gia tri sai s6 gi6i han phu thudc chu yéu vao diéu kién do.Trong 1y thuyét xac
suat nguoi ta da ching minh dugc rang néu sai s6 do phu hop voi quy luat phan phéi
chuan thi c6 3% sai 0 ngau nhién cé gia tri 16n hon 3 lan sai s trung phuong, va 5%
sai s6 ngiu nhién co gid tri vuot qua 2 1an sai sb trung phuong.

Trong thyc té s6 1an do khong nhiéu, sai s6 ngau nhién 16n hon 3 1an sai s6
trung phuong rat it c6 kha nang xuat hién. Vi vdy ta thuong lay 3 lan sai s6 trung
phuong 1am gidi han cua sai s6 ngau nhién.

Goi Amax 1a sai s6 gioi han, ta co:

Amax =3m (211)
Trong tric dia cong trinh v&i yéu cau do chinh xé4c cao, thudng quy dinh:
Amax = 2m (2.12)

1.5. Sai s6 trung phwong ctia ham cac tri do
Trong cac bai toan tric diq cac dai lucyng‘cﬁn xac dinh thuong 1:'21 ham sb ma dbi sb

la nhirg dai luong do tryc tip. Vi vay ta can phai xac dinh sai s6 trung phuong cua
ham cac doi so 1a tri do truc ti€p doc 1ap nhau.

Vi du: Bé xac dinh cac gia sb toa d0 AX, AY ta phai xac dinh thong qua tri do
canh S va goc dinh hudng a, trong do géc a lai duge xac dinh thong qua goc B.
1.5.1. Sai s6 trung phwong ciia ham so dang tong quat

Gia sir ta c6 ham s6 dang tong quat nhu sau:

F = f(x,y,...,u) (2.13)

Trong do:

X, Y, ...,ula cac dai lugng do doc lép, co sai sd trung phuong tuong Gmg 13 my,
My,..., Mu. Ta can xac dinh sai s6 trung phuong cua ham céc tri do mr.

Goi X, Y...,U 1a tri thuc cta cac dai lugng do doc 1ap, cac sai s6 thuc tuong tng
sé la:

X=X+ AXi =>AXi = X - X;
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Y =Vyit+Ayi DAY =Y -y

U=u+Aui =AU =U -u;j

Sai s thuc ctia ham: AFi=F-f

Hay: AFi=F (X, Y,..., U)-fi(x,y,...,u)

Hoac:

AFi = F (Xi + AXi, Vi + AYi,..., ui + Au.) f( xi, Yi,..., ui) (2.15)

Khai trién Taylor va bo qua cac s6 hang bac cao bang cach 1y dao ham riéng
ctia ham sb F theo cac dbisd x, v,..., u, ta co:

AF, = (aaiiji (g’;]Ay, (g’:jAui (2.16)

(voii=1,2,...,n)
Binh phuong 2 vé (2-16) sau d6 ldy tong ting vé chia cho s6 lan do n:

M:(ﬁjzlm+(ﬁTIM+m+2(6FJ(aFJ[AxAy] (6FJI[AU.AU]

n OX n oy n ox )\ oy n ou n

Theo gia thiét cac dai luong X, v,..., u la cac dai luong do doc lap vi vay cac sai
s0 AX, Ay,..., Au la cac sai s06 ngau nhién va doc lap. Theo tinh chat 4 cua sai s6 ngau
nhién va dinh nghia sai so trung phuong ta co:

=G o (5 v (S
OX oy ou (2.17)
oF \° oF )’ oF Y’
m, = (a_j m?, +[EJ .m2y+....+(a—j m? (2.18)
X u

Vi du: Trong tam giac do 2 goc: B1 = 50°00 00”; B2 = 60°00° 00”. Vi sai sd
mg1 = +3”; mp2 = +4”. Hay tinh: mgsva B3?
Giai: Taco: f= B3=1807- (B++ B2) =70°00° 007

s (9F) — 5 — 2 2 — "
Vi (g)-lnenmﬁ— ’mﬁ,1+mﬁ,2—\/16+9—15

1.5.2. Sai s6 trung phwong ciia mét s6 ham don gian

Hay:

* Sai s6 trung phwong ham dang:
Gia st ¢6 ham s dang:
F=aili+alo+ ..+anln (2.19)
Trong do:
ai la cac hang so.
Li 1a cac dai lugng do véi sai s6 trung phuong 12 mi.
~ Viphén ham F trén theo cac d6i s6 1a cac dai lugng do va chuyén vi phan thanh
sai sO thuc ta duoc:
AF = ai1AL1 + a2AL2 +...+anALn (2.20)
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Va chuyén sang sai s trung phuong:

m’e = azlmle +a22m2L2 o + aznman

Hay:

M. =+akm’, +a’am?y, +....... +a%m?y, (2.21)
Néuai=a2=..=an=1: > m% =m?, + M2, +...+ M2,
Néu do cung d6 chinh xac: m,=m_ =..=m_=m_taco:

m. =m,~/n 2.22)
* Sai s6 trung phwong ham sé dang:
Y S L,.L
Gia sir ham s6 c6 dang: F = 1L 2
3
Ap dung cong thirc tinh sai s6 trung phuong ham téng quat:
2 2 2

L L L, L
m =| =2 mle +| =2 m2|_2 ) L2 m2|_3 (223)

L3 L3 L3

, Khi bai toan vira la héup co cac tri do g(’)cv vira co tri ,do chiéu dai hodc chénh cao
néu st dung cong thirc ham tong quat ta phai biéu thi sai so trung phuong do goc dudi
dang mg/p’’.

Vi du: Xac dinh chénh cao h bang phuong phap do cao lugng giac:
h=S.tgV +i-t
Véi trj do va sai sb trung phuong la: S=143.5m; V =2030;i=1.5m; 1 =22m,
mMms=+1"; mj =mi= 0 (coi nhu khong co6 sai s0), ta c6 ham:
h = 143.5tg2°30 +1.5 - 2.2 =5.76m

2 m2
m, = [tg?V.m2 + o5t p? = +0.048m

Vidyu: Mot cach duong chuyén S dugc do thanh 4 doan lién nhau dugc két qua

nhu sau:

L1=91,24m £ 0,20m ; L»=79,15m + 0,15m

Ls=102,05m + 0,35m ; Ls= 117,35m + 0,18m.

Hay tinh sai s trung phuong va sai s trung phuong twong dbi cua canh dudng
chuyén.

- Chiéu dai canh duong chuyén 1a :

S=Li+Lo+Ls+Ls =390.39m

- Sai s6 trung phuong :

mg = i\/mil +mi2 +mi3 +mi4 = 10,46m
1 mg 046 1
T S 39039 800

1.5. 3. Cong thirc Ferero
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, Dung dé tinh sai sd trung phuong do goc mp cia ludi gdbm n tam giac theo sai
s0 khép goc wg cua tam giac.
Néu cac goc Ai, Bi, Ci do ciing d6 chinh xac mp va tong tri thuc: (Aot+ Bo+ Co) =
180° thi ta c6 sai s6 khép 14 sai sé thuc Ai:
opi = Ai = (Ai + Bi + Cj) - 180° (2.32)
Theo dinh nghia sai s6 trung phuong, néu c6 n tam gidc thi sai sd trung phuong
cua sai sO kheép goc la:

my, ==+ —[wﬁnwﬁ ]

Vi cac goc do cung d chinh xdc m, =m, =m, =m,, nén ta co:

m?,= m?ai + M%si + m%; = 3. m?% (2.33)
mg = 3mj = —
mg =+ |[———
G 3n

Trong d6:  n - 14 sd tam gidc.

Wpi - 1a sai s6 khép goc trong tam giéc.
Vi du: Po tat ca cac goc cua ludi 12 tam giac cuing do chinh xac, tinh duoc céc sai s6
khép goc twong img 1a 01=8"’; 02=-6""; 03=4""; 04=-2""; ws=-7""; ®w6=8"’; w7=-8’;
®s=3""; w9=2""; w10= 9’ w11= -1"’; w12=3"". DB chinh xac do goc trong ludi tam giac
nay la mg=+3.3”

1.6. Trong )
1.6.1. Khai niém vé trong sé

Khi do khong cung d¢ chinh xac mét dai luong thi két qua nhan dugc s& c6 tim
quan trong khac nhau va khong thé tinh tri trung binh cong theo phuong phap thdng
thuong duge. D€ binh sai cac dai lugng khong cung do chinh xac, nguoi ta dua vao
mot con sO bo trg goi la trong s6 dé néu 1én chﬁt luong khac nhau cua két qua do, tic
1a néu lén murc dJ tin cdy khac nhau cua cac két qua do c6 do chinh xac khac nhau.
*Dinh nghia trong so:

Trong s 1a mdt s6 ty 1& nghich véi binh phuong cua sai s6 trung phuong.

p=—" (2.48)

Trong d6:  + my 1a sai s trung phuong cua tri do.

+ ¢ 12 hing sb duoc chon théng nhét cho tit ca cac phép do tham
gia binh sai.

Ta thiy g%mg PL va m?_ 1a quan hé ty 1& nghich, tire la sai s6 trung phuong cang
nhd thi trong s6 cang 16n va nguogc lai. Nguoi ta c6 thé dung P d€ so sanh do chinh
xac gitra cac tri do.

*Trong 56 don vi:
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Néu ta c6 n phép do voi sai sb trung phwong tuwong tng 13 mi1, M, ...,mn. Theo
dinh nghia trong so, ta co:

P=— P =P = —
My M, m (2.49)

Néu ta chon ¢ =m? thi ta c6 céc trong so:

2 2 2 2
oMo Mmoo m o mp
0 21 1 — 2! 2 — IR 0h = 2
mO ml m2 mn

Po = 1goi la trong s6 don vi.
Sai s6 trung phuong tuong tng véi trong s6 Po = 1 goi 13 sai sd trung phuong
trong sO don vi. Néu ki hiéu mo= p, ta co:

p = (2.50)

Vai tro cua p va P rat quan trong khi xtr Iy bai toan trac dia hon hop ¢6 nhiéu tri
do khong cung do chinh xac.

Vi du: Canh S duogc do bang 3 phuong phdp khéac nhau khong cung dd chinh
xéc, nhan dugc két qua va sai s6 trung phuong nhu sau:

P, = (%)2 0.16 TT Si mi Pi
P,=0.16 1 48.38 0.3 0.16

P, = (222044 > | 4828 | 012 | 1
3 4829 | 0.18 | 0.44

1.6.2. Tri trung binh mang trong s6
Gié s c6 mot dai luong dugc do n 1an nhan duoc két qua la: L, Lo,..., Ln voi
trong so tuong tng la Py, Po,..., Pn.
Tri trung binh ctia dai luong trén dugc tinh theo cong thure:
PL +PL,+..+PL, [PL]

L= -
P+P,+..+P [P]

(2.51)

*Sai 56 trung phirong ciia tri trung binh mang trong so:
Tir cong thie (2.33), dé danh gia d6 chinh xac ta dung cong thirc sau:

m, =4 (2.52)

Trong d6 sai s6 trung phuong trong s don vi tinh theo cong thiic Bessen:
PVV
(n-1)
1.7. Panh gia d§ chinh xac theo cac tri do kep

(2.53)

U=

1.7.1. Sai s6 trung phwong theo cac hiéu ciia két qua do kép khong cung dd chinh
xac.

Gia st dai lwgng Xi dugce tién hanh do 2 1an ta nhan duge cap triso 1a L, L, ,...L;
L,,L,...L.. Trong s tuong tng 14 P1, Pa,..., Pn.
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Gia thiét tri do chi chira sai s6 ngiu nhién thi sai s6 ctia L,;L; 1an luogt 1a:
A =X -1
A =X-L,
S6 chénh gitra cap tri do 1a:
di = Lli - I-'il = Au - AIi (a)
Néu 2 tri do déu chinh xéac thi di=0 tic 1a tri s6 that cta di 13 0. Do d6 sai sb that
cta s6 chénh d; 1a;
Ad,=0-d, =—d, =A, -A; (@)
Trong s6 cua cac hiéu la:
P. 1 2

P =——s_-_-=
=y == (b)

di i

Theo cong thirc tinh sai s6 trung phuong twong ung vai trong s6 don vi, ta co:

P, AdAd
ﬂ=,/—[dn] ©

Thay (a), (b) vao (c) ta co:
_||Pdd

7\ n

Doi vai tri s 12 sai s6 trung binh cong tir 2 1an do ctia 1 cap thi sai s6 trung

- , 1 [[P
phuong don vi trong so la: = > W

1.7.2. Tinh sai s6 trung phuong tir hi¢u cac cip do kép trong truong hop do cé dd

chinh xac déu nhau.

Truong hop do chinh xéc giita cac tri do trong cac cip déu nhau thi chon trong s6
ciia mdi 1an do 1a 1. Lac d6 sai s6 trung phuong tuong tng véi trong s6 don vi ciing
chinh 14 sai s6 trung phuong cua tri do . Ta co:

m, = 19]
2N

VD: Trén 1 tuyén dd cao chia 5 doan dp, mdi doan do 2 lan va dugc két qua sau.
Tinh sai s6 trung phuong ctia hiéu s6 do cao toan tuyén

Poan Hiéu sb do cao d=h-h" dd Si P, = dd
do h'(m) h”(m) (mm) (Km) 5
1 3.248 3.240 8 64 4.0 16.0
2 0.348 0.336 -8 64 3.2 20.0
3 4.444 4.437 7 49 2.0 24.5
4 -3.360 | -3.352 -8 64 2.6 24.6
5 -3.699 | -3.704 5 25 3.4 7.4

15.2 92.5
Chon P =+
S
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{dd} /
Coé u=my, =+ S . 92.5 =+3.06mm
2n 10

Sai sb trung phuong cua hiéu s6 d6 cao doan 2 do 1 1an la:
m, =./S, M, =+/3.2.36 =%5,4mm

Sai s6 trung phuong ctia hiéu sé d6 cao trung binh ciia doan 2:
m, 54
M,s =—F—= =—=£3.8(mm)
2TB \/E \/E
Chiéu dai toan tuyén [S] =15,2 km
Sai s6 trung phuong ctia hiéu sé d6 cao toan tuyén la:

m, =m,, /[S] =3,06,/15,2 = +11,9(mm)

Sai s6 trung phuong cuia hiéu s6 d6 cao trung binh tuyén:

m
m,, = — =18.4(mm).

J2
1.8 Nguyén tic anh hwéng bang nhau trong tinh toén tric dia
1.Khai niém chung :

Dua vao 1y thuyét sai s6 ta c6 thé tinh dugc sai s6 trung phuwong ciia bat ky ham
s6 nao khi da biét sai sd trung phuong ciia cac doi sb.

Trong tric dia dua vao nguyén tic nay khi tién hanh cong tac thiét ké thuong gip
bai toan nguoc, tuc la can udce tinh do chinh x4c cua ddi sd dé c6 thé dam bao d6 chinh
xac da cho trudce cua ham s0. o
2.Thiét 13p cong thirc wée tinh d§ chinh xac cia cac doi so :

Gia sir ta ¢ ham s6 & dang :

Trong d6 : L1,L2,......,Ln 1a cac tri do doc lap
m, ,m ,...m; la cac sai s6 trung phuong twong tng cia tri do

ap dung cong thirc tinh sai s6 trung phuwong ctia ham tong quat ta co :

(e L, (o) oY
mp=|—/|m, +|— | m; +..+|— | m|
a ) bl a |

Ta can u6c tinh dd chinh xac cta cac dai luong do L1 ,L2 ,......,Ln sao cho d0
chinh xé&c ctia ham F dat dugc yéu cau da dat ra. Tuc la phai tinh m; ,m, ,...m; sao
cho thoa man mr cho trudce.

Dé giai quyét van dé nay ta ap dung nguyén tic anh huong bang nhau nghia 13
cho anh huong sai s6 cia cac dai lugng do Li ddi véi sai sé trung phuong ciia ham déu
bang nhau. TGc 12 :

o of )’ o Y’ 2
Zm = ml = mE =T
o) v laL,) b o )
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of of mg
Hay [ ™, =™, ==
=>m;, = My o :i

VD: Can phai do khoang cich S = 120m va goc dung 4° v6i do chinh xac bao
nhiéu dé d6 chénh cao h tinh theo cong thirc : h = S.tgv c6 SSTP 1a mp = £4.0™

Gidi :

C'a—h—t A"
O™ ®
oh S

oV cos’v
2 2
S m
mfl:tg2v.m§+[ ; ] -
p

Cos™ vV
Theo nguyén tic anh hudng bang nhau thi :

2 2 2
S m m
thV.mé - ( j . ”V = h

cos’v) p* 2
o _ M m,
= m; :m—ms = NI
) cos’ V.mﬁ ) cos’ vm, .
m, = 2—52 pr=m,= \/_2—5 Y
Thay s6 vao ta duoc : ms = + 40°™
my=+0.81

Khi 4p dung nguyén tic anh hudng bang nhau ta can két hop giai quyét cung céac
yéu cau vé k¥ thuét va kinh té sao cho dam bao do chinh xac va dat hiéu qua kinh té
nhat. Truong hop yéu cau ky thuat dam bao va phuong an néu ra dat hiéu qua vé kinh
té thi ap dung nguyén tic anh hudong bang nhau 1 tién loi nhat. Trudng hop sau khi
udc tinh, théy cac phuong tién ky thuat khong dam bao yéu cau do chinh xac cua mot
dai lugng nao d6 hodc co6 thé dam bao duoc nhung khong kinh té thi can giai quyét
bang cach ha thap do chinh x4c cia cac dia lugng d6 dé do dac duoc dé dang hon,
dong thoi tang do chinh xac cia dai luong khac dé cudi ciing dam bao duoc do chinh
xac cua ham dat ra.

1.9 Sai s6 lam tron
1.9.1 Mt s6 quy tic lam tron sé

Trong trac dia cac két qua do va két qua xir 1y 12 nhirng sé viét dudi dang cac
chir s6 thap phan. Tuy thudc vao yéu cau do chinh xac, ma nguoi ta thuong cat bo
nhirng chir s0 thap phan cudi theo nguyén tac lam tron so.
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Khi 1am tron phdi theo cdc quy tic sau :

- Néu phan b6 di nho hon 0,5 don vi cia chir s6 cudi cling duoc gitr lai, thi chir
s6 cudi cung van giit nguyén.

- Néu ph,an b,o di 10’n, hon 0,5 don vi cua chit sb cudi cung dugc gitr lai, thi phai
thém vao chir s6 cudi cung ay 1 don vi.

- Néu phéq bo di vira dung bang 0,5 don vi chir s6 cuéi cung dugc gitr lai ma

chir s0 cudi cung ay 1a so 1€ thi dugc thém 1 don vi d€ thanh s6 chan.
1.9.2 Vi dy 1am tron sb
Can lam tron dén milimét mot chidu dai canh AB, theo céc két qua do nhu sau:
SAB(1) = 2,7374 m, theo quy tic 1, két qua sau khi 1am tron 14 : 2,737
SAB(2) = 2,7376 m, theo quy tic 2, két qua sau khi 1am tron 13 : 2,738
SAB(3) = 2,7375 m, theo quy tic 1, két qua sau khi lam tron 13 : 2,738
1.9.3.Quan hé giira sai s6 trung phwong tinh tron va sai s6 giéi han tinh tron :

Dé tim quan hé giita sai s6 1am tron gii han va sai sd trung phuong cia sai s6
1am tron, ta gia thiét sai s6 1am tron gidi han 1a o duoc chia thanh n phan bang nhau
e, nghia 1a o = n.e va trong khoang ( -a, o ) sai s6 lam tron c6 thé nhan 1 trong cac kha
nang la:

-n.e, -(n-1).e,....,-2¢, -¢, 0, e, €, 2e,....,(n-1)e, n.e

Vi s6 kha ning c6 thé xay ra cta sai s6 lam tron (-a,0) 13 (2n+1)nén sai s trung
phuong cua sai s6 1am tron ¢6 dang :

n - \/2(& rde’ ot fnef ) \/2(12 2] \/2.n(n+1).(2n+1)/6 . Jn(n+1)

2n+l 2n+l 2n+l 3

a n+1
ma €=— M =a,[——

a
m, =—

N

Pay chinh 14 quan hé giita sai s6 trung phuong tinh tron hodc sai s6 gidi han tinh

khinléntacod:

tron.
1.10 Binh sai truec tiép

Binh sai truc tiép 1a truong hop dac biét cua binh sai gian tiép. Ban chat cua
phuong phap la tién hanh do nhiéu lan cing mot dai lwong 14 nhan duoc nhiéu tri do,
c6 thé 1a cung d chinh xac hoic khong cung d¢ chinh xac. Nhiém vu dat ra la tién
hanh binh sai nhu thé ndo dé tim ra tri xac suat nhat cua céc tri do va danh gia d chinh
xac cua cdc tri do cling nhu tri sau binh sai.
1.10.1 Nguyén tic s binh phwong nhé nhat

Duya trén co so ciia 1y thuyét xac suat, ngudi ta dd chimg minh duoc rang trong
truong hop do cung dd chinh xac, dé nhan dugc cac tri sau binh sai c6 do tin cay lon
nhat nghia la xap xi vai tri thuc thi tong binh phuong vi phéi théa man diéu kién:
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[w]=min
Trong truong hop tri do khong cung do chinh xac thi:
[ pw]=min
Céc diéu kién trén chinh 13 nguyén tic sé binh phuong nhé nhat.
Néu trong két qua do chi bao gom cac sai sb ngau nhién thi chiing tuan theo luat
phan bd chuan va nhitng tri sau binh sai theo nguyén tic s6 binh phuwong nho nhat s&
la nhitng gi4 tri xac suat nhat va 1a tri trung binh cong. Dé chimg minh tri trung binh
cong 1a tri xac sudt nhat ta gia thiét rang tri x4c suat nhat cia mot dai lwong nao do 1a x

Céc tri do 1an luot 1a: Ly, Lo,..., Ly. Chénh léch gifra tri xac suit nhét va trj do 1a Vi, ta
co:

Vi= X-L1
V= X-Ly
Vn— X - Ly

Néu chiing ta sir dung cac tri x khac nhau, thi s& nhan duoc mot nhoém v
khac nhau. Bay gio chung ta dwa vao nguyén Iy binh phuong nho nhat dé tim
mot gia tri xac suat nhat x sao cho tong binh phuong céc sd chénh gitta x va tri
do 1a nho nhat. Tuc 1a;

[VV]=(VZ+Vi+...+V2) = min.

Pé tim gia tri cuc tiéu ctia ham trén, ta viét lai quan h¢ gitra [VV] va x,
tuc la:

[VV] =(x- L )2+ (x— L,)? ot (X - Ln)? = min =f
Lay dao ham bac nhat doi véi bién so x va cho bang 0, ta co
of
& = 2(X - Ll) + 2(X— L) +...+2(x— Ln) =0

Tur d6 ta nhan dugc: n.x-[L]=0

o° f
Vi dao ham béc hai duong, tirc 1a: x =2n>0

Nén gia tri x tim duoc theo cong thic (2-5) thoa min diéu kién [vv] =
min. Do d6 x tim dugc theo nguyén 1y binh phuong nhé nhét ciing chinh 1a tr
trung binh cOng.

1.10.2 Binh sai tryec tiép khi do cing dd chinh xac
1.10.2.1Tri trung binh céng va sai sé trung phwong ciia tri trung binh céng
1. Tri trung binh cong

Khi tién hanh do mot dai lvong nhiéu 1an cung d6 chinh xéac khi sb 1an do ting
1én v0 han thi tri trung binh cdng cua cac tri do rat gan véi tri thyc. Cho nén trong binh
sai truc tiép cung do chinh x4c, tri trung binh cong duoc coi la tri xac suat nhat. Pay
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chinh la nguyén ly cua tri trung binh cong. Nguyén ly nay co thé dya vao dic tinh thir
tu cua sai sO6 ngau nhién dé ching minh.

Gia str do mot dai luong n 14n nhan duoc két qua la Ly, L2 ,...,Ln. Nhitng tri )
nay dugc do trong cung 1 diéu kién va co sai s thuc 1an luot 1a A1, As,...,An. Trj thuc
cua cua dai lugng do 1a X. Theo dinh nghia vé sai b thuc ta ¢6 :

A1=L1-X

A2=L2-X

An=Ln-X

Lay tong ta duoc :

[A] =[L]-n.X

Chia 2 vé cho n ta duoc:

[a] L]«
n n
[A]

Trong do T la sy chénh I¢ch gitra tri trung binh cdng va tri thuc dugc goi la

(2.1.1)

sai sO thyc cua tri trung binh cOng.
Theo tinh chat cta sai s0 ngau nhién ta co :

Iimmzo

nN—o0 n

L
bat [T = X thay vao ( 2.1.2) ta dugc

X = limx

Ta thiy khi s6 1an do ting 1én v6 han thi tri trung binh cong x s& xap xi véi tri
that X. Nhung trong thuc té khong thé tién hanh do v6 han 1an duoc. Vi vay, nguoi ta
goi tri trung binh cong 14 tri s6 dang tin ciy nhit cta dai luong do va ta ldy nd 1am két
qua do dac. Do chinh 13 nguyén tic sd trung binh cong va 1a co sé cho binh sai truc
tiép.

Khi tinh tri trung binh cong theo ( 2.1.1 ) nhiéu khi phirc tap trong viéc tinh toan
khi céc tri s6 L va n 16n. Dé tién cho tinh toan ta Iy tri s6 gan ding Lo dé tinh ra luong
sai ¢

gi=Li-LohayLi=Lo+¢

Néu do n 14n ta duoc :

Li=Lo+es
Lo=Lo+ e

Laytong: [L]=n.Lo+ [€]
H gj—L-%i—x 2.1.2
ay 0 0 n (2.1.2)
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2. Sai sé trung phwong ciia tri trung binh cong
Dé x4c dinh sai sd trung phuong cua tri trung binh cong ta xét cong thirc
X=M21L1 +1L2 +...+1Ln
n n n n
Vi cac tri do déu cung do chinh xac va déu co sai sd trung phuong 13 m nén sai sb
trung phuong cua tri trung binh cong s€ 1a:

2 2 2
M: =(lj m’ +(lj m’ ++(1] m’
n n n

1Y m? m
Hay M; :n'(ﬁj m’ =T Vay M, =, (231
r y 1 r
Tlc 1a sai s6 trung phuong cua tri trung binh cong bang \/H sai sO trung
phuong cua tri do.
Tir (2.3.1) ta thdy khi xét trong diéu kién m khong di thi n cang 16n My cang
nhd, do chinh xdc cua tri trung binh cong dugc nang cao.
Vi du:
n |1 2 3 4 5 6 8 10 20 50 100
Mx |1 0.71 10.58 |0.05 |0.45 |041 |0.35 /032 |0.22 |0.14 |0.10

Nhung ta thay khi s6 1an do ting 1én tir 20 + 100 thi d6 chinh x4c ciing chi ting
1én c6 2 1an, nhu vay 1a khong kinh té. Vi vy mudn nang cao do chinh xac cua két qua
do khong chi don gian la tang sb 1an 1én 1a dat duoc muc dich ma phai tim bién phap
nang cao d6 chinh xac do ngam, tirc 13 phai chon diéu kién do, phwong phap, may moc
va s6 lan do thich hop.
1.10.2.2 Sai sé trung phwong ciia tri do

Chung ta d3 biét cong thirc tinh sai s6 cua trj do theo sai s6 that la:

AA
m:iwf—[]
n

Vi tri that X thudng khong biét nén sai s6 that A ciing khong thé biét dugc. Do
d6, cong thirc nay trong thuc té it dugc ung dung. Khi biét 1 ddy cac tri do Li ta s& tinh
dugc tri x4c suat nhat x cta chung, do d6 dé& dang tim duoc s6 hiéu chinh Vi ttc 1a:

Vi=Xx-Li (2.4.1)

Ta mudn thanh 1ap cong thic tinh sai s6 trung phuong cua tri do theo sé hiéu
chinh V; thi phai tim quan hé gitra A va V.

Theo cong thirc tinh sai s6 thyc ta c6 :

Ai =X - L (24.2)

Lay (2.4.2) - (2.4.1) ta dugc :
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Ai-Vi=X-X
Ma X - x = 81g 14 sai s that ciia trj tri trung binh, nén ta c6 :
Ai-Vi=018 hay Ai= Vi+ 18
Binh phuong hai vé rdi 1iy téng ta dugc :
aa] (W] 20V]
n n n

Y

Talaico: —— =m
n

(A

o= T] binh phuong ta dugc : S ZH_IQ([AZ]+ 2[AiAj])

(2.4.3)

Vi tich cta 2 s6 ngdu nhién van 12 sai s6 ngau nhién nén ta coi [AiA] = 0.
Theo bai truéc [V]=0.

Thay vao (2.4.3) ta duoc :
VV| m’
m2 — u _|_ e

n n

H e /|VV|
ay n—1

Pay chinh 14 cong thic tinh sai sb trung phuong cua tri do theo sb hiéu chinh vi
va goi la cong thure Bessen.
1.10.2.3. Trinh i bai todn binh sai truc tiép cing dé chinh xdc
- Tinh tri xdc sudt nhdt (tri trung binh céng) ciia cdc tri do
[L]
n
Vi s6 chénh giira cac Li tuong dbi nho, nén khi tinh tri trung binh cong chi can

X =

tinh tri trung binh cua cac s6 chénh d6 nghia la ta chon mét tri gﬁn ding Lo roi 1an luot
léy céc tri do Li trir di Lo ta s& duoc cac sd chénh 1éch &
g=L-L
Khi d6 tri xac suat nhét s& dugc tinh:
e
X=L,+ e
- Tinh sai sé trung phwong ciia tri do theo cong thirc Bessen
m=+ |V
n—1
- Ghi két qud cudi cing
X =xtM,
Céc budc kiém tra trong qua trinh tinh toan :
[V]=0
[VV] = Vl(X-Ll) + V2(X-L2)+...+Vn(X-Ln)
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