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Cuc tri (cuc dai, cuc tiéu) ctia mot ham 16i trén mot tap 10i ¢6
nhiing tinh chat riéng, ly thu. Su nghién cttu vé tinh chat cuc tri
cia mot ham 16i trén mot tap 16i 1a mot dé tai quan trong cta ly
thuyét t6i wu. Chuong nay trudc hét gidi thiéu mot sb tinh chat
chung vé cuc tiéu va cuc dai cia mot ham 16i trén mot tap 16i.
Tiép theo trinh bay vé hang ctia ham 13i, dai lugng do "mtc do
phi tuyén" ctia né. Tinh chat cyc tri cia ham 16i ¢6 lién quan chat
ché v6i cac bat dang thiic 10 sé dugc dé cap trong phan tiép theo.
Cudi chuong la cac dinh ly Helley vé su tuong giao ctia cac tap
16i.
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9.1. Cuc dai va cuc tiéu caa ham 16i

Trong nhiéu van dé tng dung ta thudng gap bai toan tim cuc
tiéu hoac cuc dai cia mot ham 16i trén mot tap 16i. Hai bai toan
nay c6 nhirng tinh chat co ban rat khac nhau. Tuy nhién tinh chat
16i kéo theo nhiing dac thu riéng cho méi bai toan. Lgi dung cac
tinh chat nay, ngudi ta da dua ra dugc nhitng phuong phép giai
quyét khac nhau cho méi bai toan ké trén.

Pinh nghia 9.1. Cho C C R" khac rong va f : R" — R. Mot
diém x* € C duoc goi la cuc tiéu dia phiong cda f trén C néu ton
tai mot 1an can U cua x* sao cho

f(x*) < f(x) ¥x e UNC.

Diém x* € C dugc goi la cuc dai dia phiong néu
flx) < f(x")vVxeUunc.

Néu
f(x) = f(x") Vx € C,

thi x* dugc goi 1a cuc tiéu toan cuc hay cuc tiéu tuyét doi cua f trén
C, vanéu

f(x) < f(x") Vx € C,

thi x* dugc goi la cuc dai toan cuc hay cuc dai tuyét ddi ctia f trén
C.

Cuc tiéu ham 16i. Ménh dé du6i day cho thay moi diém cuc tiéu
dia phuong ctia mot ham 16i trén mot tap 16i ciing chinh 1a diém
cuc tiéu tuyét doi. Diéu nay rat quan trong vi n6 cho phép st
dung cac cong cu mang tinh dia phuong nhu phép tinh vi phan
trong viéc xay dung ly thuyét va cac phuong phap giai cho bai
toan nay.
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Ménh d@é 9.1. Cho f : R* — R U {+oco} 16i. Khi d6 moi diém cuc
tiéu dia phuong ciia f trén mot tap 16i déu la cuc tiéu toan cuc. Hon
nita tdp hop cdc diém cuc tiéu cia f la mot tdp 16i. Néu f 16i chit, thi
diém cuc tiéu, néu ton tai, sé duy nhdt.

Chirng minh. Cho C C R". Gia st x* 1a diém cyc tiéu dia phuong
ctia f trén C. Khi d6 ton tai 1an can U ctia x* sao cho

flx) > f(x")vVx e UNC.

Véimoix € C,va0 < A < 1,do Cl6i va U 1a lan can ctia
x* € C,nén diém x, := (1 — A)x* + Ax € CN U khi A da nho.
Do f(x*) < f(x;) vaf 1di, ta c6

f(xF) < flan) < (T=A)f(x) +Af ().

Tir day suy ra f(x*) < f(x). Ching t6 x* 1a cyc tiéu toan cuc cta
f trén C.

Gia st x*,y* € C la cac diém cyc tiéu cta f trén C. Vay
f(x*) = f(y*) < f(x) v6imoi x € C. Lay z* := Ax* + (1 — A)y*,
v6i0 < A < 1.Do C16i, nén z* € C va dofléi, nén

fZ) <A + (A= A)f(y7) < f).

Suy ra z* cing 1a diém cyc tiéu ctia f trén C. Ching to tap cac
diém cyc tiéu cda f trén C la 16i. Dé thay rang tap hop nay chi
gdm nhiéu nhat mot diém khi f 16i chat. O

Ménh dé trén mang tinh chat dinh tinh. Ménh dé dudi day
mang nhiéu tinh chat dinh lugng. Ta hay xét bai toan tim cuc tiéu
mot ham 16 trén mot tap 16i ¢6 dang sau:

min f(x) véi cac diéu kién
gi(x) <0,i=1,..,m,
(OP){ h(x) =0,j =1,k
xeX
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trong d6 X C R" la mot tap 16i dong khac trong va f, g (i =
1,...,m) la cic ham 16i hiru han trén X, con hj (j=1,..,k)lacac
ham a-phin hiru han trén tap a-phin ctia X. Ta sé luon gia st rang
X ¢6 diém trong va cac ham a-phin k; (j = 1,..., k) doc lap tuyén
tinh trén X, theo nghia, néu 2;(21 pihi(x) = 0 v6i moi x € X, thi
uj = 0 voi moij.

Bai toan (OP) nay dugc goi la mét quy hoach 16i. Ham f dugc
goi 1a ham muc tiéu. Cac diéu kién x € X, g;(x) <0 (i = 1,..m),
hi(x) =0, (j = 1,..., k) duoc goi la cac rang budc. Tap

D:={xeX|gx)<0i=1,..,mhij(x)=0,j=1,..k}

duogc goi la mién chép nhan dugc. Mot diém x € D duagc goi
la diém chdp nhan dugc ctia bai toan (OP). Do X 1a tap 10i, cac
ham g; (i = 1,...,m) 16i trén X va hi (j =1,..., k) a-phin, nén D la
mot tap 10i. Diém cyc tiéu cua f trén D cling duge goi 1a nghiém
t6i wu ctia bai todn (OP). Ta xay dung ham sau, dugc goi 1a ham
Lagrange, cho bai toan (OP):

m k
L(x, A, p) := Aof(x) + ;Aigi(x) + Z;thj(x)-
i= j=

Dua vao ham Lagrange, ta c6 két qua sau:

Dinh 1y 9.1 (Karush-Kuhn-Tucker). Néu x* la nghiém ctia bai todn
quy hoach 16i (OP), thi ton tai Af >0(G =0,1,..,m)ova y]’-‘ (G =
1,...,k) khong dong thoi bang 0 sao cho

L(x*, A%, u*) = mi)r(l L(x, A*, u*) (diéu kién dao ham triét tiéu)
xe

Argi(x*) =0 (i =1,..,m) (diéu ki¢n do léch bir)

Hon nita néu intX # @ va diéu kién Slater sau thod man

I eD:g(x®)<0(i=1,.,m)
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thi Ay > 0va hai dieu kién dao ham triét tiéu va do léch bil & trén, ciing
la diéu kién du dé diém chap nhan duoc x* la nghiém toi wu ciia bai
todn (OP).

Chung minh. Gia sit x* la nghiém cta (OP). Dat
C:= {()\01 /\11 e )\H’U Ui -y ‘uk)| (Elx € X) :
flx) = f(x*) < Ag,gi(x) < Api=1,.,mhi(x) =p;jj=1,.,k}

Do X # @ 16i, f, g 16i va h]- a-phin httu han trén X, nén C la
mot tap 16i, khac trong trong R 1. Hon ntta 0 ¢ C. That vay,
vinéu trai lai 0 € C, thi ton tai mot diém chip nhan duge x thod
man f(x) < f(x*). diéu nay mau thuan véi viéc x* 1a nghiém t6i
uu cuaa (OP).

Khi d6 theo dinh ly tach 1, ton tai Af(i=0,1,..,m), y;‘ (j =
1, ..., k) khong dong thai bang 0 sao cho

m k

/\?‘/\i—f— ‘Ll;-k‘u]' > OV(/\o,...,/\m,yl,...,yk) e C. (9.1)
i=0 j=1

Chd y rang v6i moi Ag, ..., Ay > 0, thi (Ag, ..., Ay, 0,...,0) € C, vi

theo dinh nghia ctia C ta chi ldy x = x*. Tix chd y nay, ta suy ra

ngay tat ca Ay, Ay, Ay > 0. Hon nira, véi moi e > Ova x € X,

talay Ao = f(x) — f(x*) + € A = gi(x) (i = 1,..,m), p; = hj(x)
(i =1,...,k) rdi thay vao (9.1) va cho € — 0, sé dugc

m k
Aof(x) + 2?\?&'(@ + Eﬂfhi(X) >

m k
Aof(x™) + ZA}"gi(x*) + Zy?h,—(x*) Vx € X.
i—1 i—1

Hay
L(x*, A%, u") < L(x, A", u*) Vx € X.
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Day chinh 1a diéu kién dao ham triét tiéu.

bé chiung minh diéu kién do léch b, ta chu y rf?mg do x* chép
nhan dugc, nén g;(x*) < 0 v6i moi i. Néu nhu ton tai mot i nao
dé ma g;(x*) = ¢ < 0, thi véi moi € > 0, ta cd

(€,..,¢,€..,€60,.,00 € C(govitritha i+ 1)

Thay vao (9.1) va cho € — 0, ta thdy A7¢ > 0. Nhung ¢ < 0, nén
A7 < 0.Suy ra A = 0. biéu kién do léch bu do dé cung duogc
thoa man.

Dé ching minh diéu kién du, ta gia st diéu kién Slater thoa
man. Ta c6 Ay > 0. That vay, vi néu Ay =0, thido diéu kién dao
ham triét tiéu va diéu kién do léch bu, ta c6

k m
0= Afgi(x™)+ ) pih(x* Z +Zy x)Vx € X.
i=1 j=1 i=1
Thé nhung do A} = 0, nén phai ¢6 hodc A} > 0 v6i mot i nao
d6, hodc néu A7 = 0 vdi moi i, thi sé ¢6 y;‘ > 0 v6i moét j nao do.

Trong trudng hop dau, thay 10 vao bat dang thiic trén, sé dugc
m k m 0 k 0

0= Argi(x")+ ) pihi(x™) < Y Afgi(a) + ) uihi(x”) <o.
— j=1 i=1 j=1

Mau thuan.

Trong truong hop sau, ta ¢

k
0=y uh(x") < Zy}kh x) Vx € X.
=0

Do intX # @ va hj a-phin v6i moi j, nén tu day suy ra
Z _oHjhj(x) = 0Vx € X. Tir day va do cac ham h; dcfxi lap tuyén
tmh trén X, ta c6 pt;‘ = 0 v6i moi j. Piéu nay mau thuan véi viéc
tat cd cdc nhan tir A} va #; khong dong thoi bang 0. Vay A5 > 0.
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Do Aj > 0, nén bf?mg cach chia cho Aj > 0, ta c6 thé coi ham
Lagrange la

m k

L(x, A, ) = f(x) + ) Aigi(x) + ) wihj(x)
i=1 =1

Do diéu kién dao ham triét tiéu va do 1éch bui, nén véi moi x chap

nhan dugc, ta co:

k
f(x*) = fo(x +Z/\zgz +2thj(x
=

i=1

m k
x)+ Y Aigi(x) + Z uihi(x) < f(x)

i=1
Chung to x* 1a 16i giai t6i uu ctia (OP). .

Chuy. Khi X la tap md (ndi riéng la toan khong gian) va moi ham
déu kha vi, thi diéu kién dao ham triét tiéu sé la

0= A5V fo(x*) + ZA*Vg] )+ Zy, Vhi(x*).

=
Cuc dai ham 16i Céc tinh chat cuc dai ctia mot ham 161 khac han
cac tinh chat vé cuc tiéu ctia né. Cu thé ta thy rang cuc dai dia
phuong ctia mot ham 16i khong nhat thiét 1a cuc dai tuyét doéi. Vi
du ham f(x) = x? ¢6 diém cuc dai dia phuong trén doan [—1, 2]
la x = —1, nhung diém cuc dai tuyét dbi lai la x = 2. Néu xét
ham nay trén doan [—2,2] ta thay tap cac diém cyc dai tuyét d6i
ctia n6 trén doan nay 1a khéng 16i vi né chi gdm hai diém —2 va
2. Duoi day, néu khong néi gi thém, ta luén hiéu cuc dai 1a cuc
dai tuyét déi.

T dinh nghia ham 16, ta théy ré“mg, néu f 16i chinh thuong
trén mot tap 16i C va a,b € C, thi v6i moi x thudc doan (a, b), tic
lax=A+(1-A)b0<A<1,tacd

f(x) < Af(a) + (1= A)f(b) <max{f(a),f(b)}.


Le Dung Cuong
Note
cho them Dinh ly Kuhn-Tucker nhu la he qua
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Tir day suy ra rang cuc dai ciia mot ham 13i f trén mot doan |[a, b]
dat tai dau mut ctia doan d6. Mot cach t6ng quat ta co:

Ménh dé9.2. (i) Gid sit f la mot ham 16i chinh th trén R" va
C C R" la mot tdp 16i. Khi d6 néu f dat cuc da’trén C tai mot
diém trong twong doi ciia C, thi f la hang s6 trén C.

(ii) Néu f la mot ham 161, chinh thuong trén R" va bi chin trén trong
mot tdp a-phin, thi né la hing sé trén tip nay.

Ching minh. (i) Gia st a € riC 1a diém tai d6 f dat cuc dai cua
n6 trén C. Theo tinh chat cta diém trong tuong ddi, nén voi moi
x € C,déutdn taiy € Csaochoa € (x,y). Do f(x) < f(a),
f(y) < f(a), va f 13i, theo nhan xét & trén, ta suy ra f(x) = f(a).

(ii) Néu f khong la hang sb trén tap a-phin M, c6 nghia la
ton tai a,b € M sao cho f(a) < f(b). Moi diém x thudc nira
duong thang xuét phat tir a va c¢6 huéng b — a déu c6 dang x =
a+ A(b—a)vai A > 0.Khido

1 A—1

b:Xx‘i‘ 1

a.

Véi moi A > 1, theo tinh 16i cta f ta c6

F) < 2F() + 2 fa).

Tir day va do gia thiét f(x) < m < co véi moi x € M, ta suy ra

F) ~ f@) < 3 £(x) 1 £(@) < 1 [m — f(@)]

Diéu nay ding véi moi A > 1, nén khi cho A — +o00 & vé phai, do
f(a) hitu han, nén vé phai tién t6i 0, trong khi d6 theo gia thiét,
vé trai f(b) — f(a) > 0. Mau thuan. Vay f phai 1a hang sb trén
tap a-phin M. U


Le Dung Cuong
Note
huu han
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Hé qua 9.1. Néu mot ham 16i dat cuc dai trén mét tip 16i c6 diém cuc
bién, thi cuc dai sé dat tai mot diém cuc bién cia tdp 16i do.

Chirng minh. Gia st x* 1a diém cuc dai ctia f trén tap 16i C.
Néu x* khong phai diém cuc bién cta C, thi ton tai a,b € C va
A € (0,1) sao cho x* = Aa + (1 — A)b. Theo (i) ciia Ménh dé 9.2,
ta co: f(x*) = f(x) véi moi x € [a,b]. O

Hé qua 9.2. ChoT := {Ad|A > 0} vaT, :=a+T vsiad € R"
Gid sit f la mot ham 16i chinh thuong trén R va f bi chin trén trén
nita duong thang T,. Khi d6 f bi chin trén trén moi nita duong thing
song song vdi T,. Ngodi ra cuc dai ciia f trén nita duong thing T, dat
tai dau miit ciia né.

Chirng minh. Do f bi chan trén trén tia T;, nén T, C domf. Néu
I'y//Ta,thiTy, C domf. O
Theo Hé qua 9.2 tinh bi chin trén cta mot ham 16i trén mot
ntrta dudng thang khong phu thudc vao dau mit ctia nira duong
thang ma chi phu thudc vao huéng cta né.

9.2. Hang ctia ham 16i

Tir dinh nghia, ta da thdy rang mot ham a-phin 1a mot ham
vira 16i vira 16m. Trong trudng hop nay bai toan cuc dai hay cuc
tiéu ham tuyén tinh déu c6 tat ca cac tinh chat vé cyc tiéu va cuc
dai ham 16i, néu & muc trén. Diéu nay goi y dén viéc xem xét
"muc d6 tuyén tinh" ctia mot ham 16i.

Mot cau hoi duoc dat ra 1a: néu mot ham 16i khong la ham a-
phin, thi "muc d¢ phi tuyén "ctia né nhu thé nao. Hang ctia mot
ham 16i chinh la dai lugng do mitc d6 phi tuyén ctia né.

Gia stt f 1a mot ham 16i chinh thuong trén R”. Khi d6 véi méi
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x € R, tap
Le(a) :=={x: f(x) < a}

1a 16i. Tap nay thuong duoc goi 1a tdp miic dudi. Tap

Up(a) :={x: f(x) > a}
duogc goi 1a tap muic trén.
Di nhién khi « cang 16n, thi tdp mic dudi ung véi né cang
rong. Tuy nhién tat ca cac tap muc dudi déu c6 chung mot non
It1i xa va mot khong gian thang. Cu thé ta c6 ménh dé sau:

Ménh dé 9.3. Cho f la mot ham 16i, chinh thuong, niza lién tuc dudi
trén R". Khi d6 tat ci cdc tdp mitc dudi Lg(a) (néu khic rong) déu co
chung mot non lii xa va mot khong gian thang. Non liti xa la tdp hop
hieong ciia cdc nita duong thing, theo do ham f bi chin trén, con khong
gian thang la khong gian con song song vdi khong gian a-phin trén do
f 1a hing so.

Chitng minh. Gia st T, 1a mot hudng xudt phat tir a, theo d6 f
bi chan trén. Véi batky a € Rvaa € Lg(a), do f 16i va bi chan
trén trén I';, nén cuc dai caa f trén I, dat tai dau mut a. Tuc la
f(x) < f(a) véimoi x € Ty. Suyra Ty, C Lf(f(a)).

Ngugc lai, néu I'; 1a mét huéng thudc non I xa cda tap muc
dudi L¢(a), thi Ty C Le(a) véimoia € Ly(a). Vay f(x) < a voi
moi x € I',. Chiing t6 f bi chan trén trén nira dudng thang T,.

Phan khang dinh vé khong gian thang ctia tap mitc dudi néu
trong ménh dé dugc suy ra tir dinh nghia ctia khong gian thang
va tinh chat 1a mot ham 16i bi chin trén trong mot tap a-phin, sé
1a hang s6 trén tap do. 4

Theo Ménh dé 9.3 moi tap mitc dudi cia mot ham 16i, chinh
thuong, ntta lién tuc dudi déu o chung moét non lui xa va mot
khong gian thang. Nén nay dugc goi la ndn lii xa , con khong
gian nay dugc goi la khong gian hang ctia ham sb.
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V6i tu cach 1a mot tap 16i trong khong gian R"H1, trén do thi
ctia mot ham 16i f ciing c6 mot khong gian thang. Hinh chiéu cia
khong gian thang ctia epif trén R" dugc goi la khong gian thing
ctia f. Ta sé ky hiéu L(f) 1a khong gian thang ctia f. Nhu vay

L(f) ={y € R"[3t € R: (t,y) € L(epif)}.
Ménh dé duéi day cho thay ciu triic ctia khong gian thang ctia f.
Ménh dé 9.4. Gid sit f la mot ham 16i chinh thuong trén R". Khi do
y € L(f) khi va chi khi ton tgi t € R théa man

f(x+Ay) = f(x) + At Vx € domf, VA € R.

Néu f dong, thi trong cong thikc trén cé thé thay vdi moi x € domf bdi
vdi mot x € domf.

Chirng minh. Theo dinh nghia, (y, t) thudc khong gian thang ctia
epif khi va chi khi

(x, f(x)) + Ay, t) € epif, Vx € domf, VA € R.

Tuc la
flx+Ay) — At < f(x) YA € R.

Vay ham 16i mot bién ¢(A) := f(x + Ay) — At bi chan trén trong
R. Theo Ménh dé 9.2,¢ 1a hang s6 trén R, va do dé6

f(x+Ay) — At = f(x) VA

Trong truong hop f déng, tic 1a epif déng, thi diéu khang
dinh sau ctia ménh dé dugc suy ra tu su kién (Ménh dé 1.7) 1a
mot véc-to y thudc nén cac phuong vo han ctia mot tap 16i dong
C khi va chi khi

x+AyeC, VA >0
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voi moét x € C. ]

Theo cong thic (9.1) ham ¢(A) := f(x + Ay) la mot ham a-
phin khi y € L(f). Nhu vay L(f) la tap hgp cac huéng y trén do
ham f a-phin. Ky hiéu linf la thi nguyén (s6 chiéu) ctia khong
gian thang L(f). Nhu vay linf chinh 1a dai lugng do "mic do
tuyén tinh" cta f va do dé

rankf := dimf — linf

sé la dai luong do "mitc d6 phi tuyén" ctia f va né duoc goi la
hang cta f. Nhé rang dimf 1a s6 chiéu ctia tap hiru dung cta f.

Khéi niém vé hang ctia mot ham 16i ¢6 vai tro rat quan trong
trong van dé phan ra cac bai toan phi tuyén. N6i chung trong hau
hét cac linh vuc cta todn hoc tinh toan, cac bai toan phi tuyén
thuong khé gidi hon nhiéu so véi cac bai toan tuyén tinh cting
loai. Ngay vdi cac thé hé may tinh hién nay, khi da co thé giai cac
bai toan tuyén tinh véi s6 bién khé 16n thi viéc gidi cac bai toan
phi tuyén cting loai chi méi thyc hién dugc trén cac bai toan c6
s6 bién kha nho so v6i cac bai toan tuyén tinh. Trong tinh huéng
nay mot cau hdi ty nhién duge dit ra la phai phan loai cac "bién
phi tuyén" tic 1a cac bién 1am cho bai toan trd nén phi tuyén va
cac "bién tuyén tinh" dé xr Iy mot cach riéng biét. Tir d6 c6 thé
phan ra bai toan dang xét thanh cac bai toan phi tuyén va tuyén
tinh, theo d6 trong cac bai toan phi tuyén chi c¢6 su tham gia ctia
cac bién phi tuyén hodc it ra 1a cac bién phi tuyén chi tham gia
trong cac phép toan gay nén tinh kho giai ctia bai toan. D minh
hoa ta hay xét bai toan toi uu

max{f(x) :x € D C R"}, (9.2)

trong d6 f 1a mot ham toan phuong 16i cho bai

k n
f(x) == f(x1, .., xn) = Zij]Z + Y Ajx; (9.3)
=1

j=k+1
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v6iA; >0 (j =1,.., k) va D la mot tap 16i da dién, vi du D dugc
cho bai
D:={x=(x1,..,x,) > 0: Ax = b},

v6i A 1a mot ma tran thyc cadp m x n, b € R™. Dé dang kiém tra
rang dimf = n va rankf = k.

Bai toan (9.2) la mét bai todn quan trong ctia t6i wu toan cuc vi
rat hay gdp né trong nhiéu ting dung nhu kinh té, sinh hoc v.v...
Chu y rang khi k = 0, thi f la ham tuyén tinh, va do d6 (9.2) tr&
thanh mot quy hoach tuyén tinh. Cac thuat toan da c6 hién nay
c6 thé giai bai toan qui hoach tuyén tinh nay véi s6 bién lén dén
hang triéu. Tuy nhién van dé trd nén phirc tap khi k > 0. Nguoi
ta da ching minh rang khi k du1 chi bang 1, thi (9.2) da thuoc 16p
bai toan kho giai, goi 1a 16p N P-kho, trong khi k = 0 bai toan (9.2)
1a mot quy hoach tuyén tinh, ¢6 thé gidi dugc bang cac thuat todn
c6 thoi gian da thic. Vé mat ly thuyét, da c6 nhiéu phuong phéap
giai bai toan (9.2). Tuy nhién cac thuat toan khong st dung dén
rankf chi c6 thé gidi dugc bai toan trén véi sb6 chiéu n kha nhé
(khoang 20) ngay ca vdi cac thé hé may tinh hién nay. Thé nhung
néu dé y rang do rankf = k, nén c6 mot khong gian véi s6 chiéu
1a n — k ma trén d6 ham f tuyén tinh va vi vay tinh phi tuyén ctia
f chi con han ché trén mét khong gian k chiéu. Diéu nay rat c6 y
nghia khi k it nhé so véi n. Dya vao nhéan xét nay ngudi ta da
xay dung dugc cac thuat todn giai bai toan (9.2) véi sb chiéu n
kha 16n, mién la rankf vira nho.

9.3. Bat dang thirc 16i

Cho D C R" la mét tap 16i va fi,...fm 1a cac ham 13i trén R™.
Hé bat dang thic

xeD,fi(x) <=0,iel



140 Nhép mén gidi tich 10i ving dung

duoc goi l1a hé bit ding thiic 16, trong d6 I 1a tap chi s6 va ky hiéu
<= c6 thé hiéu la < hoac <.

Hé bat déng thitc 16i xuat hién trong nhiéu tng dung. Do tinh
chat ctia ham 13i, tdp nghiém ctia mot hé bat déng thic 16i ludén
1a mot tap 16i. Dya vao céac dinh ly tach, ta c6 thé dua ra nhitng
diéu kién can hodc/va dt vé su ton tai nghiém ctia mot hé bat
dang thirc 16i.

Ménh dé 9.5. Gid sit fo, fi1, ..., fm 1 cdc ham 16i hitu han trén tp 16i
D # @. Khi do h¢é

xeD,fi(x)<0,i=0,1.,m (9.4)
khong cd nghiém, khi va chi khi ton tai cic so A; > 0 (i = 0,1...,m)
khong dong thoi bang 0 sao cho
m
Y Aifi(x) > 0Vx € D. (9.5)
i=0

Ngoai ra néu cé diéu kién chinh quy Slater: ton tai x° € D, f;(x) < 0
voimoii=1,..,m,thi Ag > 0.

Chirng minh. Diéu kién du la hién nhién, nén ta chi can ching
minh diéu kién can. Gia st hé (9.4) khong c6 nghiém. Dat
C:={y= o, y1,...ym) € R"|3x €D, fi(x) <y;, i=0,..,m}.

Do D va f; 16i (i = 0,...,m), nén C 16i. Theo gia thiét hé (9.4)
khong c6 nghiém, nén 0 ¢ C. Ap dung dinh ly tach, ton tai A =
(Ao, A1, ..Am) # 0sao cho

m
Z)\iyi > OVy e C.
i=0

Chu y rang theo dinh nghia ctia C, véi moi x € D vae > 0, ta ¢6

(fo(x) +€, .., fu(x) +€) € C.
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Vay
Y Ai(fi(x) +€) > 0Vx € D. (9.5)
i=0

Diéu nay ding vdi moi € > 0, nén suy ra
m
Y Aifi(x) > 0Vx € D. (9.6)
i=0

Ta sé chung to A; > 0 v6i moi i. That vay, néu trai lai c6 Aj < 0
v4i mot j nao do, thi do véi moi x € D, moi y; > fi(x), ta c6
(Yo, -, Ym) € C,nén .

Y Ay > 0.

i=0
Cho yj — 400 con moi y; khac ¢6 dinh, ta thay vé trai ctia bat
dang thic trén tién dén —oco. Mau thuan vi vé phai bang 0. Vay
A; > 0 voi moi 1.

Cudi cling gia st diéu kién Slater thoa man. Néu nhu Ay = 0,

thi theo (9.6), co

m
Z/\lf,(x) >0Vx e D.
i=1
Liy x = x¥ € D, theo diéu kién chinh qui Slater thi
m
Y Aifi(a?) <.
i=1

Ta c6 mau thuan va do d6 ménh dé dugc chitng minh. O

Trong nhiéu ting dung, trong mot hé bat dang thiic 16i thuong
c6 st tham gia ctia cac dang thirc tuyén tinh. Khi d6 ta c6 ménh
dé sau.

Ménh dé 9.6. Cho fi, ..., fu la cdc ham 16i hitu han trén mot tap 16i
D # @ va A la mt ma trdn thuc cdp k x n. Gid sir b € intA(D). Khi
{6 hé

xe€D,Ax=b,fi(x) <0i=1,..,m
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khong c6 nghiém, khi va chi khi ton tai t € RFva A; > 0,i =1,...,m
saocho Y " 1 A =1va

m
(t, Ax —b) + ) _ Aifi(x) > 0Vx € D.
i=1

Chitng minh. Ciing nhu trén, dé thy rang diéu kién du 1a hién
nhién. D€ chitng minh diéu kién can, lay tap

E:= {x € D|Ax = b}.
Do D 16i, nén E 16i va theo gia thiét hé
x€Efi(x)<0,i=1,..,m
khong c6 nghiém. Vay 4p dung ménh dé trén, sé ton tai A;, i =
1,..,mthodman )} ;A; > 0va

m
Y Aifi(x) >0Vx € E.
i=1

Béng cach chiacho Y% | A; > 0,taco thé coi Y1 A; = 1.

V&i mdi x € D, lay f(x) := YL Aifi(x). Khi d6 f 16i va hitu
han trén D. Lay

C:={(y,y0) e R"xR|3x € D,Ax— b=y, f(x) <yo}.

Do D va f 15i, nén C 16i va, theo gia thiét, suy ra 0 ¢ C. Theo
Ménh dé 6.1 c6 thé tach ding C va 0. Tic 1a ton tai (¢, t9) € RF x R
va (¥, o) € C sao cho

(t,y) +toyo > 0Y(y,v0) € C,

va
(t,y) + toyo > 0. (9.7)
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Dua vao dinh nghia cta C, 1ap luan tuong tu nhu ménh dé trudc,
ta c6 tg > 0. Nhung to khong thé bang 0, vinéu ty = 0, thi

(t,y) > 0¥y € A(D) —b. (9.8)

Thé nhung theo gia thiét b € intA(D), tic1a 0 € int(A(D) — b).
Tur day va (9.8) suy ra

(t,y) =0Vy € A(D).
Do tg = 0, nén
(t,y) +toyo =0 Y(y,y0) € C.

Mau thuan véi (9.7), viyy € A(D). Vay to > 0.

Nhé lai dinh nghia cta C ta ¢6 (Ax — b, f(x) +€) € C Ve >
0,Vx € D. Vay

(t, Ax —b) + to(f(x) +€) >0 Vx € D.
Diéu nay dung vdi moi € > 0, nén
(t, Ax —b) +tof(x) > 0Vx € D.

Thay f(x) = Y, A fi(x) va chia hai vé cho ty > 0, ta ¢ diéu can
chung minh. U

Chii y. Dé thdy rang ménh dé van con dung khi thay hé Ax = b
bdi hé Ax < b.

9.4. Dinh ly Helley

Dinh ly Helly, d6i khi con goi 1a dinh 1y vé su tuong giao ctia
cac tap 16i. Day 1a mot trong cac dinh Iy co ban trong ly thuyét t6
hop céc tap 16i. Dinh Iy nay do G. Helley, mot nha toan hoc ngusi
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Uc phat hién ra tir gitta thé ky 19. Pham vi tng dung cta dinh
ly nay kha rong rai, dac biét 1a trong viéc chiing minh vé sy ton
tai (diém bat dong, nghiém ctia hé phuong tinh, bat dang thiic
bién phén, bai toan t6i uu, diém can bang v.v...). Dinh ly da duoc
md rong theo nhiéu hudng khac nhau. Dudi day sé trinh bay mot
dang co ban ctia dinh ly nay. Ta chon mét chiing minh quy nap
sd cap dua vao ménh dé sau.

Ménh dé 9.7. Moi tdp hop ciia cdc diém khdc nhau, phu thudc a-phin
trong R", déu cé thé biéu dién nhu la hop ciia hai tdp roi nhau nhung
bao 10i ciia chiing lai cd diém chung.

Chirng minh. Gia str cac diém 1/, ..., xk phu thudc a-phin. Khi do
ton tai cac s6 aq, ..., ax khong dong thai bang 0, sao cho

k k
szjxj =0, th]- =0.
j=1 j=1

Bé”mg cach danh lai chi s, néu can, ta c6 thé gia su, réng aj >0
voij=1,..,p. Vay 1 < p < k. Khi do6 do

k
Z (X]' = 0,
j=1

nén
p k
zx::szj:— Y. aj > 0.
j=1 j=p+1

T day va do

k .

Z oc]-x] =0,

j=1
nén
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Dat

va

Lo g
oy Sy
]; . fz;‘l . ’

nén
x € co{x!, .., xP} Ncof{xPtl, .., &
U

Ménh dé 9.8 (Dinh ly Helley). Cho Cy, ..., C la cdc tap 10i trong R™.
Gid st rang bat cit (n + 1) tdp trong cdc tdp nay déu cd diém chung.
Khi d6 toan bé tdp nay ciing co diém chung.

Chitng minh. Ta chitng minh bang qui nap theo k. Néu k < n +1
thi khong c6 gi can phai chiing minh. Cho k > n + 1 va gia s
rang dinh ly dung v6i k — 1. Khi d6 véi moi j € {1, ..., k}, theo gia
thiét quy nap c6

X e CinNn..Nn C]',1 N Cj+1... N Cy. (99)
Nhu vay ta c6 k diém x?, ..., x* trong R" phu thudc a-phin (vi
k > n +1). Theo dinh Iy Radon, bang cach danh s6 lai cac chi sb,
néu can thiét, ta c6 mot diém x thoa man

x € co{x!, .., xP} Nco{xPt1, .., &} (9.10)

v6i mot chi s6 p nao d6 thudc {1, ..., k — 1}. Thé nhung tir (9.9) ta
co
¥t CVi=1,..,p.

T day va tu (9.10) va do C; 16i, ta suy ra

1 k
x € co{x’, .., xP} C ﬂj:pHC]-.
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Mot cach tuong tu, ta co
+1 k p
x € co{xP™, .., x"} C ﬂjle]-.

Vay x € m]kzlc]—. O

Chu y. Trong truong hop c6 vo han tap, thi Dinh ly Helley néu
trén khong con ding. Vi du trong truc sd thuc 1ay ho tap G}
(j =0,1,2...) véi C; = [j, +0o0). Trong vi du nay cac tap khong
compac. Trong trudong hop c6 it nhat mot tap compac, thi dinh ly
Helley van con ding trong truong hgp ¢ vo sb tap. Cu thé ta c6
meénh dé sau:

Ménh dé 9.9 (Pinh ly Helley khi ¢6 v6 han tap). Cho I' la mét ho
06 han cdc tdp 16i, déng, khdc rong trong khong gian R". Gid sit rang
trong ho nay cé mot tdp compic va bat cit n + 1 tdp ciia né déu cé giao
khdc rong. Khi dé toan bo cdc tdp ciia ho nay ciing co giao khdc rong.

C6 thé chiing minh dinh Iy nay theo nhiéu cach khéac nhau.
Cach chitng minh ctia Radon dua vao tinh toan dai s6, nhu da
trinh bay trong chitng minh & Ménh dé 9.8. Con c6 thé chiing
minh dinh ly nay bang cach duing nén déi ngau, rat ngan gon, va
cung co thé ching minh dua vao dinh ly tach cac tap 16i. Duéi
day ta sé gidi thiéu van tat hai cach chiing minh sau nay.

Chung minh (dung dinh ly tach) Ta sé chiing minh theo qui nap.
Gia st moi s ph?m tir, vdis > n+ 1 caa ho I' déu c6 diém chung.
Ta can ching t6 diéu nay ding véi (s + 1) phan tir ctia ho nay. Gia
st trailai, tac6 C;NCaN...NCopp = D.Dotap C:=C; NG N
...N Cs va Cy 1 12 hai tap 16i, dong, khac réng va khong giao nhau,
nén ton tai mot siéu phang H tach dung hai tap nay thod man
CNH = @. Theo gia thiét, v&i moi bo gom (s — 1) tap Ciy s C
ta déu c6

is—l

Ci1 n..N Cis—l N Csy1 # .



