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LOI MO DAU

S6 hoc 1a khoa hoc vé s6 va 1a linh vue ¢6 xua nhat ctia Toan hoc.
Trong SO hoc nguoi ta nghién cttu nhing tinh chat va nhiing quy tac tinh
toan trén cac tap hop s6. S6 hoc 13 linh vire ton tai nhiéu nhat nhing bai
toan, nhitng gid thuyét chua cé cau tra 1oi. Trén con duong tim kiém cau
tra 10i cho nhing gia thuyét do, nhiéu 1y thuyét 16n clia toan hoc da nay
sinh.

Trén co s6 theo doi va tham khao cdce tai lieu vé s6 hoc ¢6 lien quan
da cong bo hodic xuat ban trong thoi gian gan day, ching toi bién soan
gifo trinh nay nham phuc vu doi tuong 1a sinh vién khoa Toan va nhiing
ngudi quan tam dén nhing van dé co s6 cua s hoc.

Trude hét, ching toi tap trung gi6i thieu cach xay dung cac tap hop
sO nhu 86 tu nhién vd cac phuong phap md rong tap hop sd. Sau do,
chiing toi gidi thieu 1y thuyét truong dinh chuan (truong métric) v mo
ta cdc md rong day du cia truong cac s6 hitu ti. Dinh 1y Ostrowski mo
ta hét tat ca cdc chuan trén truong cac sé hitu ti, khang dinh rang trén
truong hitu ti chi ¢6 hai kiéu chuan (sai khac nhau mot tiwong duong) la:
Chuan gia tri tuyét d6i va chuan p-adic. Do d6, chi ¢6 hai huéng mé rong
truong s6 hitu ti thanh truong day di. Néu xuat phat tit chuan gia tri
tuyét doi (chuan Acsimet) trén thi theo phuong phap md rong Cantor,
ta sé thu duge truong cac sd thue. Con néu xuat phat tit chuan p-adic
(chuan khong Acsimet) thi ta sé thu duge truong cac s6 p-adic. Do do,
truong cac sd thue va truong cac so6 p-adic 1a binh dang véi nhau véi tu
cach 1a cac md rong day du cua truong s6 hitu ti. Ngoal ra, gido trinh nay
con gidi thicu cdc tng dung cia truong déng dai sd (phiic hodic p-adic)

trong viéc nghién citu cac tinh chat s6 hoc trén truong ham.



Chuong 1
XAY DUNG CAC TAP HGP SO

CAC NOI DUNG TRONG TAM
1. S6 tu nhien.
2. SO nguyén, SO hitu t1.
3. Truong dinh chuan; truong dinh chuan day du.
4. Truong dinh chuan khong Acsimet
5. Cau triic topo ctia truong dinh chuan Acsimet
6. Dinh 1y Ostrowski va cac kiéu chuan trén truong so hitu ti
7. Céc xay dyng Truong s6 thuce va Truong s6 p-adic.
1.1 S6 tu nhién

SO tu nhién xuat hién do nhu cau nhan biét ctia con nguoi khi quan
sat cac tuong ing 1 — 1 gitta s6 lugng cac su vat. Do d6, ngudi ta co thé
xay dyng s6 ty nhién chinh 14 mot 16p tuong duong céc tap hop c¢o cling
ban so, tic 1a cac tap hop gitta ching ton tal mot song anh. SO 0 duge
dinh nghia muon hon, dudce quy ude 1a lye lugng cia tap rong. Cudi thé
ky 19, Peano da xay dung tap hop s6 ty nhién mot cach chat ché bang he
tien dé. Noi khac di, mot tap hgp thoa man hé tién de Peano duge goi 13
tap hop céc s6 ty nhién. Nguol ta da chi ra rang thong qua cac vi dy cua
Iy thuyét tap hop, dinh nghia hinh thitc vé s6 tir nhién ctia Peano chic
chan ton tai.

Heé tién dé Peano. Tap hop céc s6 tu nhién 1a mot tap hop N

cung véi mot anh xa o : N — N goi 1a anh xa ké tiép c6 cac tinh chat



Sau.
1) 0 e N.

2) o la mot don dnh, v6i mdi n € N,o(n) duge goi 1a phan tit ké tiép

clia n.
3) 0 khong 1a phan t1t ké tiép ctia bat ky phan tit nao cla n.

4) V6i U € N ¢6 tinh chat: 0 € N va néu véi moi n € U kéo theo
o(n) € U thitaco U =N.

Chu y 1. Nhu vay, tap N gom céac phan tir duge sinh ra bdi phan

t 0 va anh xa o cac phan tu ké tiép nhau ky hiéu nhu sau:
O—=o00)=1—0(l)=2—0(2)=3—03)=4—---

Chua y 2. T Tien dé 4) ta suy ra Nguyén 1y quy nap duge phat
bieu nhu sau: Néu c6 ménh dé P(n) x4c dinh véi moi s6 tut nhién n thoa
man P(0) ding va néu véi moi n, P(n) ding suy ra P(o(n)) cing ding
thi ta khang dinh P(n) luon ding véi moi s6 ty nhién n.

That vay, dat U = {n € N/P(n) ding}. Ta c6 P(0) ding, do do
0 € U. Néun € U, ¢6 nghia la P(n) ding, theo gid thiét P(o(n)) cing
ding, do d6 o(n) € U, suy ra U thoa man hé tién dé Peano, nghia la

U = N. Do diéu nay nén tién dé 4) con duge goi la tien dé quy nap.

Dinh nghia 1.1.1. V6i moi n € N, ta dinh nghia n + 0 = n,n0 = 0.

Gia st m + n va mn da xac dinh, ta dinh nghia
m+ o(n) = o(m+n),mo(n) =mn+ m.
Meénh dé 1.1.2. Vi moin € N, ta c6
0+n=mn,0n=n.

Chitng minh. Ta ching minh 0 +n = n bang quy nap. Vi0+0 = 0
nén khang dinh ding véi n = 0. Gid st c6 0 +n = n, ta c6 0 + o(n) =

0(0+n) = o(n). Chiing minh tuong tu cho khang dinh con lai. O
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Meénh dé 1.1.3. Ta ¢6 cdic khang dinh sau

1.

2.

Ky hieu 1 = 0(0), ta c6 o(n) =n+ 1.
Vot moitneN, tacon+0=04+n=n,m0=0m =0.

Phép cong va phép nhan cé tinh chat két hop, nghia la vdi mos

m,n,r € N, ta co

(m4+n)+r=m+ (n+r),(mn)r =m(nr).

. Phép cong va phép nhan giao hoan, nghia la véi moi m,n € N, ta

)e

co
m-+n=mn-+m,mn=nm.

Phép nhan phan phoi vdi phép cong, nghia la v moi m,n,r € N,

ta co

m(n+r) = mn +mr.

Néeum+n=0thhm=0,n=0 va néu mn =0 thi m = 0 hodc

n = 0.

Phép cong cé tinh gidn wde, nghia la vdi moi m,n,r € N, néu

m+r=n-+rthim=n.

Ching minh. 1) Ta c6 o(n) =o(n+0) =oc(n) +0(0) =n+ 1.

2) Ta chitng minh n 4+ 0 = n theo quy nap. Vi 0+ 0 = 0 nén ménh

de ding véi n—0. Gid st cé n+0=n, tacé o(n)+0 = o(n+0) = o(n).

Céc khang dinh con lai chitng minh tuong ti. O

Dinh nghia 1.1.4. Gid st m,n 1& cac s6 tu nhién, ta néi m < n néu

ton tai so6 tu nhién x sao cho n = m + z.

Meénh dé 1.1.5. < la quan hé thi tu toan phan trén N.

Chitng minh. RO rang < c6 tinh chat phan xa va bac cau. Néu m,n € N

sao cho n < m va m < n, nghia l& ton tal z,y sao cho m = x + n va



n=y+m.Suyram+n=x+y+m-+n.Dodoz+y=0nénz =y =0
nén m = n. Hay < ¢6 tinh chat phan xing. Vay < 13 mot quan hé thi
.

Gia st m 1a mot sO ty nhién tiy v. Ta dit
U= {n e N/m <nhoicn < m}.

Ta co 0 <mmnén 0 € U. Gia st ¢c6 n € U, nghia la m < n hoiacn < m,
ta xét 2 kha nang:

(a) Néu m < n thi ton tai # € Nsaochon =m+z hay n+1 =
m + (z + 1), ddn dén m < o(n). Suy ra o(n) € U.

(b) Néu n < m, hay ton tal y # 0,y € N sao cho m = n +y. Do
y # 0 nén ton tal z sao choy =o(z) =z+1dindénm=n+(z+1) =
(n+1)+z=0(n)+ 2. Suy rac(n) <m hay o(n) € U.

Tu dieu nay va tien deé 4) ta ¢6 U = N. Vi vay m so sanh duge voi

bat ky phan t nao cua N, hay < 1a quan hé thi ty toan phan. O
Meénh dé 1.1.6. Tap N cdc so tu nhién cé thi tu tot.

Ching minh. Gida st S C N, S # () va S khong ¢6 phan ty nho nhat. Dat
U={aeN/a<aVze S} Taco0€U. Neua €U thi o(a) < z,Vz €
S. Néu ton tai zg € S sao cho o(a) = x¢ thi S ¢6 phan tit nh6 nhat, mau
thudn voi gia thiét ¢ trén. Suy ra o(a) < z,Vo € S hay o(a) € U va do
d6 U =N hay S = 0. Vo ly. Vay N sap thit tuy tot.

[l
Ménh dé 1.1.7. Phép nhan cé tinh gidn wdc vdi phan t& khdc 0.
Nghia la véi moi m,n,r € N,r # 0, néu mr = mr thi m = n.
Chatng minh. Gié st m # n. Theo Menh dé[L.1.5/ta ¢6 ton tai z € N, z
0 sao cho m = n + z hoiic n = m + x. Khong mat tinh tong quat gia st

m = n+x. T gid thiét mr = nr suy ra or = 0, tuy nhién r # 0 dan dén

x = 0. Mau thuan. ]



1.2 Phép ching minh quy nap

Phuong phap ching minh quy nap la phuong phap chitng minh cac
ménh dé xéc dinh trén tap cac so tu nhién va duge phat bieu dudi nhiéu
dang khéc nhau sau day.
Dinh ly 1.2.1. Cho trudc s6 tu nhién ng va ménh dé P(n) zdc dinh
vdi moi 86 tu nhién n > ng. Gid st P(ng) ding va vdi moi n > no,
néu P(n) ding suy ra P(n+1) ding, khi dé ta khang dinh P(n) ding
V01 MOoT N > nyg.
Ching minh. Dat U = {k € N/k < no} U {k € N/P(k) ding }. Khi do6
theo tien dé 4) ta c6 U = N. Vi vay ménh dé duge chiing minh. O

Vi du 1. Ching minh 2" > n + 1 v6i moi n > 1.
Dinh 1y 1.2.2. Cho trudc so tu nhién ng va ménh dé P(n) zdc dinh
vdi moi so tu nhién n > ng. Gid s P(ng) ding va vdi moi m > no,
néu P(k) ding vdi moi k ma ng < k < m suy ra P(m) ding, khi dé
ta khdng dinh P(n) ding vdi moin > nyg.
Ching minh. Tuong tu Dinh 1y . O
1.3 S6 nguyén

Nhu cau xay dung s6 nguyén bt nguon tit nhu cau gidi phuong trinh
x+a=b,a,b € N khong phai bao gi¢ cling ¢c6 nghiém trong N. Do do,
nguoi ta md rong tap hop s6 tu nhién sao cho phuong trinh trén c6 nghiém
va goi ching 1a tap hop cac s6 nguyen.

Xét tap tich Déecdec N x N = {(a,b)/a,b € N}. Trén tap hop nay ta

xac dinh mot quan hé hai ngdi, ki hiéu la ~, nhu sau:
V(a,b),(c,d) e Nx N: (a,b) ~ (¢,d) < a+d=>b+c.

Khi d6, ~ la mot quan hé tuong duong va phan hoach N x N thanh cac

16p tuong duong va moi 16p duge ky hiéu 1a (a, b), véi (a,b) € N x N. Ky
hicuZ=Nx N,/ ~,
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Phép cong trén Z duge dinh nghia nhu sau:

(a,b) + (¢,d) = (a+ ¢, b+ d).

Phan ti khong duge dinh nghia 14 0 = (a,a),Va € N.
Phan ti don vi duge dinh nghia 1a 1 = (1,0)

Phan tit doi cia phan tit z = (a,b) duge dinh nghia 1 (b, a) va ky

hiéu la —x.
Phép nhan duge dinh nghia bdi (a,b) + (¢, d) = (ac + bd, ad + be)

Khi do, Z v6i phép toan + va . nhu trén 1ap thanh mot vanh giao

hoan c6 don vi.

Bay giv ta xét anh xa f : N — Z xéc dinh béi f(a) = (a,0). Dé thay
f don cau va do d6 khi ta dong nhat sd tu nhién a v6i phan tit f(a) cla
tap hop s6 nguyén Z thi N 14 mot bo phan cua Z.

Khi do6, vanh Z duge goi 1a vanh céc s6 nguyeén
Z: { 7_37_27_1707172737'”}7

thoa man luat gian w6c va phuong trinh x + a = b luén c6 nghiém duy
nhat va nghiem nay duge dinh nghia 13 phép tra ciia hai s6 tu nhién b va
a, kv hiéu 1a z = b—a va chinh 14 tong clia b véi s6 doi clia a: = b+(—a).
Quan hé thw tu trén Z duge dinh nghia nhusau z <y < y—x € N.
Khi d6 < 13 mot quan hé th ty toan phan. Khi do, ta néi = bé hon hoac
bang y hay v 16n hon hoac bang x v ky hiéu y > x.
1.4 S6 hitu ti
Xét tap tich Décac Z x Z* = {(a,b)/a,b € Z,b # 0}, ¢ day Z* =
Z \ {0}. Trén tap hop nay ta xac dinh mot quan hé hai ngoi, ki hiéu 1a
R, nhu sau:

V(a,b),(c,d) € Z X Z* : (a,b)R(c,d) < ad = be.

Khi do,  1a mot quan hé tuong duong va phan hoach Z x Z* thanh cac

16p tuong duong va moi 16p duge ky hicu la (a, b), véi (a,b) € Z x Z*. Ky



hieu Q =Z x Z* /R.
Phép cong trén Q duge dinh nghia nhu sau:

(a,b) + (c,d) = (ad + be, bd).

Phép nhan duge dinh nghia bai

(a,b) + (c,d) = (ac, bd).

Phan ti khong duge dinh nghia 13 0 = (0,n),Vn € Z*.
Phan ti don vi duge dinh nghia 1a 1 = (n,n)Vn € Z*

Phan ti doi ctia phan tit o = (a, b) duge dinh nghia 13 (—a, b) va k¥
hiéu la —x.

Phan tii nghich ddo cia (a,b),a,b € Z* 1a (b,a) va ky hieu la 271
Phép trit duge dinh nghia bdi x —y = x + (—vy).

Khi d6 Q cung v6i cac phép toan nhu trén 1ap thanh mot truong.

Bay giv ta xét anh xa f : Z — Q xéac dinh béi f(a) = (a, 1). D& thiy
f don cau va do d6 khi ta dong nhat sd tut nhién a v6i phan tit f(a) cla
tap hop s6 nguyén Q thi Z 14 mot bo phan cua Q.

Khi do, truong Q duogc goi 1a truong cac s6 httu t1 Q va ¢6 tinh chat
moi s6 hitu ti déu bicu dién dudi dang = a.b~ !, hay ta c6 thé viét dudi
dang phan s6 = ¢,a,b € Z,b # 0 va phuong trinh bz = a,a,b € Q,b #
0 luon ¢6 nghiém duy nhat.

Dé dinh nghia quan hé tht tu trén Q trude hét voi x = 7,a,b €
Z,b # 0, ta dinh nghia x > 0 < a.b > 0. Bay gi¢ ta dinh nghia » <y <
y —x > 0. Khi d6 < 14 mot quan hé thit ty toan phan trén Q. Khi do, ta
n6i  bé hon hodc bang y hay y 16n hon hodc bang = va ky hieu y > .
C6 mot tinh chat rat dic trung cta s6 httu t1 do 1a tinh tru mat noéi rang
gitta hai s6 hitu tI khac nhau bao gio ciing ton tai vo s6 s6 hitu t1 khéc,
nghia 1a véi moi z,y € Q,x < y, luon ton tai z € Q sao cho x < z < .

Chit ¥ rang trén truong cac so hitn ti Q phuong trinh 22 — 2 = 0

khong c6 nghiem. Vi vay, dé md rong truong so6 hitu t1 Q ngudi ta dua ra
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khai niem truong dinh chuan va chi ra tat cd cac cdch md rong day du
clia truong cac s6 hitu ti Q. Trude hét ching ta tim hiéu cac khai niem

lien quan dén truong dinh chuan sau day.

1.5 Truong dinh chuan
Dinh nghia 1.5.1. Truong K cung véi anh xa ¢ : K — R, ky hiéu bai
(K, ) , dugc goi 1a mot truong dinh chudn hay truong métric néu cac

dieu kién sau day thod man:
1) ¢p(a) > 0;0(a) =0 a=0Va € K.
2) pla+B) < d(a) +¢(8) Va, B € K.
3) ¢(af) = d(a)¢(B) Vo, B € K.

Néu thay dieu kién 2) béi dieu kién manh hon sau day:

¢la+ ) < max{¢(a),¢(f)} Vo, B € K

thi truong dinh chuan (K, ¢) duge goi 1a truong dinh chuan khong Ac-
simet.

Ham ¢ : K — R xac dinh bdi ¢(0) = 0,¢(a) = 1,Va € K,a # 0 la
mot chuan tren truong K va dude goi la chuan tam thuong trén K.

Vi du. Ham gia tri tuyét déi thong thuong 1a chuan trén Q hoic
trén R.
1.6 Chuan p-adic trén trudng sbé hitu ti

Cho p 14 mot s6 nguyen t6 ¢ dinh. V6i mdi s6 hitu t1 a # 0, ta viét

duge mot cach duy nhat:

a = %p”, a,b,n € Z,a,b khong chia hét cho p.
Dinh nghia mot ham s6 ¢, : Q — R béi ¢,(0) = (0], = 0, ¢p(a) =
alp =p™"

Béy gio ching ta kiem tra ham ¢, 1a mot chuan khong Acsimet trén

truong so httu t1 Q. That vay, gia st 8 14 mot s6 hitu ti, tuong ty nhu doi



11
véi a ta viet duoe
B = gpm, c,d,m € Z,c,d khong chia hét cho p.
Khi d6, do p 13 mot s6 nguyén t6 nén ta co thé viét:
af = Z—;pm+n,
trong do cdc sd nguyen ac va bd khong chia hét cho p. Tt do, ta co
dp(aB) =p """ =p"p" = d(a)(B).

Khong mat tinh tong quét gia st n > m, khi do do p 13 mot s6 nguyen
t6 nén co theé viét

adp”™™ ™ + be
dp bd L

x
= —p¥ k>m,
Y

m

a+ B = p -+

trong do6 trong do céc sO6 nguyén x va y khong chia hét cho p. T do, ta

pe

c6
dpla+ ) =p " <p™™ = max{g,(e), 6p(8)}-
Vi du. Tinh |2015]5, |2016].
1.7 Cac tinh chit ctia truong dinh chuan
Meénh dé 1.7.1. Gid st (K, ¢) la mot truong dinh chudn. Khi do, ta

pe

1) ¢(1) = é(-1) = 1.

2) ¢(a) = ¢(—a),Va € K.
3) [6(a) — ¢(b)| < ¢(a — D).
4) (X imy ai) < D dla).
5) ¢la™) = ¢la)™" = 515,
6) plab~t) = S Va, b€ Kb # 0,

Va € K,a # 0.
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Ching minh. Dat a = b+ ¢, ta ¢o

= ¢(a) = ¢(b+c) < o(b) + ¢(c)
= ¢(a) = ¢(b) < ¢(c)
= ¢(a) = o(b) < ¢(a —b)
= ¢(b) — ¢(a) < ¢(b—a) = ¢p(a—1b)
Do d6 —¢(a—n) < ¢(a) =¢(b) < ¢(a—b) hay |¢(a)—¢(b)| < ¢(a—b). Do

0
d6 ta c6 tinh chat 3). Cac tinh chat con lai ban doc tu ching minh. [
1.8 Truong dinh chuan day du

Gia st (K, ¢) 1a truong dinh chuan. Khi do:

- Day o, cac phan ti cua K, duge goi 14 hoi tu vé phan tt o € K
(theo chuan ¢), néu v6i mdi s6 thie e tuy ¥, ton tai mot sd ti nhién ng
sao cho ¢(ay, — a) < €,Vn > ng. Ta ky hiéu lim,_ oy, = .

- Dy a,, céc phan tit cia K duge goi 1a mot day khong (theo chuan
) néu limy,_soo oy, = 0.

- Day o, cac phan tit cia K, dude goi 1a day co ban hay day Cauchy
(theo chuan ¢) néu véi mdi s6 thie € tuy ¥, ton tai mot s6 ty nhien ng
sao cho ¢(ay, — am) < €,Yn,m > ng.

Truong dinh chuan (K, ¢) dudc goi 1a truong dinh chuan dday di
néu trong n6é moi day co ban déu la day hoi tu (theo chuan ¢).

Pinh 1y 1.8.1. Trong truong dinh chuan moi day hoi tu la day co
ban. Tuy nhién, diéu nguoc lai khong ding.

Ching minh. Gia st {ay},n € N la mot day hoi tu trong truong dinh
chuan (K, ¢) vé phan tit o € K. Khi d6 ta c6 bat dang thitc sau

d(am — ap) = dlam —a+a—ap) < dam — a) + d(ay — ).

Tir bat dang thite nay suy ra {oy,} 13 diy co ban.
Bay gio, trong truong so6 httu t1 Q ta sé chi ra ¢6 mot day co ban ma

khong hoi tu theo chuan gia tri tuyet déi. That vay, ta xét day so hitu ti
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sall:
1 1 1 _0.1.9
an—a—l—i—l——l—ﬁ,n— ,LyZ, ...

Véi p < ¢,ta co cic bat dang thic:
1
0<ay—ay = TR
@ P (p+ 1! q!

1

1 1
(p+1)!<+p+1+ _+@+1ww4>

1 1)1
(p+ 1! 1—]% plp

1
O<a;, —a, < —. 1.8.1
q 1% p|p ( >

T bat dang thic (2.1.2)) suy ra day {a,} 1a day co ban cac s6 hitu ti theo
chuan gia tri tuyet déi. Gia st rang day nay hoi tu trong Q, tic ton tai
limy,—y00 an = [ € Q. Khi do, tit bat dang thite ([2.1.2)), cho ¢ — oo, ta co:
0<l—ay<—. (182)
p-p
Trong bat dang thitc (1.8.2)), chon p = 2, ta ¢4
> <[l < > + 1
2 —2 4
Nhu vay, | khong phai 13 s6 nguyén va do do [ = =, v6i m,n € 4, m
khong chia hét cho n va do d6 n > 1. Trong (1.8.2)), tiép tuc chon p = n,

ta co:

Nhu vay, ta co

Do do
1

1 1
0<Z (24— goh =)< .
n (m*u*’ +m) X7l

Nhan hai vé cac bat dang thitc trén véi n! ta co:

1
D<o < —<1,
n

trong d6 x 13 mot s6 nguyén. Ta gap phal mot mau thuan va phép chiing

minh duge két thic. O
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Hé qua 1.8.2. Truong s6 hiw ti Q la truong khong day di theo chuan
gid tri tuyét doi.

Pinh 1y 1.8.3. Chuan ¢ trén truong K la chuan khong Acsimet khi
va chi kht ¢(n) < 1,Vn € N.

Ching manh. Ta ki hiéu 1 la don vi cia K va ¢(n) = (1 +1+4---+1)

1) Gia stt ¢ la chuan khong Acsimet, khi d6 véi moi 6 ti nhién n ta

o(n) =¢(1+1+ - +1) <max{s(l), - ,o(1)} = 1.
2) Gid st ¢, < 1,¥n € N, ta ching minh ¢ 13 mot chuan khong
Acsimet. That vay, tir gid thiét gbn < 1,Vn € N, ta suy ra

k
(6(a+ b)) = ¢[(a+0b)F ZC” <Y e(C ) (b
i=0
k . .
< > d(@)f o) < (k+ 1)MPVE=1,2, ..
i=0
Trong d6 M = max{¢(a), ¢(b)}. Do do
¢la+0)\"
(o0}’
Stt dung bo dé sau day véia =1, =1,v = ¢(?\}rb), ta suy ra v < 1, ta
suy ra v < 1 hay ¢(a + b) < max{¢(a), p(b)}. O

Bé dé 1.8.4. Néu cdc sé thuc duong o, 8,7~ théa man v* < ok +
B,Vk=1,2, ... thi v < 1.
Chatng manh. Ta sé ching minh bo dé nay bang phép phan ching nhu
sau: Gid st nguoce lai v > 1. Ta viét vy =1+ 6,0 > 0. Khi d6, v6i k& > 1,
ta co:
1 1
=140k = 1+k5+§k(k—1)52+~--+6k > k5+§k(k—1)52.

Tuy nhién v6i & di 1on ta c6 k6 > 3, 3(k —1)6% > a. Do d6 7* > ak + j.

Diéu nay trai véi gia thiét cia bo dé. O]
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1.9 Su tuong duong gitta cac chuan
Dinh nghia 1.9.1. Cac chuan ¢ va 1 trén cing mot truong dude goi
1 tuong duong v6i nhau va ky hiéu bdi ¢ ~ ¢ néu ching x4c dinh trén
ciing mot tinh hoi tu, nghia la ¢(z, —x) — 0 khi va chi khi ¢(z, —x) — 0
theo chuan gid tri tuyéet déi trong truong so6 thuc R.
Pinh 1y 1.9.2. Gid st ¢ va ¢ la hai chuan trén truong K. Khi dé
¢ va Y la tuong duong vdi nhau khi va chi khi Ve € K(¢(x) < 1 &
P(z) <1).
Chitng minh. 1) Gia st ¢ ~ 1 trén K. Khi d6 ta ¢6 day cdc phép bién
doi tuong duong sau day:
o(z) <1 & ¢(2") — 0theo chuan gia tri tuyet doi trong R
& 2™ — 0 theo chuan ¢ trong K
& 2™ — 0theo chuan ¢ trong K
& (z™) — 0 theo chuan gia tri tuyet doi trong R
& Y(x) < 1.
2) Gia sit ¢ va ¢ 1a cdc chuan thoa man: Vo € K(¢(z) < 1 < ¢(z) <
1). Ta s& chiing minh réng ¥ (a) = ¢(a)¢,Va € K véi € 1a s6 thue duong
nao d6. Trude hét ta c6 nhan xét: ¢(a) < ¢(b) < ¥(a) < 1(b) That vay

¢(a) a a W(a)
¢(a) < ¢(b) & o(b) \as ¢(g) <l<e @b(g) <l< o) & Y(a) <P(b).
Gia st p 12 mot phan t1t tuy ¥, ¢o dinh ciia K sao cho gb(p 1 (phan

t1t p nhu vay 1a ton tai, vi néu nguge lai thi ¢(p~ ) ¢( 7 < 1). Ta ¢o
¥(p) > 1 (theo nhan xét tren). Ta dit ¢(a) = ¢(p)? va 1 (a) = ¥(p)°. Ta

sé chitng minh 6 = ¢’
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Gia stt n va k la cac sO nguyen sao cho & < 4,k > 0. Khi do, ta co:

LS00 <o) & 6)" < 6(a)* & 6p") < b(a")
S p(p") <v(d) & )" < (@)t & ¢p)F <) = Pp)°

n /
& =<0
k
Vi can trén ding clia cdc phan s6 7 1a 6 cho nén § < ¢”. Do tinh binh

dang ctia 0 va ¢ suy ra d = ¢'. Chon € = E;ﬁg? 12 mot s6 duong khong

!

phu thuoc a. Ta ¢o:

ny(a) = 0'Iny(p) =y (p)
= delno(p) =€ln ¢(p)5 =eln¢(a)
= In¢(a).
Vi vay, ¥(a) = ¢(a)Va € K hay ¢ = ¢ va do d6 ¢ ~ .

[]

Dinh 1y 1.9.3. Trén truong hau han chi ¢é duy nhit mot chuan tam
thuong.

Chitng manh. Gia st K 13 mot truong hitu han c6 ¢ phan tit va ¢ 1a chuan
trén K, ta chitng minh ¢(a) = 1,Va € K. That vay, do K la truong hitu
han nén nhom nhan K* cdc phan tt khac 0 cta truong K 13 nhém xiclic
cap ¢—1, sinh béi phan tit z € K+. Viz?™! = 1nén ¢(z771) = ¢(2)47! =
1 va vi vay ¢(x) = 1. Do d6, véi moi a € K*, o= 2% 0 < k < ¢ —2, nén
d(a) = p(a)" = 1. m
Dinh 1y 1.9.4. Cho ¢ la chuan khong Acsimet trén K. Néu cdc gid
tri thuc ¢(a) va ¢(B) khdac nhau thi

¢(a+ ) = max{¢p(a), ¢(5)}-
Chiing minh. Gia st ¢(«) > ¢(3). Ta chiing minh ¢(a+ ) = ¢(a). That

vay, ta co:

¢(a+ ) < max{¢(a), ¢(8)} = ¢(a).
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Néu ¢(a + ) < ¢(a), két hop véi ¢(a) > ¢(3). Dieu d6 sé dan dén mau
thuan sau day

¢(a) = ¢l + = F) < max{g(a+ 5),0(8)} < o).

Vi vay, ta co

¢(a+ ) = max{¢(a), ¢(B)}.

1.10 Chuan trén truong sbé hitu ti

Ménh dé 1.10.1. Ham s6 ¢(x) = |z|®, vdi o la mot s6 thuc tugy i

thod man diéu kién 0 < o < 1, la mot chuan trén truong sé hiu ti Q.

Chaing minh. Ta kiém tra rang:

P(z +y) < o(x) + ¢9(y),Vr,y € Q.

That vay, véi x = 0, bat dang thtc trén dang. Gid st z # 0 va |z| > |y,
khi do:

i
1+=

“ X @ X
< [a]® (1 + I—I) < [a]® (1 + \—I)
y y y

< oo <1+ |§\a) — ol + IyI° = 6(x) + 6(y).

¢ +y) = lo+yl* =z

[]

Dinh 1y 1.10.2 (Dinh ly Ostrowski). Cdc chuan ¢(z) = |z|* vdi
0 < o<1 wadcdc chuan p -adic vdi tat cd cic so nguyén té p nhan
hét cic chuan khong tam thuong cia truong sé hiu ti Q. Néi khdc di,
mot chuan khong tam thuong trén truong so hitu ti Q la twong duong

vdi mot trong hai chudn sau:
1. Hodc chudn gid tri tuyét dos

2. Hodc chuan p-adic |.|, vdi p la mot so nguyén to nao do.



