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3.1 Pinh nghia bai toan d6i ngau

Vi du 3.1. C6 m loai nguyén liéu du trit dung dé san xuat ra n loai san
pham. D€ lam ra mt san phdm j can a;; nguyén liéu i cho nhu bang
sau:

SP | x; Xy | o0 | Xp -
NL du tru
NL 1 2 n ;
1 ai aip | -+ din bl
dzy | da2 | =+ | d2p by
m Am1 | Am2 | **° | Amn bm
Gia ban c1 Ca | o | cp

Trong d6, luong nguyén liéu du tri thi i 14 b; va gid ban moi san pham
j lac;. Yéu cau tim s6 lugng san phidm x;, x», ..., x, sao cho tong doanh
thu 16n nhét.
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Gidi. Tong doanh thu 16n nhat
zZ =cC1X1+ -+ cpXy, —mMax

Khi d6 tong luong nguyén liéu loai 1 st dung phai nhé hon hoic bang
by, nghia la
aiiXi + -+ aA1nXn = bl

tuong tu d6i véi nguyén liéu loai n
Am1X1 + -+ AmnXn S bm
Vay ta c6 bai toan tim xq, ..., x, sao cho:

z=c1X1 + -+ + cpx, > max

V6i cac rang budc

IA

IA
>

aAmiX1 + -+ + dmnXn
x;>0,j=12,...,n
Bai toan dudc viét duéi dang ma tran
z =el'x - max
V6i cac rang budc
Ax <b (3.1)
x>0
trong do A € M,,,x,(R); b € M,,,x1 (R); e, x € M« (R)

Vi du 3.2. Vi gia thiét gibng nhu vi du gid st ¢6 mot ngusi mudn
mua lai toan bo nguyén liéu trén.

SP | x; Xy | o | Xy -
NL 1 S NL du tru
yi.1 ayy | iz | v | Qin by
V2,2 a1 | Q22 | "+ | d2p by
Ym, M am1 Am2 e Amn bm
Gia ban ) Cay | | cp

Tim gia ban nguyén liéu i, y; dé:

b
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e Tong gia tri ngudi mua phai tra 1a nhé nhat.
o Ngui ban khéng bi thiét.
Gidi. Tong gia tri ngudi mua phai tra nhé nhat dudc thé hién:
7 = biy1 + -+ by ym — max

Khi san xuat mot san phdm 1, ngudi ta can a;; nguyén liéu 1, ..., am
nguyén liéu m.

e Khi ban nguyén liéu thi chu s6 httu nhan dudc a1y + -+ am1 Vm,

e Mic khac cung ludng nguyén liéu trén khi san xuét ra san pham
thi ban dudc véi gia c;.
Vay dé ngudi ban khong bi thiét khi ban nguyén liéu san xuat san pham
1thi
anyr +--+amym = €1
Tuong tu d6i véi san pham n
aAin)1 + e+ AmnYm Z Cp

Vay bai toan tim gia ban yq,..., y, sao cho

Z/ :blyl ++bmym — min
V6i cac rang budc
anyr + -+ amym = €1
aAin)1 + -+ AmnYn Z Cn
vi>0,i=1,2,....m
Bai toan dudc viét dudi dang ma tran
z =bTy - min
V6i cac rang budc
ATy >¢ (3.2)
y=>0

trong do A € M,,,x,(R); b,y € M,,,«x1(R); ¢ € M, (R)
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DPinh nghia 3.1 (Bai toan d6i ngau). Bai todn B IlvaB.2ldugc goi la cdc
bai todn déi ngdu. Bai todn B 1lgoi la bai todn goc va bai todn 3.2 goi la
bai todn déi ngdu. Nghia la:

Bai toan goc Bql toaTn déi ngau
z = ef'x — max b’y — min
VGi cdc rang budc V6i cdac rang budc

Ax<b AfTy>c¢
x>0 y>0

DPinh ly 3.2. Bai todn dbi ngqu ciia bai todn doi ngau 8.2 la bai todn
gocB.1l Nghia la:

Bai toan goc Bai todgn déi ngdu
z =bl'y - min z = ¢’ X - max
VGi cdac rang budc VGi cdc rang budc
ATy >c¢c 3.3) Ax <b (3.4)
y=>0 x>0

Chung minh. Bai toan tuong duong

—z = -b’y > max
V6i cac rang budc
_ATy <-—c (3.5)
y>0

Theo dinh nghia, d6i ngau cta
—z=—c'x - min
V6i cac rang budc
~ANTy > b (3.6)
x>0
tuong duong véi
z = ¢’'x - max
V6i cac rang budc
Ax<b

x>0
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3.1.1 Doi ngau cua bai toan max

DPinh ly 3.3. Cho bai todn gbc cé dang chinh tdc, bai todn géc va doi
ngdu tuong ung nhu sau.

Bai todn goéc Bai todn dbi ngdu
z = ¢ X - max z =b'y - min
VGi cdc rang budc VGi cdc rang budc
Ax=Db (3.7 ATy >c (3.8)
x>0 y tuy y

Chitng minh. Bai toan goc 3.7 tuong duong
z =efx - max
V6i cac rang budc
Ax<b
—Ax < -b
x>0

tuong duong

z = CTX—> max

V6i cac rang budc

( _‘;) x < (_]"b) (3.9)

x>0

Bai toan déi ngau caa

z = (b7 -bT) (3) — min
V6i cac rang budc
u
(AT| — AT) (v) > e (3.10)
u>0
v>0

tuong duong

/ .
z =bT(u—-v) > min
V6i cac rang budc
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ATu-v)>c
u>0
v>0

Pit y = u — v ta dude két qua O
Dinh ly 3.4. Bai todn goc
z = ¢’'x - max
Vi cdc rang budc
Ax <b (3.11)
X tuy y
c6 bai todn doi ngdu
z =b’y - min
V6i cdc rang budc
ATy =c (3.12)
y>0
Chitng minh. Bai toan gbcB.11 tuong duong
—z=—-c'x - min
V6i cac rang budc
—-Ax>Db (3.13)
x tuy y

Theo dinh 1y [3.3] va dinh ly bai toan d6i ngiu caa

/7

—z =-b’y - max
V6i cac rang budc
—Aly =—c
y=0
tuong duong
z =b’y - min
V6i cac rang budc



3.1 Pinh nghia bai toan d6i ngiu Trang 70

ATy =c
y=>0

Hai bai toan quy hoach tuyén tinh sau goi 14 cip bai toan d6i ngau. Bai
toan 1 goi 14 bai toan gbc, bai toan 2 goi 1a bai toan d6i ngau. Mot rang
budc va diéu kién vé bién trén cung mét dong goi 1a cip rang budc
d6i ngau.

Bai toan gbc (1) Bai toan d6i ngiu (2)

z =cC1X1 + -+ X, — max z/:b1y1+---—|—bmym—>min
aj1X1 + ajzXz + oo+ aipxy = b; i <0
aj1X1 + ajzXz + -+ aipxy < b; yi >0
aj1X1 + ainXy + - + ainXp = b; yi €R

x;j >0 ajjyr +azjys + -+ amjym = ¢j

x;j <0 ayyr+azjyz+ -+ amjym < ¢;

xj €R ayjyr+azjys + -+ amjym = C;

Nhén xét. Quan sat cap bai toan doi ngau trén ta cé cac nhan xét:

e Trong cap bai toan d6i ngiu trén, hé sé ctia rang budc thi i caa
bai toan goc trd thanh hé s6 ctia bién y; trong bai toan déi ngau.
Ngudc lai, hé sb cta x ;j trong bai toan gbc chinh 1a hé s6 cta dong
j trong bai toan dbi ngau.

e Hé so0 cia ham muc tiéu ctia bai toan goc tré thanh hé so ve phai
cua rang budc va ngudc lai. O

Vi du 3.3. Viét bai toan doi ngau ctia bai toan goc sau va cho biét cac
cap rang budc doi ngau

z = 2Xx1 + X, — 8x3 — max
V6i cac rang budc

7X1 + 4.X2 —I— 2X3 S 28
3X1 — Xy + 3X3 = 10
2X1 + 3X2 — X3 = 15
X1 >0,x>0
Gidi. Bai toan gbc, d6i ngau:
Bai toan goc Bai toan d6i ngau ‘
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z = 2x1 + x5 — 8x3 > max

z =28y, + 10y, + 15y; — min

Txy + 4xy + 2x3 < 28 y1=0
3X1—X2+3X3:10 yzeR
2x1 4+ 3x, —x3 > 15 y3 =0

x1 =20 Ty1+3y2+2y3 =22
XQZO 4y1—y2+3y321
x3 €R 2y1 + 3y, —y3 = -8

Vi du 3.4. Viét bai toan doi ngiu ctia bai toan goc sau va cho biét cac
cap rang budc doi ngau

z = 2x1 + 3x, > max
V6i cac rang budc

3X1 + 2.X2 < 2
—XxX1 + 2x, < 5
4x; + x =< 1

x1>0,x2>0

Giai. Bai toan goc, doi ngau:

Bai toan goc

Bai toan doi ngau

z =2x1 + 3x, > max z':2y1—|—5y2—|—y3—>min
3x1 +2x, <2 y1=0
—X1 +2x2 <5 y2>0
Ax + X3 < 1 3 >0
x;1 >0 3y1—y2+4y; =2
X2 >0 2y1 +2y2+y3 >3

3.1.2 Doi ngau cua bai toan min

Bai toan gbc (1)

Bai toan d6i ngau (2)

z=c1x1 +--+ cpx, — min

z =biy,+ -+ buym — max

aj1X1 + AjzXa + +++ + QinXy = b;

aj1X1 + AjzXa + -+ + @inXy < b;

ai1 X1+ @izXa + -+ + dinXn = b;

yi >0
i <0
yiER

XjZO
)C]'SO
Xj eR

ajjyrtazjys+ -+ amjym
ajjyrtazjys+ -+ amjym
ajjyr+azjys+ -+ amjym =

=c¢j
> Cj
Cj
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Hai bai toan quy hoach tuyén tinh nay goi 1a cap bai toan dbi ngau. Bai
toan 1 goi 1a bai toan gbc, bai toan 2 goi 1a bai toan d6i ngau. Mot rang
budc va diéu kién vé bién trén cung mét dong goi 1a cip rang budc
d6i ngau.

Vi du 3.5. Viét bai toan d6i ngiu ctia bai toan gbc sau va cho biét cac
cip rang budc d6i ngau

z = 4x; + 3xp — Tx3 + X4 — X5 — min
V6i cac rang budc

12X1 + 5X2 — 3X5 < 5
X1 — X3 — 4X4 — 5X5 < -2
2x; + X2 4+ X3 — 2x4 = 1
3X1 + 4X2 — 5X3 + X4 = 17
X1,Xx3 > 0;x2 € Rjxy, x5 <0
Gidi. Bai toan gbc, d6i ngau:
‘ Bai toan gbc Bai toan d6i ngau
z2=4x14+3x,—Tx3+ X4 —Xs > min | z = 5y1 — y2 + y3 + 17y4 — min
12x1 + 5x, — 3x5 <5 y1=<0
X1 —X3—4x4 —5x5 < =2 y2=0
2X1 + X2+ X3 —2x4 > 1 y3=0
3X1+4X2—5X3+X4:17 y4ER
x1 >0 12y + y2 +2y3 +3y4 < 4
x €R Sy1+y3+4ya =3
x3>0 Y2+ y3—5y4 <1
x4 =0 42 —2y3+ys =1
x5 <0 —y1—5y2 = —1

Cac cap rang budc trén cung mot dong goi 1a cip rang budc déi ngau.

Vi du 3.6. Viét bai toan d6i ngau ctia bai toan goc sau va giai bai toan

b
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d6i ngau bang phuong phéap don hinh

z = 10x; 4+ 8x2 + 19x3 — min

V6i cac rang budc

X1 + x2 + x3 > 6
3x1 + 2x3 > 2
X1 + 2x + 5x3 = 5
X1,Xx2,x3 >0
Gidi. Bai toan gbce, bai toan d6i ngau:
Bai toan gbc Bai toan db6i ngau
z = 10x1 + 8x, + 19x3 — min | z' = 6y; + 2y, + 5y; — max
X1+ x2+x3>6 y1=0
3x1 +2x3 > 2 y2 >0
X1+ 2x, +5x3>5 y3 =0
x1 =0 y1+3y2+y3 =10
x2 >0 y1+2y2+2y; <8
x3>20 y1+2y2+5y3 =19
Chuyén bai toan d6i ngiu sang dang chinh tac
7 = 6y1 + 2y, + 5y; - max
V6i cac rang budc
yi + 3y2 + ys 4+ s = 10
yi + 2y2 + 2y + s = 8
yi + 2y2 + 5y3 + y6 = 19
yi>0, i=1,...,6
Bang don hinh:
A A A AF  AF A
B B 1 2 3 4 5 6
Bl b %5 0 0 0
A, | 010 1 3 1 1 0 0
As; | 0| 8 1 2 2 0 1 0
Ag 0|19 1 2 5 0 0 1
-6 -2 -5 0 0 0
A, 0 2 0 1 -1 1 -1 0
A, 6 8 1 2 2 0 1 0
A | 0 [11] O 0 3 0 -1 1
A max A 0 10 7 0 6 0
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Moi A; > 0 nén phuong an hién thoi y? = (8;0;0) 1a phuong an t61 uu.
Gia tri ham muc tiéu z’ = 48.
Nhén xét. Bai toan quy hoach tuyén tinh gbc dang
z =c¢'x — min
V6i cac rang budc
Ax>D
x>0
trong d6 ¢ > 0 thi bai toan d6i ngau c6 dang chuén

’
z =b’y - max
V6i cac rang budc

Aly <ec
y=>0
giai truc tiép bang phuong phap don hinh rat don gian. O

Chu y. Cac phan sau, ta chi xét bai toan géc dang min .

3.2 Cac dinh ly vé d6i ngau

Cho cép bai toan gbc, d6i ngau nhu sau:

Bai toan gbc (1) Bai toan db6i ngau (2)

z=c1x1+ -+ cpx, — min z/:b1y1+---—|—bmym—>max
ain X1+ ainxo + -+ AinXy > b; yi=0
ain X1+ ainxo + -+ Ainxy < b; i <0
ain Xy + aixxa + -+ ainxy, = b; yi €R

x; 20 aijy1 +azjyz + -+ amjym = ¢;

x; =0 aijyr +azjyz + -+ amjym = ¢

xj €R aijyi+azjys + -+ amjym =¢;

Pinh ly 3.5 (Dbi ngau yéu). Néu x” = (xy....,x,) la phuong dn chdp
nhan duoc ciia bai todn goc va y' = (y1,...,y.) la phuong dn chap
nhan dude ciia bai todn dbi ngdu thi

biyi+ -+ buym <cixi+ -+ cuxp (3.14)
(Nghia la véi cdp bai todn dbi ngdu, gid tri ham muc tiéu cia bai todn
min luén lén hon hodc bang gid tri ham muc tiéu ctia bai todn max.)

b
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Chiuing minh. Ta dat

u; = (ailxl + ajxXy + -+ AinXy _bi)yi > 0
v; = Xj[Cj—(Clljyl+azjy2+"‘+amjyn1)]ZO
suy ra
m n
Zui = Z(ailxl +Cli2xz+"'+ainxn_bi)yi ZO

i=1 i=1

Zvj = ZXJ'[CJ' — (Clljyl ‘I’aijZ + - +amjym)] >0
j=1

va
0= Zui +Zvj = (c1x1 + -+ + CaXp) — (bry1 + -+ + b ym)
i=1 j=1
Ta da c6 diéu can ching minh. O

Hé qua 3.6 (D4u hiéu khéng c6 phuong 4n chip nhan dugc).

i. Néu ham muc tiéu ctia bai todn quy hoach tuyén tinh géc khong
gidi néi dudi, thi bai todn dbi ngdu khong cé phuong dn chdp
nhdn dudgc.

ii. Néu ham muc tiéu ctia bai todn quy hoach tuyén tinh dbi ngdu
khong gidi néi trén, thi bai todn gbc khong cé phuong dn chap
nhdn dugc.

Chiuing minh. Do su tuong tu ta chi ching minh i). Gia st bai toan
goc khong gidi ndi dudi tic ton cac phuong an chap nhan duge x* =
(x*, ..., x¥) sao cho gia tri ham muc tiéu

z=cx¥ 4+ +exk - —cokhik — o0

Ta ching minh bang phan ching, gia st bai toan d6i nglu c6 phudng
an chap nhan dudc y” = (y1,..., ), theo dinh ly d6i ngau yéu

biyi+ -+ bnym 5clxlf—|—---+cnx,]1c V()imoixT = (x'f,...,x,’f
Cho k — oo ta dudc diéu vo 1y
biyi+ -+ bpym < —00
Vay ta da c6 diéu can chitng minh. O
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Hé qua 3.7 (Dau hiéu cip phuong an t6i wu). Cho X7 = (X,...,%,) va
v7 = (J1..... Jm) lad phuong dn chdp nhdn dudc tuong ving ciia bai todn

goc va bai toan doi ngau. Néeu gia tri ham muc tiéu cua hai bai toan nay
bang nhau, nghia la

cl)zl +"'+Cn)€n :bl_)j] +"‘+bm_)7m (3.15)
thi X va y la phuong dn téi uu tuong ung ciia hai bai todn.

Chitng minh. Goi x” = (%, ...,%,) 1a moét phuong an chip nhan dugc
bat ky cua bai toan goc. Theo dinh ly doi ngau yeu 3.5 ta c6

CL¥1+ ot Cafn SD1F1 A+ bnm < C1X1 A+ o+ Ca
T

suy ra X! = (1,...,%,) 12 phuong an t6i vu cta bai toan gbc. Ching
minh tuong tu ta c6 y 13 phuong an t6i uu ctia bai toan déi ngau. O

DPinh ly 3.8 (D6i ngdu manh). Néu mét trong hai bai todn quy hoach
tuyén tinh gbc hodc dbi ngdu cé phuong dn tbi uu thi:
i. Bai todn quy hoach kia ciing cé phuong dn tbi uu.

ii. Gid tri ham muc tiéu toi vu cua hai bai toan bang nhau.

Chitng minh. Bai toan quy hoach tuyén tinh c6 nhiéu dang tuong
duong, cac bai toan doi ngau ctia dang tuong duong dé ciing 1a cac dang
tuong duong. Céc bai toan tuong dudng cling cé cung gia tri t6i vu. Do
dé ta chi can ching minh dinh 1y cho mot trusng hop cu thé

z = ¢Tx — max

V6i cac rang budc
Ax=Db

x>0
Bai toan d6i ngau c6 dang
’
z =bly - max
V6i cac rang budc

ATy > ¢
yeR
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Gia s phuong an t6i vu x = (¥;;...;%,) cta bai toan gbc c6 hé vector
co s6 lién ket B = {Ag,;...; A, }. Ta dat

xB = (xkl;...;ka);cB = (Cky3---3Ck,,): B = (Aklf---EAkm)
Cac rang budc cta bai toan d6i ngau cé dang (Ariy) >ck,.j=1,...,n.
Vé6i phuong an y = (c? )T B~'tacé

_ T _ T :
(Akj;y) = (CB) B lAkj = (CB) A]lg] = Akj —|—ij > Ck;, ] = 1,...,n

vi x 1& phuong 4n t6i uu nén Ar, 20,j =1,...,n. Do d6 y la phuong
an chip nhan dudc cta bai toan d6i ngau. Ta lai ¢
Z=3"b=y=(c®) B'b
chi y x? 1a nghiém ctia hé Bx? = b hay x? = B~'b = b%. Suy ra
’ B_B T

z =¢’X"=¢'x=z2

Theo hé qua ta c6 y ciing 14 phuong an téi uu ctia bai toan d6i
ngau. O

DPinh 1y 3.9 (D6 léch bu). Gid si X,y tuong ting la phuong dn chap
nhdn dudc cia bai todn gbc, bai todn doi ngdu. Khi dé x,y la tbi uu khi

va chi khi

(ainx1 + ainxa + -+ 4+ ainx, —b;)y; = 0 Vi (3.16)
xjlayyi+azjya+ -+ amjym—c;) = 0 Vj (3.17)

Chuing minh. Ta dat

up = (ainxi+appxy+ -+ aipx, —bi)yi >0
v; = Xj[Cj—(Clljyl+azjy2+"‘+amjyn1)]ZO
Suy ra
m n
Zui = Z(ailxl +Cli2xz+"'+ainxn_bi)yi ZO

i=1 i=1
n

n
Zvj = ZXJ'[CJ' — (Clljyl ‘I’aijZ + - +amjym)] >0
j=1

J=1
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va
0< Zui + va =(c1x1 4+ cnxn) —br1y1+ -+ bmym)
i=1 j=1
Theo dinh 1y d6i ngdu manh, néu x” = (xy,...,x,) vay” = (y1...., ym)

12 phuong 4n t6i vu ctia bai toan gbc va bai toan dbi ngau thi
(c1x1 + -+ cnXn) = (b1y1 + -+ + b ym).
Do d6 u; = v; = 0 v6i moi i, j. Ngudc lai néu u; = v; =0v6imoii,; thi
(c1x1 + -+ cnXn) = (b1y1 + -+ + b ym).
Theo hé qua[B.7thi x va y ciing 14 phuong an toi uu. O
Vi du 3.7. Cho bai toan quy hoach tuyén tinh

z = 4x; + 3x, + 8x3 — min
V6i cac rang budc
X1 + x3 = 2
X, + 2x3 = 5
x; >0, j=12,3

c6 phuong an toi uu cta bai toan gbc 1a x” = (0; 1;2). Hay tim phuong
an t6i uu ctia bai toan déi ngau.

Gidi. Viét bai toan déi ngau

| Bai toan goc | Bai toan doi ngau
z = 4x; + 3x, + 8x3 — min | z = 2y; + 5y, — max
X;+x3=2 y1 tuy y
Xy +2x3 =135 V2 tuy y
x1 =0 yi=4
X2 >0 =3
x3>0 y1+2y2 <8
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Theo dinh ly do léch bu:

(x1 +x3—=2)y1 =0
(x2 +2x3=5)y2 =0
x1(y1—4) =0
X2(y2—3)=0
x3(y1 +2y2—-8) =0

thay x; = 0;x, = 1; x3 = 2 vao hé trén ta dudc

y2—3=0
y1+2y,—8=0

Giai hé ta dudc y; = 2, y, = 3. Vay phudng an t6i uu cta bai toan d6i
ngau la y’ = (2;3).

Vi du 3.8. Cho bai toan quy hoach tuyén tinh
z = —4x; + 9x, + 16x3 — 8x4 — 20x5 — min

V6i cac rang budc

5x1 + 4xp, — x3 + 3x4 + x5 = 5
—X1 + 2X2 + 4X3 — 2X4 — 5X5 > -9
—X1 — 2X2 — X3 + 2X4 + 3X5 = 2

X1,X2,x3 >0
a. Phat biéu bai toan d6i ngiu cta bai toan trén.
b. Kiém tra tinh t6i wu cta phuong an x” = (2;0; 1; —2; 3).

Chii y. Trong vi du nay ta khéng dung dude dau hiéu téi uu trong
chuong 2 @€ kiém tra tinh t6i uu ctia phuong an vi trong phuong an cé
X4,X5 € R.

Giai.

a. Bai toan déi ngau

| Bai toan goc | Bai toan déi ngau
z = —4x1 + 9x + 16x3 — 8x4 — 20x5 — min | z' = 5y; — 9y, + 2y3 — max
5x1+4xy —x3+3x4 +x5>5 y1=0
—X1 + 2xp + 4x3 — 2x4 — 5x5 = =9 y2>0
—X1 —2Xp — X3+ 2Xx4 +3x5 =2 vz €R
x>0 Sy1—y2—y3 <4
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X2 >0 4y +2y, —2y3 <9
x3>0 —y1 +4y, —y3 <16
x4 €R 3y1 =2y, +2y3 = —8
X5 eR y1—5y2+3y3 = -20

Bai toan dugc viét lai:

7 = 5y1 — 9y, + 2y; — max
V6i cac rang budc

591 — y2 — y3 = —4
4y1 + 2y, — 2y; = 9
—y1 + 4y, — y3 < 16
3yi — 2y, + 2y3 = -8

yi — 5y + 3yz = =20
y1,y2=0

b. Kiém tra tinh t6i uu cta x” = (2;0; 1; —2: 3). St dung dinh ly do6 léch
bu ta dudc

(5x1 +4x, —x3+3x4+x5—5)y1 =0
(—x1 +2x3 +4x3 —2x4 —5x5 4+ 9)y, =0
(=x1 —2x3 —x3 + 2x4 +3x5—2)y3 =0
(5y1—=y2—y3+4x1 =0
(4y1+2y2—=2y; = 9x2 =0
(=y1+4y2—y3—16)x3 =0
(Gy1—=2y2+2y3+8)xs =0

(y1—=5y2 +3y3 +20)x5 = 0

va thay x vao hé ta dudc

y1=0

y1—=y2—y3+4) =0 y1=0
(=y1+4y2—y3—-16)=0 = (=4
By1 —2y2+2y;+8) =0 y3=0
(y1 —5y2 +3y3 +20) =0

Vay c6 y7 = (0;4;0) thoéa dinh 1y d6 léch bu. Nén x” 1a phuong an toi
uvu va y’ 1a phuong 4n t6i vu cia bai toan doéi ngau.
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3.3 Phudng an t6i uu cua bai toan d6i ngiu

Pinh Iy d6 léch bu[3.9 cho ta cong cu tong quat dé tim phudng an tbi uu
cta bai toan d6i ngiu (gbc) khi biét phuong an t6i wu ctia bai toan gbc
(d6i ngau) cia né. Tu dinh 1y nay, ta c6 hai hé qua dé tim phuong an
t6i wu ctia bai toan d6i ngiu khi biét phuong an tbi wu ctia bai toan gbc
hoic bang don hinh ctia phuong an t6i wu ctia bai toan goc.

3.3.1 Biét phuong an t6i wu bai toan goc

Hé qua 3.10. Cho bai todn quy hoach tuyén tinh dang chinh tdc cé
phuong dn tbi uvu X véi hé vector co sd lién két la B = {Ay,:... A}
Phuong dn téi uu y cia bai todn déi ngdu la nghiém cia hé phuong
trinh BTy = ¢®.

Chitng minh. Cho bai toan quy hoach tuyén tinh dang chinh tic

z = ¢'x — max
V6i cac rang budc
Ax=Db (3.18)

x>0

Cap bai toan gbc, d6i ngidu nhu sau

Bai toan goc | Bai toan déi ngau
z=c'x > max | z =b’y - min
Ax=Db y € R”
x>0 ATy >c¢

Theo dinh ly do6 léch bu:

y' (Ax-b) =0

ATy — o) =0 (3.19)

Do x 14 phuong 4n t6i uu ca bai toan gbc cho nén y7 (Ax — b) = 0 luén
dung. Ta con lai diéu kién

x' (ATy—¢) =0 (3.20)
Do x ¢6 x,,,, = -+ = xx, = 0va X, ..., Xk, > 0 nén khi thay x vao
(3.20) ta duoc hé BT cB. O

b
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Chu y. Hé phuong trinh B’y = ¢? tuong duong

(Ak1 ; 57) = Ck,

(A} ¥) = Ck,,
Vi du 3.9. Cho bai toan quy hoach tuyén tinh
z = 2x1 —3x5 + 4x3 + x4 > max
V6i cac rang budc
— Xy + X3 —+ X4 10

=
X1 + X, + 3X3 = 25
2x2 + X3 4+ 5x4 < 16

xj>0, j=1,....4
Tim phuong an ti uu ctia bai toan gbc va bai toan d6i ngau.
Gidi. Chuyén bai toan sang dang chinh tic

z =2x1 —3x, + 4x3 + x4 — max
V6i cac rang budc

— X2 + X3 —I— X4 —I— X35 = 10
X1 —I— X2 + 3X3 =
2X2 + X3 + 5X4 + x¢ = 16

x; >0, j=1,...6

Gia bang phudng phéap don hinh

sT s (A7 A7 AT A7 AT A7
B |e” | b 2 3 7) 1 0 0
A [0 10 0 1 1 1 1 0
A | 2] 25| 1 1 3 0 0 0
A lo] 16| o 2 1 5 0 1
0 5 9 1 0 0

A- [0 (345 0 75 45 0 i 5
A | 2] 95| 1 1 3 0 0 0

A, | 11185 0 25 15 1 0 15

max A 0 215 115 0 0 i

Phuong an téi uu cta bai toan gbec x7 = (25;0;0; 16/5;34/5;0) c6 hé

\d
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vector co s6 lién két B = {A;; A4; As). Ta dat:

je)
O =

1
0590

va (CB)T = (c15¢4:¢5) = (2:1;0)

Phuong an t6i uwu ctia bai toan d6i ngau la nghiém ctia hé phuong trinh
B’y = ¢? hay

01 0\ ([ 2
105]|»]=|1
1 00 V3

Nhan xét. Tim phuong an t6i uu ctia bai toan déi ngiu 6 vi du 6
trén c6 thé lam nhu sau: Tt phuong 4n t6i uu ctia bai toan goc

x! = (25;0;0;16/5;34/5;0)

ta xac dinh dudc x;, x4, x5 > 0. Ta danh dau cot 1, 4, 5 ctia bai toan gbc:

zZ = O)Cl — 5X2 — 2X3 +X4 | +X5

réng — X2 + X3 +X4 +X5 = 10

bu@c X1 + X2 + 3X3 = 25
2X2 + X3 +5)C4 + X = 16

Lap hé phuong trinh ba &n véi hé s6 cac phuong trinh 14 cac cot 6 trén:

Oy1 + y2+0y3 =0— cot 1
y1+0y2+5y3=1— cot4
y1+0y2+0y; =1— ¢cot5
Giai hé nay ta dudc y” = (0;2; 1/5) 1a phuong an tdi vu ctia bai toan doi
ngau. O
Vi du 3.10. Cho bai toan quy hoach tuyén tinh
z = 2x1 4+ 2x5 + x3 + 4x4 — max
V6i cac rang budc

5X1 + X + X3 + 6X4 = 50
—3X1 + X3 + 2X4 > 16
4X1 + 3X3 —I— X4 S 23

x; >0, j=1,....4

¢6 phuong an t6i wu x7 = (0; 14; 6; 5). Hay tim phuong an t6i uu cta bai
toan d6i ngau.



