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1.1 Mot so vi du dan dén bai toan quy hoach
tuyén tinh

V~i du 1.1 (Bai toan lap ké hoach san xuét). Mot trai cua cua cac khic

g6 thanh cac tam van. Cé hai loai van: van thanh pham va van st dung

trong xay dung. Gia su, doi véi:

e Van thanh phim can 2 gis dé cua va 5 gio dé€ bao 10m van.

e Van dung trong xay dung can 3 gio dé cua va 3 gig dé bao 10m
van.



1.1 Mét s6 vi du Trang 2

May cua lam viéc t6i da 8 gid trong ngay, va may bao lam viéc tdi da 15
gio trong ngay. Néu loi nhuén ctia 10m van thanh pham la 120 (ngan
dong), va 1¢i nhuan ctia 10m van xay dung la 100 (ngan dong). Trong
ngay, trai cua phai cua bao nhiéu van méi loai dé 1¢i nhuan l6n nhat?

Giai. Goi x;, x, > 012 ludng van thanh pham va van st dung trong xay

dung.
Loal | panh phém - x, | Xay dung -
Thoi gian anh pham - x; ay dung - x,
Cua 2 3 <8
Bao 5 3 <15
Loi nhuéan 120 100

Tong 1¢i nhuan
z = 120x; 4+ 100x, — max

khi d6 x;, x, théa diéu kién thoi gian 1am viéc may cua
2x1 +3x, <8

va diéu kién vé thoi gian 1am viéc may bao
5x1 +3x, <15

Tém lai can tim x;, x, sao cho

z = 120x; + 100x, — max
V6i cac rang budc
2X1 + 3X2
5X1 + 3X2

x1>0,x2>0

=
=

Vi du 1.2 (Bai toan khau phan #n). Chuyén gia dinh dudng dinh thanh
lap mét thuc don gom 2 loai thuc pham chinh A va B. Ctd mot (tram
gram):

e Thuc phdm A chita 2 don vi chét béo, 1 don vi carbohydrate va 4
don vi protein.

e Thuc pham B chita 3 don vi chat béo, 3 don vi carbohydrate va 3
don vi protein.
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Néu mét (tram gram) thuc phdm A gia 20 (ngan dong) va mot (tram
gram) thuc phdm B gia 25 (ngan dong). Nha dinh dudng mudn thic &n
phai cung cp it nhat 18 don vi chat béo, 12 don vi carbohydrate va 24
don vi protein. Bao nhiéu (tram gram) thuc phdm moéi loai dé c6 gia nho

nhat nhung van cung cap du dinh dudng?

Giai. Goi x1, x, 1an lugt 1a luong thuc phdm A va B.

Loai "
Thanh phan TPZA-x; | TPB-x;
Chat béo 2 3 > 18
Carbohydrate 1 3 > 12
Protein 4 3 > 24
Gia mua 20 25

téng s6 tién mua x;, x, thuc phdm A va B 1a

z = 20x; + 25x, — min

Yéu cau lugng thuc phdm phai dam bao nhu cau chat béo

2X1 + 3X2 > 18
nhu cau Carbohydrate
X1 + 3X2 > 12

nhu cau Protein
4x1 + 3x, > 24

Vay ta can tim x;, x, sao cho

z = 20x; + 25x, — min

V6i cac rang budc

2x1 + 3x, >
X1 + 3X2 >
4x; + 3x, >

X1 >20,x,>0

Vi du 1.3 (Bai toan van tai). Mot nha san xuét c¢6 2 nha may: Mot nha
may 6 Vinh Phic va mét nha may ¢ Binh Dudng. C6 3 kho hang phan
phoi san pham dit 6 Ha Noi, TP. HCM va Can Tho. Nha m&y 6 Vinh

*TP: Thuc pham

2

18
12
24




1.1 Mét s6 vi du Trang 4

phic; Binh Duong, ¢6 kha nang cung cip t6i da 100; 140 tAn méi tuan.
Luong cau ciia cac kho ¢ Ha Né6i, TP. HCM va Can Tho lan ludt tit 100;
60 va 80 tan trd 1én. Chi phi van chuyén (tram ngan) mdi tan cho nhu
bang bén dudi. Héi can van chuyén bao nhiéu tdn hang héa tit nha san
xuat dén cac kho hang é Ha Noi, TP. HCM va & can tho dé chi phi nhé
nhat nhung van dép tng da nhu cau?

Tram thu Ha Noi TP. HCM | Can Tho
Tram phat W;:100 W,:60 W5:80
Vinh Phic-Q,: 100 5 7 9
Binh Duong-0,:140 8 7 10
Gidi. Goi x;; 1a lugng hang van chuyén tit tram phat thdi;i = 1,2 dén

tram thu thid j; j = 1,2, 3. Tong chi phi van chuyén
Z=X11+X12+ -+ X3 — min
Tram phat thi phat hét hang va tram thu thi nhan da hang:

Tram phat 1 phat hét hang
Tram phat 2 phat hét hang
Tram thu 1 thu du hang
Tram thu 2 thu da hang
Tram thu 3 thu di hang

X11 + X12 + x13 = 100
X21 + X2z + x23 = 140
X11 +X21 = 100

X12 + X220 = 60

X13 + Xp3 = 80

Vay ta can tim x;; sao cho

Z=X11+X12+ -+ X3 — min
V6i cac rang budc

X11 + X12 + x13 = 100

X21 + X22 + Xo3 = 140

X11 + X1 = 100

X12 + X22 = 60
X13 + x23 = 80
Xij >0 1= 1,2;j =1,2,3
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1.2 Cac dang bai toan quy hoach tuyén tinh

1.2.1 Dang tong quat

Tu cac vi du muc bai toan quy hoach tuyén tinh dang tdng qudt
dudc phat biéu nhu sau:

Z = C1X1 + CaXy + -+ + ¢px, — max (hay min) (1.1)
V6i cac rang budc

anx; + apxa + - 4+ amx, <()(=) b
a1Xy + ampmxy + -+ 4+ ayx, = (>)(=) b.2 (1.2)
AmiX1 + amaXa + -+ + aAmpxXp, = (Z)(:) bm

e Ham tuyén tinh (I.I) goi 14 ham muc tiéu.

e Hé bat phuong trinh, bat phuong trinh tuyén tinh (T.2) goi 14 cac
rang budc. Ve trai caa cac rang budc la cac ham tuyén tinh véi
X1, X2, ..., X, la cac bien so.

1.2.2 Dang chuan

Ta néi bai toan quy hoach tuyén tinh c6 dang chudn néu né cé6 dang
nhu sau:

Z = C1X1 + C2Xp + -+ + ¢pXx, — max, (hay min) (1.3)
V6i cac rang budc

anx; + apxy + - 4+ awx, = b

Clzl')C1 + azz'XQ + -+ Clz,fxn < b'z (14)

am1X1 + Am2X2 + -+ AmnXn = bm
x;>0,j=1,2,....n (1.5)
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1.2.3 Dang chinh tac

Ta néi bai toan quy hoach tuyén tinh c¢é dang chinh t&dl néu né c6 dang
nhu sau:

z = c1X1 + Cax3 + -+ 4 X, — max, (hay min) (1.6)
V6i cac rang budc

ainxy —+ aipxy + -+ aipx, = b1

a21'x1 + Clzz'xZ + - + Clz,fxn = b2 (17)

AmX1 + amaXo + -+ + AmaXy = bm
x;>0,j=12,....,n (1.8)

Vi du 1.4. Nhan dang cac bai toan quy hoach tuyén tinh sau:

a. z = 3x; + 2x, — min
V6i cac rang budc
{ 2x1 + xp <
3xy — 2x, < 6
X1 = 0, Xy = 0
Cé dang chuan.
b. z = 2x; + 3x, + 4x3 — max
V6i cac rang budc

3x1 + 2x5 — 3x3 < 4
2x1 + 3x, 4+ 2x3 < 6
3x¢1 — Xp + 2x3 > =8
x1>0,x,>0,x3 >0
C6 dang téng quath.

C. z =3x1 +2x, + 3x3 — 2x4 — max
V6i cac rang budc

2X1 + 6X2 + 2X3 — 4X4 = 7
3X1 + 2.X2 — 5X3 + X4 = 8
6X1 + 7.X2 —I— 2X3 + 5X4 E 4

xX1>20,x>0,x3>0,x4>0

Cé dang tong quat.

TM6t s6 sdch c6 dinh nghia khac vé dang chuén va dang chinh tic. Cac ban can doc
ky dinh nghia khi tham khao cac tai liéu khéac.

1C6 thé dé dang chuyén sang dang chinh tic bang cach nhan hai vé rang budc thi
3 vii —1
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d. z = 2x; + 5x5 + x3 + X4 + 4x5 — min
V6i cac rang budc
{ 3x1 + 2x2 — X3 + 2xs
4x; + 5x + 3x3 4+ 2x4 =7
X1 >0,x,>0,x3>0,x4 >0,x5 >0

C6 dang chinh téc.

I
n

e. z = 2x; + 5x, — max

V6i cac rang budc

3X1 + 2X2 < 6
2X1 + 9X2 < 8
X1 = 0

Cé dang tong quat.
f. z =2x; +3x, - min
V6i cac rang budc
2xl + Xy — X3 = 4
3x1 + 2x2 4+ x3
X1 — X3 = 6
X1 = O, Xy = 0

Cé dang tong quat

Il
oo

Chu y. Bai toan tim gia tri nhé nhéat ciia ham muc tiéu c6 thé viét
thanh bai toan tim gia tri 16n nhat cia ham muc tiéu va ngudc lai bang
quan hé:
n n
machjxj = —min —chxj (1.9)
J=1 Jj=1
tuong duong
maxz = —min(—z) (1.10)

Do d6, khéng mat tinh tdng quat trong phan Iy thuyét ta chi phat biéu
bai toan tim gia tri 16n nhat ham muc tiéu (maxz). Bai toan tim gia
tri nhé nhat ham muc tiéu (min z) thi c¢6 thé s dung (L.10) dé chuyén
sang bai toan tim gia tri 16n nhat ciia ham muc tiéu .

Vi du 1.5. Chuyén céc bai toan quy hoach tuyén tinh tim max ham
muc tiéu thanh tim min ham muc tiéu hay ngudgc lai

a. z = 2x; + 3x, + 4x3 —> max
V6i cac rang budc
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3X1 + 2.X2 — 3X3 < 4
2x1 + 3x, + 2x3 < 6
3X1 — X, + 2X3 > -8

X1 = 0,)62 ZO,X:; ZO
b. z = 3x; + 2x, — min
V6i cac rang budc
2x; + xp <
3x7 — 2xp, < 6
x1>0,x,>0

Giai.
a. Bai toan trong cau a tudng dudng véi

—z = —2x1 —3x, —4x3 — min

V6i cac rang budc

3X1 + 2X2 — 3X3 < 4
2X1 + 3X2 + 2X3 < 6
3X1 — Xy + 2X3 > —8

x1>0,x2>0,x3>0

b. Bai toan trong cau b tuong duong véi

—z = —3x1 — 2Xx, > max

V6i cac rang budc
2x; + x» <
3X1 — 2X2 < 6

x1>0,x3>0

1.3 Chuyén bai toan quy hoach sang dang
chinh tac

1.3.1 D3i chiéu bat dang thic cua cac rang budc
Néu ta nhan hai vé ctia bat phuong trinh

kixy + kaxo + -+ kyx, > b
v6i —1 ta dude bat phuong trinh

—k1x1 —kaXa — - —kpXy < —b
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Vi du 1.6. Chuyén bai toan quy hoach tuyén tinh sau sang dang chuén:

z = 2x1 + 3x, + 4x3 —> max
V6i cac rang budc

3X1 + 2X2 — 3X3 < 4
2x1 4+ 3xp, 4+ 2x3 < 6
3X1 — X, + 2X3 > -8

x1>0,x2>0,x3>0
Giai. Ta nhan rang budc thi ba
3x1 — x5 +2x3 > —8
v6i —1, ta c6 bai toan quy hoach dang chuén tuong duong:

z = 2x1 + 3x, + 4x3 > max
V6i cac rang budc

3X1 + 2.X2 — 3X3 < 4
2x1 + 3x, + 2x3 < 6
13y + xp — 2x3 < 8

xX1>20,x>0,x3>0

1.3.2 Bién khong rang budc

Ta biét, mot s6 bat ky chinh 1a hiéu cta hai s6 khong am. Gia st x j
khong c6 rang budc khong am, ta c6 thé thay x; bang hai bién X7 =0
va xX; = 0 sao cho

+

Xj=X; =X

V6i cach nay, ta c6 thé chuyén bai toan khong cé rang budc khong am
thanh bai toan c¢6 rang buoc khong am
Vi du 1.7. Chuyén bai toan quy hoach tuyén tinh sau sang dang chuén
z = 2x1; 4+ 5x, - max
V6i cac rang budc

3X1 + 2X2 < 6
2X1 + 9X2 < 8
X1 = 0

e} day dau +, — trong x}', Xy khong thé hién s6 16n, s6 bé ma chi 1a x;.r 1 s6 trir va
X7 12 s6 bi tru.
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Gidi. Bién x, khong c6 rang budc khong am. Dt x, = x;7—x5, (x5, x5 >
0) bai toan quy hoach tré thanh:

z = 2x; + 5xf —5x; — max
V6i cac rang budc
3x1 4+ 2x5 — 2x;
2x; + 9xF — 9x5

X1 20,x;' >0,x, >0

IATA
o

1.3.3 Chuyén dang chuin sang dang chinh tac
Xét rang budc thit i trong bai toan quy hoach tuyén tinh dang chuin
ai1X1 + ainxo + -+ AinXy < b; (1.11)

Ta c6 thé chuyén rang buéc (I.11) dang bat phuong trinh thanh phuong
trinh bang cach thém vao bién phu x,.; >0

a1 X1 + airXn + -+ AinXn + Xn+i = bl‘ (112)

Bai toan quy hoach tuyén tinh dang chuin chuyén thanh dang chinh
tac ¢6 dang nhu sau:

Z =C1X1 + CpXp + -+ + Cp Xy, — Max

V6i cac rang budc

anxy + -+ 4+ amXn + Xnpt1 = by

axy + -+ + dXp + Xn42 = b

aAmX1 + -+ + AmaXy + Xnd+m = bm
xlZoa---’xnzoaxn—l—lZO’---axn—l—mZO

Vi du 1.8. Chuyén bai todn sau sang dang chinh tic

z = 120x; 4+ 100x, — max
V6i cac rang budc
2x1 + 3x;
5x1 + 3x;

x1>20,x,>0

=
=
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Gidi. Ta thém hai bién phu x3 > 0 v& x4 > 0 vao rang budc thi nhat va
tha hai thi dudc bai toan quy hoach dang chinh tac nhu sau:

z = 120x; + 100x, — max
V6i cac rang budc
{ 2x1 + 3x2 4+ x3 = 8
5x1 + 3x; + x4 = 15
x; >0, j=1,...,4

Vi du 1.9. Chuyén céc bai toan quy hoach tuyén tinh sau sang dang
chinh tac

a. z = 3x; + 2x, —> min
V6i cac rang budc
2x1 +  x2

3X1 — 2X2

A TA
o)

x1>20,x2>0

Giai. Ta thém vao hai an phu x; va x4. Bai toan c6 dang chinh tac

z = 3x; + 2x, — min
V6i cac rang budc
2x1 + X2 + X3 =
3x1 — 2xy + x4 = 6
Xx; >0, j=1,...4

N

b. z = 2x; + 3x, + 4x3 — max

V6i cac rang budc

3X1 + 2X2 — 3X3 < 4
2X1 + 3X2 + 2X3 E 6
3X1 — X, + 2X3 > -8

X1 >0,x2>0,x3>0
Giai. Cong hai an phu x4, x5 vao rang budc 1 va 2, riéng rang budc



1.3 Chuyén bai toan quy hoach sang dang chinh tic Trang 12

thi 3 trit 4n phu xe. Bai toan ¢6 dang chinh tic

z = 2x1 + 3x, + 4x3 —> max
V6i cac rang budc

31 4+ 2xp — 3x3 + x4 = 4
2X1 —I— 3X2 + 2X3 + X35 = 6
3X1 — Xy + 2X3 — X = —8

x; >0, j=1..6

C. z =3x1 +2x5 + 3x3 — 2x4 — max
V6i cac rang budc

2X1 + 6)C2 + 2X3 - 4X4 = 7
3X1 + 2.X2 — 5X3 + X4 = 8
6X1 + 7.X2 —I— 2.X3 + 5X4 E 4

X1 >0,x2>0,x3>0,x4>0

Giai. Thém an phu x5 vao rang budc thi 3
z = 3x1 + 2x5 + 3x3 — 2x4 — max
V6i cac rang budc
2x1 + 6x2 4+ 2x3 — 4dx4 = 7

3x1 4+ 2x2 — 5x3 4+ x4
6x1 + Txo 4+ 2x3 + 5x4 + x5 = 4

x; >0, j=1,...5

Il
S

d. z = 2x; + 5x, - max
V6i cac rang budc

3X1 + 2.X2 < 6
2X1 + 9X2 < 8
X1 = 0

Gidi. Bién x, khong c6 rang budc khong am. Thay x, = x; — x;
bai toan quy hoach tré thanh:
z = 2x; + 5xf — 5x; — max
V6i cac rang budc
3x1 + 2x5 — 2x5
2x1 + 9x5 — 9x;

X1 20,x; >0,x, >0

IA TA
o
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Thém hai 4n phu x3, x4

z =2x; + 5x5 —5x, — max

V6i cac rang budc
31 4+ 2% — 2x; + X3 = 6
2x1 + 95 — 9x5 + x4 = 8

x1>0,x5 >0,x; >0,x3>0,x4>0

e. z =2x; + 3x, — min

V6i cac rang budc

2X1 + X2 — X3 = 4
3X1 + 2X2 + X3 = 8
X1 — X2 = 6

x1>0,x3>0

Gidi. Bién x, khong c6 rang budc khong am. Thay x, = x; — x5
bai toan tuong duong véi
z =2x1 4+ 3x5 —3x; — min

V6i cac rang budc

261 + x5 — x; — x3 = 4
3x; + 2x5 — 2x; + x3 = 8
X1 o— X, X5 = 6

x1>0,x3>0,x7>0,x, >0

1.4 Dang ma tran cua bai toan quy hoach
Xét bai toan quy hoach dang chuin:

Z =C1X1 + CaXp + -+ + Cp Xy, — Max

V6i cac rang budc

anxi + apxa + -+ aixx, =< b
X1 + amxa + -+ 4+ amx, =< by
adm1X1 + Ama X2 + o + AmnXn S bm

x;j>0,j=12,...,n
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Pat
ayp diz2 -+ dip X1 by C1
dzy dzzx -+ dap X2 by (&)

A= . . . x=1 . |:b= . |ie=
Am1 Am2 *°° Amn Xn bm Cn

Ta c6 thé viét bai toan quy hoach trén thanh dang ma tran:
z = ef'x — max
V6i cac rang budc
Ax <b
x>0
Vi du 1.10. Viét bai toan quy hoach tuyén tinh sau duéi dang ma tran.
z = 120x; 4+ 100x, — max
V6i cac rang budc

2x1 4+ 3x, <
=<

5x1 + 3x;

x1>20,x2>0

Giai. Dat

(2 3\ (x1\. __ (120)
A= (53) x=(0) =) v

Bai toan bay gic la tim x sao cho

(15

z =ef'x — max
V6i cac rang budc
Ax <Db

x>0
1.5 Phuodng an chap nhan dudc
DPinh nghia 1.1 (Phuong 4n chap nhan dudc). Vector x € R” théa tat

cd cdc rang budc ciia bai todn quy hoach tuyén tinh dudc goi la phuong
an chap nhdn duoc.
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Vi du 1.11. Cho bai toan quy hoach tuyén tinh:

z = 120x; + 100x, — max
V6i cac rang budc
{ 2x1 + 3x;

=<
5x1 + 3x, <

X1 >20,x,>0

va cac phuong an:

ae(2) () == () == (2)

Phuong 4n nao 1a phudng 4n chap nhan dugc?

Giai. Rang buoc dudc viét lai

5 3()=(5)

Ta xét 1an lugt cac phuong anx; > 0,i = 1,...,4.

G)6)=()=(s)

Vay x; 1a phuong an chap nhan dudc.

530 =(5)=(5)

Vay x, 1a phuong an chap nhéan dudec.

5 396)=6)20)

Vay x; khong 1a phuong an chip nhan dudgc.

e V6i phuong an x;

e V6i phuong an x,

e V6i phuong an x;



1.6 Y nghia hinh hoc Trang 16

e Vii phuong an x4

5 3E) =62 ()

Vay x, khong 1a phuong 4n chap nhan dudc.

Pinh nghia 1.2 (Phuong 4n t6i uu). Phuong dn chdp nhan dudc lam
cho ham muc tiéu cé gid tri lén nhat (neu la bai todn max) hay nhé nhat
(néu la bai todn min) thi dudc goi la phuong an toi uu.

1.6 Y nghiahinh hoc cua bai toan quy hoach
tuyen tinh

Trong phan nay ta xét dén phuong phap giai bai toan quy hoach tuyén

tinh bang hinh hoc. Phuong phap hinh hoc chi giai nhiing bai toan

quy hoach tuyén tinh hai hodc ba bién. Tuy nhién, y nghia cia phuong

phap nay cho ta y tuéng dé xay dung thuat toan cé thé giai dudc bai
toan nhiéu bién hon sé dudce trinh bay trong chuong 2l

1.6.1 Phuong phap d6 thi giai bai toan quy hoach
tuyeén tinh
Vi du 1.12. Giai bai toan quy hoach tuyén tinh

z =4x 4+ 3y — max
V6i cac rang budc

x + y =< 4
5« + 3y < 15
x>0,y>0

Giai. Tap cac phuong an chap nhan duge nhu hinh[I.1b. Ham muc tiéu
dudc viet lai
y=-4/3x+z/3 (d)

trong d6 (d) 12 mot dudng thang song song véi y = —4/3x va cét truc
tung tai z/3.

Ta nhan thiy z — max khi va chi khi z/3 — max. Nhu hinh 1.2k, dé
tang gia tri z/3 ta tinh tién duong (d) theo phuong ctia dudng thang
y = —4/3x sao cho dudng (d) van cit tap chip nhan dudec OABC.



