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CHUONG 1: SO PHUC
1. Dang dai s6 cia s6 phirc

S6 phuc 1a cac sb c6 dang z = X +iy trong d6 x, y 1 cac sb thue, con i 1a don vi 40.
Tap hop tat ca cac so6 phirc duoc ky hiéu la C. Vay

C={x+iy|x,y e R}

Trén tap hop C, ta dinh nghia cac phép toan cong va nhan sb phirc nhu sau
(x+iy) + (x> +iy?) = (x+x") + (y + ¥
(X +iy).(x* +1y") = (xx’ —yy’) + (xy’+xX’y)i

D& dang kiém tra dugc cac phép toan + va . déu cé tinh giao hoan va két hop. Phép cong
c¢6 phan tir trung hoa 13 0 va phép nhan c6 phan tir trung hoa 1a 1.

Tu dinh nghia ta suy ra i = (0 + 1.i).(0 + 1.i) = (0.0-1.1) + (0.1+0.1)i = -1.

Cac sb phtre thudong dugc ky hiéu ngan gon bang chit cai z. Ta thuong viét “Cho sb phic
Z=X+1y”.

Véi sb phtic z = x + iy thi a duoc goi 1a phan thuc cua z va duoc ky hiéu 1a x = Re(2), y
duoc goi 12 phan 4o cua z va duoc ky hiéu 1a y = Im(2).

Vi s6 phiic z = X + iy thi s6 phiic z=x—iy dugc goi 1a phire lién hop cia z. Ta c6 cac
tinh chit co ban sau day

1) z+z=2x;2.2=x>+Yy?

2) Z1+7'=1+7,27=27
Pai lugng Va? +b? duoc goi 1a mo-dun ciia s6 phire z va duge ky hiéu 14 |z|. Ta ¢ céc tinh
chat co ban sau (chirng minh!)

1) 2z’|=lzll2
2) lz+ 2| <z +]2’] o
Mot mot so phire z khac 0 déu co nghich dao cua n6. Cu thé tir dang thuc

225z
ta dé dang suy ra

z
77t = —
| z|

Tir day ta ciing suy ra quy tac chia hai s6 phtic nhu sau



Phép luy thira cac sé phtrc dugc thuc hién bing phép nhan tuan tu.

Cubi cung, ta xét bai toan khai cin sé phirc. Vi du, tim cin bac hai cia s6 phic 1 + i, tic
1a tim so phirtc z=x + iy sao cho z2=1 +1i. Ta ¢

Z2=1+i X°—y?+i2xy =1+i

& x2-y?=1, 2xy = 1. Giai hé nay ta tim dugc 2 gid tri cua z 1a

z=i%(\/2+2\/§+i\/—2+2\/§)

Bang phuong phap nay, ta c6 thé tim dugc cin bac hai cia mot sé phirc z bat ky. Tuy nhién,
viéc ap dung phuong phap twong tu cho cac cin bac Ion hon gap nhiéu kho khan. Rat may
mén 13 dé giai quyét van dé can ban nay, ta c6 thé str dung dang luong giac.
2. Dang lwong giac cia s6 phirc
S6 phtic z = x + iy ¢6 thé biéu dién nhu diém M c6 toa do (X, y) trong mat phang Oxy. Ta
goi Ox 1a truc thwc, Oy 1a truc 40 va Oxy la mit phang phirc. Pt r < z|= w/xz +y® va
goi @ la goc gitra OM va Ox thi ta co

a = rcoso, b = rsine
Tir d6 z = r(coso + ising). Pay chinh 12 dang lwgng giac cua sé phic z. Goc ¢ duoc goi
1a argument cua s6 phic z.
Dé thay rd su tién loi cua dang lugng giac, ta hiy xem két qua ciia phép nhan hai s phuc
¢ dang luong giac.
Gia su z = r(coso + ising), z’ =r’(cos@’ + ising’) thi

z.z> = r(cosp + ising)* r’(cosp’ + ising’) = rr’[(cos@COSp’ - Sinesing’) +
i(cospsing’ + cos@’sing)] = r[cos(p+@’) + isin(p+@’)].
Nhu vay phép nhén hai s6 phuc ¢ dang luong giac rat don gian: cac médun duoc nhan véi

nhau va cac argument dugc cong véi nhau. Tuong ty V&i phép nghich dao va phép chia:

1
z

= |k

(cos(—¢) +isin(-¢)), zi = rL (cos(p —¢") +isin(p—¢'))

Néu ap dung tuan ty quy tac nhan noi trén, ta dé dang chimg minh duoc cong thirc sau

[r(cose + ising)]" = r"(cos ne + sin ne)



Cong thirc nay duoc goi la cong thirc Moivre.

Str dung cong thic nay, ta c6 thé dé dang tinh luy thira cua mot sé phirc. Chang han néu
can tinh (1+i)1%, ta viét

1ti= \/§(£+i£) =V2(cosZ +isin %)
2 2 4 4
Tu do
L+0)° = [/2 (cos% +isin %)]100 = 2%°(cos 102” +isin 102”) = 2%

Chinh su don gian cta phép luy thira s& gitip ching ta ¢ thé khai cin dugc cac s phuc.
Gia str ta can tim can bac n cua s6 phuc z = r(cose + ising). Ta tim can dudi dang w =
p(cosg + ising). Theo dinh nghia, w 1a can bac n cua z khi va chi khi w" = z. Twr d6, ap dung
cong thirc Moivre, ta duoc

p"(cosng + isinng) = r(cose + ising)
Tu do suy ra

p:Q/F, n§=(o+2k7z<:>cf=£+2k—7z
n n

V61 k nguyén. Do tinh tudn hoan cta ham sd sinx va cosx, cic gia tri k cach nhau mot boi
SO cua s€ cho ta cac so phuc w bang nhau, vi vay chi can chon k=0, 1, ..., n-1 la da. Ta
c6 thé két luan

Pinh 1y. Cho n 12 s6 nguyén dwong 16n hon hay bang 2. z = r(cose + ising) véi r = 0 1a
mat s phirc. Khi d6 ¢6 ding n cin bac n cua z, 1a

W(cos(9+2k—”)+isin(9+2k—”)), k=01..n-1.
n n n n



Chuwong 2: HAM BIEN PHUC

I. HAM BIEN PHUC
1.1. Dinh nghia

Quy tic f cho tuong tng mdi z € A véi mot hay nhiéu gia tri w = f(z) € C duoc goi 1a
mot ham bién phic z

Tap hop A duoc goi 1a mién xac dinh (MXD) cua f
Tap hop B = {w|w = f(2),z € A} goi la tap gia tri cua f

Néu mdi z € A tng véi mét gié tri w = f(z) € C thi f duoc goi 13 ham don tri, néu mdi
z € A tng Vi nhiéu gid tri w = f(z) € C thi f duoc goi 1a ham da tri.

VD1: f(z) = - 1a ham don tri c6 MXD D = C\{0}

Trong D = C\{0}, w = f(z) = vz 1a ham hai tri
Tir diy vé sau ta chi xét ham don tri
VD2: Cho (z) = z — 3Im z. Tinh f(1), f(-2i), f(1-2i)
VD3: Cho f(z) = 3z + z? . Tinh f(-1+3i)
1.2.  Phan thwe va phan 4o ciia ham bién phirc
V&i mdi z € A, w = f(z) € C nén ta c6 thé viét: w = f(z) = u(x,y) + iv(x,y)

Céac ham u(x,y) = Re w va v(x,y) = Im w lan luot goi 1a phan thuc hay phan 4o cua
ham f(z)

VD4: Xac dinh phan thuc va phan a0 cia w = z% + (1 — i)z
VD5: Xic dinh phan thue va phan o ctia f(z) = z - -

1.3.  Giéi han cia ham bién phiic
» Dinh nghia
Cho ham bién phirc f(z) x4c dinh trong 1an can cua zo (c6 thé trir diém zo). S6 phuc
a # oo dugc goi la gidi han cua f(z) khi z—zo, ki hiéu lim f(z) = a,
z

-Z
nfuve > 0,36 >0: |z—2)| <6 =>|f(2) —a| =¢

Ham phtrc f(z) duoc goi 1a c6 gidi han oo khi z—zo, ky hiéu lim f(z) = oo, néu
z—Z

VM >0,36 >0: |z—2,| <8 =>|f(2)|=M



Cac gigi han lim f(z) = a, lim f(z) = o dugc dinh nghia tuong tu.

» Dinh ly
Néu ham phuc f(z) = u(x,y) + V(X,y), Zo = Xo + iyo vi a = a + if thi

lim f(z) =a & xl_LICIOl u(x,y) =a, xlj)gl()l v(x,y) =P8
z=%o0 y-¥o y-¥o

Khi d6 viéc tinh gii han ham phirc dwoc chuyén thanh viéc tinh giéi han hai ham
bién thuc. Do d6, cac tinh chét va phép tinh gidi han ham phirc trong tw nhu ham thyc.

1.4.  Ham s lién tuc
» Dinh nghia

Cho ham sé f(z) x4c dinh trong mién chtra zo. Ham f(z) duoc goi 1a lién tuc tai diém
zo néu lim f(2) = f(z,).

Z-Zg

Ham f(z) duoc goi 14 lién tyc trong mién B néu f(z) lién tuc tai moi diém z € B.

» Nhdn xét

- Néu f(2) = u(x,y) + iv(x,y) lién tuc tai zo = Xo + iyo thi u(x,y) va v(x,y) lién tuc tai
(Xo,Yo)
VD6: a. lim (z2+i) =1 +i)?*+i=3i

Z-1+1

b.Ham phuc f(z) = I= Ll =X ixz_:;z lién tuc trén C\{0}.

z  x+iy  x%+4y?2

I1. PAO HAM CUA HAM BIEN PHUC
2.1. Pinh nghia

Cho ham s6 w = f(z) xac dinh trong mién D chta diém z = x +iy. Cho z mét s6
gia Az = Ax + iAy. Goi Aw = f(z + Az) — f(2) 1a sb gia twong tng cua f(z). Néu ti sb
AA—(;) dan téi mot gigi han xac dinh khi Az — 0 (theo moi cach) thi giéi han dé duoc goi 1a
dao ham cia w = f(2) tai diém z. Ki hiéu: f(2).

Tacé: f'(z) = AlimOAA_‘: = Alimow
z= Z—>

Chu y:
- f(z) c6 dao ham tai diém z thi duoc goi 1a kha vi tai diém z
- f(z) c6 dao ham tai di€m z thi dugc goi la lién tuc tai z
- Pao ham ctia ham bién phirc c6 céc tinh chat va quy tac twong ty nhu ham bién s6
thuc



VD1: Tinh dao ham cac ham bién phtc sau:

a) f(z)=2° b)f(z) =2
2.2.  Diéu kién kha vi Cauchy — Riemann (C-R)
> Dinhly:

Néu ham f(2) = u(x, y) + iv(x,y) kha vi tai z = x + iy thi cac ham hai bién thuc
u(x,y) va v(x,y) kha vi tai (x,y) va c6 cac dao ham riéng tai (X,y) thoa diéu kién C — R:

u, =7
{ r * 31/ (C'R)
u'y, = —vy

Chii y: Ham u(x, y) va v(x,y) khd vi khi dao ham cap 1 ciia né lién tuc

Nguoc lai, néu cac ham hai bién thuc u(x,y) va v(x,y) ¢6 cac dao ham riéng lién tuc
tai (x,y) va thoa diéu kién C — R thi ham f(z) = u(x,y) + iv(x,y) kha vi tai z = x + iy
vaf'(z) =u', +iv,

Hé qud: (Cong thuc tinh dao ham)
ff@=u+iv,=v,—iu,=v,+iv,=v,—iv,
VD2: Xét su kha vi cua cac ham phurc sau:

a) w= z?
b) f(z) = z.Rez
C) w=3Rez— Z

Chu y:

- Céhc quy tic tinh dao ham cua téng, hiéu, tich, thuong, ham hop va cac cong thirc
tinh dao ham co ban cta ham thuc van ap dung dugc cho ham phuc.

- Véix = %Z_, y = Zz;lz_ va w = f(z) =ulx,y)+iv(x,y) dugc xem nhu ham 2
bién z, z. Khi d6, diéu kién Cauchy — Riemann twong dwong voi % =f';=0
VD3: Xét su kha vi cua ham f(z) = 2x — 4iy

2.3.  Ham giai tich va ham diéu hoa
» Ham giai tich

Ham w = f(z) goi 1a giai tich trong mién D néu n6 kha vi tai moi diém thuéc miénD

Ham w = f(2) goi la giai tich tai zo néu ton tai 1 1an can nao dé cua zo sao cho f(2)
kha vi trong lan can do

VD4: a) Him w = z khong gidi tich Vz € C

b) Ham w = z™ kha vi tai Vz € C nén giai tich trong C



z
1+z2

c) Him w = giai tich tai Vz € C{%i}

Hai diém z = +i 1a diém bét thuong caa ham w
> Ham diéu hoa
Ham bién thuc u(x,y) duoc goi 1a ham diéu hoa trong mién D néu u(x,y) thoa
phuong trinh Laplace: Au =u",2 + u",2 = 0

VD5: a) Himu = x? — y? laham diéu hda viu",2 + u"j2 = 0

b) Ham u = In(x? + y?) 1a ham diéu hoa trong toan mat phang trir g¢ toa do.
2.4. Quan hé giira ham giai tich va ham diéu hoa
> Dinhly1

- Néu ham f(2) = u(x, y) + iv(x, y) 1a ham giai tich trong mién D thi u(x,y) va
v(x,y) 1a cac ham diéu hoa trong mién D

VD7: Cho ham phic w = e* (cos y + isin y) giai tich trong C. CMR: cic ham u =
e* cos y,v = e* sin y 1a cac ham diéu hoa.

> Pinh ly 2

- Néuu(x,y) vav(x,y) 12 hai ham diéu hoa lién hop (nghia 13 thoa diéu kién Cauchy
— Riemann) trong D thi ham f(z) = u(x, y) + iv(x, y) giai tich trong D

Chii y: Cho trugc mot ham diéu hoa, ta c¢6 tim dugc ham diéu hoa lién hop véi nd

(sai khac 1 hang sd). Vi vdy, khi cho trudc phan thyc hoac phan 4o cuia mot ham giai tich,
ta c6 thé tim duoc ham giai tich d6 (sai khac 1 hang sd)
VD8. Tim ham giai tich ctia ham f(z) biét phan thuc u = x? — y? + 2x va f(0) =0
VD9: Tim ham giai tich f(z) biét phan a0 v(x,y) = e*siny
IV. CAC HAM SO SO CAP
4.1. Ham hiru ti

aozn +a1Zn_1 +a2Zn_2 + "'+ an
bozm +b12m_1 +b22m_2 + "'+ bm

f(2) =

» Cdc trwong hop riéng ciia ham hipu ti

- Hamtuyén tinh: f(z) =az+b,D =C

- Ham luythva: f(z) = z",n€Z,D=C

- Hamdathic: f(z) = agz™ + a2z ' +a,z" % +++ a,,D=C

az+b D= C\{—%}

- Ham phan tuyén tinh: f(2) =

cz+d



4.2. Ham mii va Logarit
a) Ham mii: e = e**% = e*(cosy + isiny)

% Tinh chat
- Néuz = x thie? = e*
- lefl=1e*| >0

- eligZ2 = gZ1tZ

- Ham w = e? tuan hoan véi chu ky 2mi

- Ham w = e? kha vivéi moi z € Cva(e?) = e”
b) Ham logarit w = Lnz

» Pinh nghia:
Véi z =1 (cosp + ising) = r.e'?, ta co:
Inz=Inr+i(p +k2r),(0 < ¢ <2m)
Chon k =0 va ky hiéu Lnz ta dugc
Inz=Inr+ip,(0 < ¢ <2m)

> Tinh chat:

- Ham Lnz la ham don tri xac dinh C\{0}
- Ln(z;.z;) = Lnz; + Lnz,

- Ham w = Lnz kha vi vz € C\{0} va (Lnz)' =

V4

1

4.3. Cac ham lwgng giac va hyperbol
- Ham cosin: cosz = %(eil + e~1%)

. 1, _
-  Ham sin: sinz =Z(e‘2—e 1z)

—Z

- Ham cosin hyperbolic: chz = eZ-I-Ze = cos(iz)

—-Z

- Ham sin hyperbolic: shz = ez_ze = — sin(iz)

Tat ca cac tinh chat va cong thire lwong giac da biét ciing diing vé6i cac ham luong
giac phuc

Céc ham lugng hyperbol x4c dinh va lién tuc trén C



CHUONG 3: TICH PHAN CUA HAM PHUC

I. TICH PHAN PUONG CUA HAM PHUC
1.1 Pinh nghia

Cho duong cong dinh hudng Joran C, tron tirng khuce, c6 phuong trinh:

z(t) = x(t) + iy(t), t: a = b va ham phuc f(z) xac dinh lién tuc trén C. Chia C thanh n
diém chia lién tiép: z(a) = zy, 21, wo. .., 2, = z(D).

Trén mdi cung z,_,z, ta chon tuy y diém t, (k =1,n) va lap tong
Sn = Z f (tk)(zk - Zk—l)

k=1

Néu khi |Az,|= |z, — zx_11— 0, t6ng S,, dan dén gidi han 1a I € C (khong phu thudc

vao cach chia va chon diém t,), thi I duoc goi 1a tich phan cua f(z) doc theo C hudng tir z,
dén z,. Ki higu [ f(z)dz

max |Azy|- 0
1<ksn

vy [ @ae = dim S 60 - 7
c k=1

Néu duong cong c6 diém dau va diém cudi lan luot 13 A, B thi ta ky hiéu I f(z)dz.
AB

Néu duong cong C c6 diém dau va cudi trung nhau thi ta ky hiéu [ﬁ f (z)dz véi chiéu cua
C
C 1a chiéu duong.
1.2 Tinh chét

Tich phan duong ham phuc doc theo dudng cong C cb cac tinh chat nhu tich phan
duong loai 2:

1.L [f(2) + bg(2)]ldz = afc f(z)dz + bjc g(z)dz

2.NéuC = C,uUC,vaC, nC, = @ thif f(Z)dZ = f(Z)dZ + f(Z)dZ
C C;

C1

3.| f(2)dz= —f f(z)dz
AB BA



