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GIAI TICH MANG

GIAI TICH MANG
LOI NOI PAU

Heé thdng dién bao gdm céc khau san xuat, truyén tai va phan phdi dién nang. Két cau
mot hé thong dién c6 thé rat phic tap, mudn nghién ctru nd doi hoi phai c6 mot kién thire tong
hop va cd nhitng phuong phép tinh toan phu hop.

Giai tich mang la mét mon hoc con co6 tén goi “Cac phwong phap tin hoc ing dung trong tinh
toan hé thong dién”. Trong do, dé cap dén nhitng bai toan ma tat ca sinh vién nganh h¢ thong
nao cing can phai nam ving. Vi vay, dé c6 mot cach nhin cu thé vé cac bai toan nay, gido trinh
di tir kién thirc co s¢ da hoc nghién ctru Iy thuyét cac bai toan ciing nhu viée img dung chiing
thong qua cong cu may vi tinh. Phan cudi, bang ngdn ngit 1ap trinh Pascal, cong viéc mo phong
cac phﬁn muc cua bai toan da dugc minh hoa.

Noi dung gdm c6 8 chuong.

. bai s6 ma tran u’ng dung trong giai tich mang.

. Phuong phap s6 dung dé giai cac phuong trinh vi phan trong giai tich mang.

. M6 hinh héa hé thong dién.

. Graph va cac ma tran mang dién.

. Thuét toan dung dé tinh ma trdn mang.

. Tinh toan trao luu céng suét.

. Tinh todn ngin mach.

. Xet qua trinh qua do cua may phat khi co sy cd trong mang.

I1. Phan lap trinh: gdm c6 bén phan muc:

1. Xay dung cac ma tran ciia 1 mang cu thé

2. Tinh todn ngin mach.

3. Tinh to4n trao luu cong suét luc binh thuong va khi su cb.

4. Xét qua trinh qua d6 cua cac may phat khi c6 sy c6 trong mang dién.

OO\]CJ\U‘I-PUJN'—‘
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GIAI TICH MANG

CHUONG 1

PAI SO MA TRAN UNG DUNG TRONG GIAI
TICH MANG

Trong chuong nay ta nhic lai mot sd kién thirc vé dai s ma tran thong thuong duoc tng dung
trong giai tich mang.

1.1. PINH NGHIA VA CAC KHAI NIEM CO BAN:

1.1.1. Ki hiéu ma tran:

Ma tran chit nhat A kich thuéc m x n 13 1 bang gdm m hang va n c¢dt c¢6 dang sau:
a, 4a, .. a

n

A :a21 Ay azn:[a”]

aTT]l am2 A amn
Néu m=1van=>Ithi A goi 1a ma tran hang hoic vecto hang.
Nguogc lain=1vam>1 thi A goi la ma trn cdt hodc vecto cot.
2
Vi dy: A=|1|va A=22 3 |
3

1.1.2. Cac dang ma tran:

Ma trdn vuéng: La ma tran c6 sb hang bang s6 cot (m = n).
Vidu:
a4y Ay

A4 =|a, ay, ay
as; 4y ds;

Ma tran tam gidc trén: La ma tran vuong ma cac phan tir du6i duong chéo chinh a;; cuia ma

tran bang 0 v&ii> .

a4y G 4

4 =0 a, a,y

0 0 ay

Ma trdn tam gidc dwdi: La ma trdn vuong ma cac phan tir trén duong chéo chinh a;; ciia ma tran
bang 0 véii<j.
a, 0 0

A =la, a,, 0
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GIAI TICH MANG

Ma tran duwong chéo: La ma tran vudng néu tat ca cac phan tir trén duong chéo chinh khac 0,
con céac phan tir khac ngoai duong chéo chinh cuia ma trgn bang 0 (a;; =0 v6i i # j).

a, 0 0
4 =0 a, 0
0 0 aj

Ma trdn don vi: La ma tran vuong ma tat cd cac phan tir trén duong chéo chinh cia ma tran
bang 1 con tat ca cac phan tir khac bang 0 (a; =1 voii=jvaa;=0véii#j).

1 0 O
u =0 1 0
0 0 1

Ma trdn khong: La ma tran ma tat ca cac phén tr cia ma tran bang 0.
Ma trdn chuyén vi: La ma trin ma cac phan tir ajj= a;; (d6i hang thanh cot va nguoc lai).

a a
11 12
a, a, a
_ . T |9 1 3
A4 =l|a, a, va A =
a, a, &,
a3 dy

Cho ma tran A thi ma tran chuyén vi ki hi€u 1a A, AT hodac A’
Ma tran doi xung: La ma tran vudng c6 cac cap phan tir doi xing qua duong chéo chinh bang

nhau a;j = aj;.
Vi du:
1 5 3
A =5 2 6
3 6 4

Chuyén vi ma tran d6i xtmg thi A" = A, nghia 13 ma tran khong thay doi.

Ma trn xién - phdn doi ximg: La ma tran vudng c6 A =- A", Céc phan tir ngoai dudng chéo
chinh twong ing bang gia tri doi cia nd (a;= - a;) va cac phan tir trén duong chéo chinh bang
0.

Vi du:
0 5 -3
A =-5 0 6
3 -6 0

Ma tran tryc giao: La ma tran c6 ma tran chuyen vi chinh 1a nghich dao cuano. (A" . A=U=

A A" v6i A 12 ma tran vudng va cac phan tir 1a s6 thuec).

Ma trdn phirc lién hop: La ma tran néu thé phan tr a + jb bai a - jb thi ma trdn méi A" lama

tran phtrc lién hop.

Cho ma tran A thi ma tran phuec lién hop la A’

RE 5 -j3 5
4+ 2 1+j1 4—j2 1-1

-Néu tét ca cac phén tlr cua A 1a thuc, thi A = A’

-Néu tat ca cac phan tir ctia A 1a 40, thi A =- A~

Ma tran Hermitian (ma tran phirc doi /): La ma trén vudng vdi cac phan tir trén duong cheo

chinh 14 s thuc con cac cap phéan tir d6i xting qua dudng chéo chinh 14 nhimg sb phirc lién

hop, nghiala A = (A ) .

4 2-j3
2+ 3 5

k3
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Ma trdn xién - Hermitian (ma trdn xién - phirc dé'i): La ma trdn vudng vdi cac phﬁn tr trén
duong chéo chinh bang 0 hodc toan 4o con cac cap phan tir o1 xing qua duong chéo chinh la
nhitng s6 phuc, tic A =- (A)".

0 2-]3
-2-j3 0
Néu ma tran vudng phuec lién hop ¢6 (A") . A=U=A. (A")' thi ma trn A duoc goi 1a ma tran
don vi. Néu ma tran don vi A véi cac phan tu 1a s6 thuc dugc goi 1a ma tran truc giao.

Bang 1.1: Cdc dang ma tran.

Ki hiéu Dang ma tran Ki hiéu Dang ma tran
A=-A Khong A=(A" Hermitian
A=A Doi ximg A=-(A") Xién- Hermitian
A=-A' Xién-doi xtmg A'A=U Truc giao
A=A Thuc (A)A=U Pon vi
A=-A" Hoan toan do

1.2. CAC PINH THUC:

1.2.1. Pinh nghia va cac tinh chat cia dinh thic:

Cho hé 2 phuong trinh tuyén tinh

a11X1+312X2:k1 (1) (11)
axitapxa =k (2) )

Rut x; tir phuong trinh (2) thé vao phuong trinh (1), giai dugc:

_ ayk —a,k,
=21 22
a4y, — appdy,
Suy ra:
_ayk,—ayk

2
Qdy —ajpdy,

Biéu thtic (aj;ax - ajpa21) 1a gia tri dinh thirc cia ma tran hé sé A. Trong d6 |A| 1a dinh thic.

ay ap
4| =
ay  ay
Giai phuong trinh (1.1) bang phuong phap dinh thtrc ta co:
k. a, a, Kk
Ky ay|  ay,.ki—ayk, | s k| ak, —ay 0k
X, = = va X, = =
|A4 a,.ay, —a,.3, |A| a,.a, —a,,.3q,,

Tinh chét cia dinh thirc:

a. Gia trj ctia dinh thirc bang 0 néu:
- Tét ca cac phan tir ciia hang hodc cot bang 0.

- Cac phan tir cia 2 hang (cot) twong tng bang nhau.

- Mot hang (cdt) 1a tuong Gng ti 1€ cua 1 hoac nhiéu hang (c0t).
b. Néu ta ddi chd 2 hang ctia ma tran vudng A cho nhau ta dugc ma tran vudéng B va c6 det(B)
= - det(A).

c. Gia trj ctia dinh thirc khong thay d6i néu:
- Tét ca cac hang va cot twong tng ddi chd cho nhau.
- Cong thém k vao 1 hang (cot) thir ty twong ng voi cac phan tir ciia hang (cot) do.
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d. Néu tat ca cac phan tir cia hang (cot) nhan vai thira s k, thi gia tri ctia dinh thuc 1a dugc
nhan bai k.

e. Tich cua cac dinh thirc bang tich cia timg dinh thirc. | A.B.C| = |A| .|B]| .|C].

f. Dinh thirc tong khéc tong cac dinh thic. |A + B - C| =|A| + |B| -|C].

1.2.2. Pinh thirc con va cac phan phu dai s6.
Xét dinh thurc:

a, 4, 4
A =|ay ay ay

a3 Gy 4y
Chon trong dinh thtrc nay k hang, k cot bat ky véi 1 [ k [n. Cac phan tir nm phia trén ké tir
giao cua hang va cdt da chon tao th‘élnh mdt dinh thire cap k, goi 1a dinh thire con cap k cua A.
Bo k hang va k ¢t dé chon, cac phan tir con lai tao thanh 1 dinh thirc con bu cua dinh thuc A.

Phan phu dai s6 tmg véi phan tir a;; ctia dinh thirc A 1a dinh thtrc con bu ¢6 kém theo
dau (-1)™.

2+1 a12
A21 =(-D

a32 a33

a; _ Q, a;

a32 a33
MGéi lién hé gitra cac dinh thirc va phan phuy:

- Tong cac tich cua céac phan tur theo hang (cot) voi phan phu twong tmg bang dinh thirc |Al.

- Tong cac tich ctia cac phan tir theo hang (cot) v6i phan phu twong ting trong hang (cot) khac
bang 0.

1.3. CAC PHEP TINH MA TRAN.

1.3.1. Cac ma tran bang nhau:

Hai ma trin A va B duoc goi 12 bang nhau néu tat ca cac phan tir ciia ma trdn A bang tit ca cac
phan tr ciama tran B (a;=b; V 1, j; 1,j=1,2, .. n).

1.3.2. Phép cOng (trir) ma tran.

Cong (‘m‘J:) cac ma tran phai c6 cung kich thuéc m x n. Vi du: C6 hai ma tran Ala;j Jmn va B[bj
]mn thi tong va hiéu cua hai ma tran nay 1a ma trdn C[cjj Jmn V01 Cj; = a;i6 bj;

Mo rong: R=A+B+C+....+N er1J a;; 6 b;j6 ;6 ...6 nj;.

Phép cong (trir) ma tran c6 tinh chét giao hoan: A+B=B + A.

Phép cong (trir) ma tran co tinh chét két hop: A + (B + C)=(A + B) + C.

1.3.3. Tich vo6 huwéng cua ma tran:
k.A=B.Trong do: bj=k.a; Vi&]j.
Tinh giao hoan: kA =Ak.
Tinh phan ph6éi: k(A+B) =k A+k.B=(A+B)k. . )
(v61 A va B 1a cac ma tran c6 cung kich thude, k 1a 1 hang s6 ).

1.3.4. Nhan cdc ma tran:

Phép nhéan hai ma tran A.B = C. Néu ma tran A c6 kich thuéc m x q va ma tran B ¢ kich
thude q x n thi ma tran tich C c6 kich thudc m x n. Cac phan tir cij cia ma tran C 1a tong cac
tich ctia cac phén tir twong ing véi i hang cia ma tran A va j cot cia ma tran B la:
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cij = aj1 .byj + aip by + ... + ajq.by;
Vi du:
a, aq,
AB =|a, a,|x
bt Dy
a; a; a,.b,+a,.b, a,b,+a,.Db,

a‘11’b11 +a12'b21 a'll'bIZ +a12'b22

11 12
= a'21'bll +a22‘b21 all'bIZ + a12'b22

Phép nhan ma tran khong co tinh chit hoan vi: A.B # B.A

Phép nhan ma tran c6 tinh chat phan phdi d6i véi phép cong:
AB+C)=AB+A.C.

Phép nhan ma tran c6 tinh chat két hop: A (B.C)=(A.B) C=A.B.C.
Tich 2 ma tran A.B =0 khi A =0 hoiac B=0.

Tich C.A =C.B khi A =B.

NéuC=ABthiC'=B"A"

1.3.5. Nghich d4o ma tran:

Cho h¢ phuong trinh:

anxptapXetanxXs=y

a1X1+apxo T anx3=ys (1.2)

a31X1 T a3Xo t a33X3=y3
Viét du6i dang ma train A.X =Y
Néu nghiém cua h¢ trén 1a duy nhét thi ton tai mot ma tran B 1a nghich ddo cua ma tran A.
Do do: X=B.Y (1.3)
Néu dinh thirc ciia ma trdn A # 0 thi c6 thé xac dinh x; nhu sau:

A, s A
=Tttty Ys
AT AT A

A, A, A,
X, = y, + y, + Y;
AT AT A

As Ay Ass
=T Yt Yot a0 s
AT AT A

Trong do: Ajy, Aia, .... Az 1a dinh thirc con phu cua a;j, aj2, a;3 va |A| 1a dinh thire cua ma tran
A. Ta co:

B =123
i =T 19_] =1,4,0.
A
Nhan ma trdn A v6i nghich dao cia no ta co AA'= A'I.A =U
Rt X tir phuong trinh (1.3) sau khi d4 nhan ca hai vé cho A™.

AX=Y
ATAX=A"Y
UX=AlY

Suyra: X=A".Y

Néu dinh thtrc ctia ma tran bé“mg 0, thi ma trdn nghich d4do khong xac dinh (ma tran suy bién).
Néu dinh thirc khac 0 goi 12 ma tran khong suy bién va 1a ma tran nghich déo duy nhat.

Gié sir 2 ma tran A va B cling cap va la kha dao ltic do:

(AB)'=B'A"
Néu A" kha dao thi (A")" ciing kha dao:
(At)—l — (A—l)t
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1.3.6. Ma tran phan chia:

Al A
Az | A4

A =

Tong cac ma tran da phan chia dugc bi€u dién bdi ma tran nhoé bang tong cac ma tran nho
tuong Ung.

A | A B | B A16B; | A,6B;
Az | Ay B3 | B4 A36B3 | A46B;

Phép nhan dugc bi€u dien nhu sau:

A1 Az B] B2 Cl C2
Az | Ay B; | B4 Cs Cy

Trong do:
Ci= A1.B; +A,B;
C,= A1.B,+Ay.By
C3 = A3.B1 N A4.B3
Cs= A3.B,+ AsBy
Téach ma tran chuyén vi nhu sau:
A1 Az ATI AT2

A = Al = T AT
Az | A4 A's|Ay

Tach ma tran nghich ddo nhu sau:

A A, 4 B | B;
A | = Al | =
A3 A4 B3 B4
Trong do:
B] = (Al - Az.A4_1.A3)_1
BZZ -B].zﬁz.ﬁm-1
B3 = -A4_1.A3.B1

B4 = A4-1 - A4-1.A3.B2
(voi Ay va A4 phai 1a cac ma tran vudng).

1.4. SU PHU THUQC TUYEN TiNH VA HANG CUA MA
TRAN:

1.4.1. Su phu thudc tuyén tinh:

S6 cot ctia ma tran A(m x n) co thé viét theo n vecto cot hodc m vecto hang.
{C]} {Cl} ..... {Cl}
{1‘1} {1'1} ...... {1'1}

Phuong trinh vecto cot thuan nhat.
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pi{ei} +pafea} + .. T pafca} =0 (1.4)
Khitatca P, =0(k=1,2, ..., n).

Twong tu vecto hang 14 khong phy thudc tuyén tinh néu.
x=0(=1,2,..n).

Qin} T @i} + ... + qni{ta} =0 ’ (1.5)
Neéu px # 0 thoa man phuong trinh (1.4), thi vecto ¢4t 1a tuyén tinh.

Néu g, # 0 thoa mén phuong trinh (1.5), thi vecto hang 1a tuyén tinh.

Néu vecto cot (hang) ctia ma tran A 13 tuyén tinh, thi dinh thic cua A = 0.

1.4.2. Hang ctia ma tran:

Hang ctia ma tran 1 cap cao nhit ma tit ca cac dinh thirc con khac 0.
0 [ r(A) [ min(m, n) v&i A 1a ma tran kich thuéc m x n.

1.5. HE PHUONG TRINH TUYEN TIiNH:

Hé phuong trinh tuyén tinh cia m phuong trinh trong n hé sé duoc viét:
apxitapxy ...+ apXn =Yyi
aXitapxy .1t aXan =2
........................................ (1.6)

Trong do:
a;jj: Lah¢ s6 thuc hodc phtc ; x;: La bién s6 ; yj: La hﬁng sb cua hé.
Hé phuong trinh duoc biéu dién & dang ma tran nhu sau:
A X=Y (1.7)
Ma tran mé rong:

ap Ap e Gy )
A= ay Qyp o Gy, W
aml amZ amn ym

Néu y; = 0 thi hé phuong trinh goi 1a hé thuan nhat, nghia 1a: A.X = 0.

Néu mét hodc nhiéu phﬁn tr cua vecto y; # 0 thi h¢ goi 1a h¢ khong thudn nhat.

Pinh ly:

Piéu kién can va di dé hé phuong trinh tuyén tinh c6 nghiém 13 hang cta ma tran hé s6 bang
hang ctiia ma tran mo rong.

Hé phuong trinh tuyén tinh vo nghiém khi va chi khi hang ctia ma tran hé sb nho hon hang cua
ma tran mo rong.

Néu hang ctia ma tran r(A) =r(A) =r =n (sd 4n) ctia hé phuong trinh tuyén tinh (1.6) thi hé co
nghiém duy nhat (hé xac dinh).

Néu r(A) =r(A) = r < n thi hé phuong trinh tuyén tinh c6 vo s6 nghiém va cac thanh phan cia
nghiém phy thudc (n - r) tham s tiy y.
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CHUONG 2

GIAI PHUONG TRINH VI PHAN BANG
PHUONG PHAP SO

2.1. GIOI THIEU.

Nhiéu hé théng vat 1y phirc tap duoc biéu dién boi phuong trinh vi phan n6 khong c6 thé giai
chinh xéc bang giai tich. Trong ky thuét, nguoi ta thudng st dung cac gia tri thu dugce bang
viéc giai gan dung cua cac hé phuong trinh vi phén boi phuong phap s6 hoa. Theo cach do, loi
giai cua phuong trinh vi phén dang 1a mét giai doan quan trong trong giai tich s0.

Trong truong hop tong quat, thtr tyr cua viéc lam tich phan s6 la qua trinh tung budc chinh xac
chudi gia tri cho mbi bién phu thudc tuong tmg voi mot gia tri cua bién doc 1ap. Thuong tha
tuc la chon gia tri cua bién doc 1ap trong mot khoang cb dinh. Do chinh xac cho 10i giai boi tich
phan s phu thudc ca hai phwong phéap chon va kich thudc ctia khoang gia tri. Mot s6 phuwong
phap thuong xuyén dung dugc trinh bay trong cdc muc sau day.

2.2. GIAI PHUONG TRINH VI PHAN BANG PHUONG
PHAP SO.

2.2.1 Phwong phap Euler:
Cho phuong trinh vi phan bac nhét.

dy _
v f(x,y) (2.1)

y = g(x,¢)

Hinh 2.1: DO thj clia ham s6 tir
bai gidi phwrong trinh vi phan

Yo

0 X0

Khi x 13 bién doc 1ap va y 1a bién phu thudc, nghiém phuong trinh (2.1) s& c6 dang:
y=gxo , ‘ eR)

Vi ¢ la hang s6 da dugc xac dinh tur Iy thuyet trong diéu kién ban dau. Buong cong micu
ta phuong trinh (2.2) dugc trinh bay trong hinh (2.1). Tu cho tlep xuc véi duong cong, doan
ngan co thé gia sir 1a mot doan thang. Theo cach do, tai mdi diém riéng biét (xo,yo) trén duong
cong, ta co:

Ax

0

dy
Ay ~ —
Y dx

vei 2

y 12 d6 dbc cua dudng cong tai diém (xo,yo). Vi thé, tmg voi gia tri ban dau xo va yo, gia
X

0

tri méi ctia y co thé thu duoc tir 1y thuyét 1a Ax:
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