Chuong 3

KHONG GIAN VECTO

1. CAC KHAI NIEM CO BAN
1.1. Dinh nghia

Cho tap hogp V= trén dé c6 hai phép toan; mot phép toan trong ma ta goi
14 phép cong va modt phép todn ngoai ma ta goi la phép nhén vdi sé thuc,
+:VxV >V x :RxV >V
(u,v)Hquv (k,u)l—)k-uzku

Tap V cung véi hai phép toan trén dugc goi la mot khong gian vecto trén R
néu cac phép toan trén V théa cdc tinh chat sau, v6i moi u,v,we 'V, hkeR,

i) u+v=v+u, (tinh giao hoan)
ii) (u +V) +w=u+ (V+ W), tinh ké&t hgp)

iii) tdén tai duy nhat phan ti cta V, ky hiéu 0, sao cho u+0=u (0 dugc goi
1a phdn ti trung hoa ctia phép cong, doc 1a vecto khong),

iv) Ung v6i mdi u e V, ton tai duy nhat phan ti cia V, ky hiéu —u, sao cho
u+ (—u) =0 (phan t& —u dugc goi 1a phdn ti déi hay vecto déi cha u),

v) h(ku) = (hk)u,
vi) h(u+v):hu+hv,
vii) (h+k)u=hu+ku,

viii) 1-u=u.

Khong gian vecto V con dugc ky hiéu day dua la (V,+,~).

Vi du 1. i) Tap cdc ma tran vudéng cdp 2, V=M, (R) _ {(a 3]
c

a,b,c,deR}

v6i hai phép todn, cong hai ma trdn va nhan mot s6 thuc v6i mot ma tran, 1a mot
khong gian vecto.

ii) Tap R3 = {(X, y,z) 1X,¥,Z € R} v6i hai phép toan,

(Xl,x2,x3)+(y1,y2,y3) = (Xl TYXg T Yo Xyt ys)’
k(Xl’Xz’X3) = (le’kX2’kX3)’

théa cac diéu kién dé tré thanh mot khong gian vecto.
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Tong quat : Tap R ={( X1, Xgyeens X )

x, e R,i= 1,2,...,n} , v0i hai phép toan

(Xl,X2,...,Xn)+( ) (X1+Y1,X2+Y2,---,Xn+yn),
k(xl,xz,...,xn) = (kxl,kxz,...,kxn),
la mot khong gian vecto.
1.2. Pinh nghia. Cho (V,+,-) la mot khong gian vecto va u,;,u,,...,u € V. Véi moi
day s6 ki, k,,...k_ eR, ta goi
kju +kouy, +..+k u,
la mot t6 hop tuyén tinh céc vecto uj,u,,...,u_.

Vi dy 2. 1) Cho V = M, (R). Véi

4 1 0 0 1 1 i 00 vV
1711 0) ™ o 1) (o o) 7|1 1 ’
va k,k,,k,,k, € R, ta ¢c6 mot t6 hop tuyén tinh cia u;,u,,u;,u, la

k +k k +k
klu1 + k2u2 + k3u3 + k4u4

k,+k, k,+k,
ii) Véi V=R?, u, =(1,1,0), u, =(0,1,1), uy =(1,0,1), ta cé céc t6 hgp tuyén

7 i N
tinh cua u ,u,,u, la

ko, + kou, + kguy=(k, + kg, ky +ky, ky, +ky ), v6i ky,ky, ky e R.

1.3. Dinh nghia. Cho V 1la mot khong gian vects, W<V, W = &. Néu v6i mbdi
u,veW, keR,tadéucé u+v, kue W, tanéi W 1a modt khong gian vecto con hay
van tat 1a khong gian con cta V, ky hiéu W< V.

Vidu 3.1) V6i V=R* va W, ={(x,0):xeR}, taco W, cV, W, 2 va véi
moi (X,O), (y,O)er, keR,
(X,O)+(y,0)=(x+y,0)eW1,

k(X,O) = (kx,O) e W,.

Do dé W, <V.
Véi sz{(m,2m):meR}, ta c6 W,cV, W,20 va v6i moi (m,2m>,

(n,2n)eW2, keR,

(m, 2m)+(n, 2n)=(m+n, 2(m+n>)eW2,
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k(m, Zm) = (km, 2km) eW,.
Vay W, ciing 1a mot khong gian vecto con cua V.

ii) Xét khong gian vecto cdc ma tran vudng cap 2, V = M, (R), va W la tap

w-ls )

Do W = O, téng cia hai ma tran chéo ciing 12 mot ma tran chéo va tich cia
mot ma tran chéo véi mot s6 thuc cling 12 mot ma tran chéo. N6i khéc di, tong hai
phan ti cia W 1a mot phan ti cia W, tich cia phan ti thuoc W véi mot so cling
14 phan ti cia W nén tap hop tat cd cdc ma tran chéo cdp 2 14 mot khong gian
vecto con ctia khong gian cdc ma tran vuéng cap hai.

hop cdc ma tran chéo cap 2,

a,beR}CV.

iii) Xét V=R3 va W:{(m+n,m—n,n) ‘m,n eR}. Ta c6 W 1a mot tap con
khong 1éng cia V va véi moi keR, u, = (ml +n,,m, —nl,nl),
u, = (m2 +n,,m, —nz,n2) e W, tacé

u; +u, = ((ml +m2)+(n1 +n2),(m1 +m2)—(n1 +n2),n1 +n2) eW,
ku, = (km, +kn;,km, —kn,kn,)e W.

Do d6 W<V =R3,

1.4. Dinh ly. Cho V la mét khéng gian vecto va hé cdc vecto S = {ul,uz,...,un} cV
. Tdép W cdc t6 hop tuyén tinh cia uy,u,,...,u_ la mot khong gian vecto con cia V,

W={ku, +kyu, +..+ku :k,ky,. .k eRl<V.
Ta néi W la khéong gian vecto con sinh béi S, hay S sinh ra W, ky hiéu

W = <S> = <u1,u2,...,un>.
Vi du 4. V6i V va W cho trong vi du 3, phan iii), ta c6
W= {(m +n,m — n,n)‘m,n € R} = {(m,m,O) + (n,—n,n)‘m,n € R}

= {m(1, 1,0)+n(1,-1,1)jm,n e ]R}

nén W = <(1, 1,0),(1,—1,1)> va do d6 n6 la mot khong gian vecto con cua V.

Xuat phat ti nhan xét rang tap nghiém W clia mot hé phuong trinh tuyén
tinh thuan nhat theo n 4n s& 14 mot tdp con khong rdong ctia R va tong hai
nghiém clia mot hé phuong trinh tuyén tinh thuan nh4t ciing nhu tich mot nghiém
cia mot hé phuong trinh tuyén tinh thuin nhat v6i mot hing so ciing 1a nghiém
cua hé phuong trinh d6, ta dugc
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Tap hop tdt cd cdc nghiém ciia mot hé phuong trinh tuyén tinh thudn nhdt
theo n dn s6 la mot khong gian vecto con ctia R".

Hon nifa, bang phuong phdp Gauss, ta con tim dugec mot tap sinh cha khong
gian nghiém mot hé phuong trinh tuyén tinh thuan nhat.

Vi du 5. Cho hé phuong trinh

X, o+ 2x2 + 4x3 - 3x 4 = 0
3X1 + 5X2 + 6X3 - 4x 4 = 0
4x1 + 5X2 - 2X3 + 3x 4 = 0
3xl + 8x2 + 24X3 - 19x 4 = 0

Giai hé phuong trinh trén, ta nhan duge nghiém
(8m—7n,—6m+5n,m,n); m,neR.
Vay tap nghiém cta hé nay la
W = {(sm ~7n,~6m + 5n,m,n) ‘m,n c R} - <(8, -6,1,0),(-7,5, 0,1)> <R%.

bac biét, khi <S> =V, tanéi S sinh ra V. Khi d6, moi vecto cia V déu la

mot t6 hop tuyén tinh cdc phan ti cia S, nghia 14 Gng v6i mdi vecto v e V, ta tim
dugc ki,k,,....,k €R sao cho

Ky,
v=k,v, +k,v, +..+k v_.
Vi du 6. Xét V=R’ va S=le e, el cR’, v6i e =(11,0), e, =(1,0,1),
e, =(0,1,1).
a) V6i v=(2,4,6)e R’ va k,k,,k; R, ta c6

v=ke +kye, +kye, < (2,4,6) =k, (1,1,0)+k,(1,0,1)+ ky(0,1,1)

k1 + k2 = 2
< 1k, + ky; = 4 (3.1)
k k, = 6

2 3

Chu y réng, néu hé (3.1) ¢6 nghiém, nghia la ton tai k;,k,,k; € R sao cho

v =k, +k,e, +kje,, thi v 12 mot t6 hgp tuyén tinh cdc phan tif cia S. Néu hé
thi

(3.1) vo nghiém, nghia 1a khong ton tai k,,k k, sao cho v=k e +k,e, +k

10 K9» 383>

v khong 1a mot t6 hgp tuyén tinh céc phan ti cia S.
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Do hé (3.1) c6 nghiém

1

2

<N N
I
= o O

3
nghia 1a v = Oe, + 2e, + 4e, nén v 1a mot t6 hop tuyén tinh cac phan tir cia S.

b) N&u moi vects v e R® déu la mot t6 hop tuyén tinh cdc vecto cia S thi S
sinh ra R®. Ngugc lai, néu tdn tai vectd v e R?® sao cho v khong 1a mot t§ hop
tuyén tinh cia S thi S khong sinh ra R?. Do d6, dé kiém tra xem S ¢6 sinh ra R?
hay khong, ta xét vecto bat ky v = (a, b,c) e R3. Do

v 12 mot t6 hop tuyén tinh cac vecto ctia S
< ton tai k;,k,,k; € R sao cho v=Xke, +kye, +kge,
k

<k

l+k2 —> X:

Nk b, c6 nghiém.

+k3

1

k

9 (¢

Hé phuong trinh néu trén 12 hé Cramer nén né ludn ludn c6 nghiém bat chap
cdc tham s§ a,b,c. Do d6 moi vectd v e R® déu 1a t6 hop tuyén tinh cdc phan tu
cia S. Vay S sinh ra R3.

1.5. DPinh nghia. Cho V 1la mot khong gian vecto va hé cac vecto
S= {el,ez,...,en} c V. Ta néi S la doc ldgp tuyén tinh khi v6i moi k ,k,,...k eR,
néu

ke, +koe, +...+k e =0
thi k; =k, =..=k_=0.

Khi S khong doc lap tuyén tinh, ta néi S phu thubc tuyén tinh, nghia 1a téon
tai k,,k,,..,k €R khong dong thoi biing 0 (c6 it nhat mot k, =0) sao cho
ke, +koe, +...+k e =0.

Vi du 7. Cho V=R’ va S={e,e,e,}cR’ véi e =(1,1,0), e, =(10,1),
e, =(0,1,1). Vé6i k,ky,k, € R bt ky, ta c6

k

e1+k2e2+k3e3:0<:> k

+ k, =0
+ k; =0 (3.2)
k, + kg =0

1

k

1 1

Ta nhan dugc mot hé phuong trinh tuyén tinh thuidn nhit theo cac &n
k,,k,,k;. Néu hé phuong trinh nay chi c¢6 nghiém tam thudng k, =k, =k, =0, thi
S doc lap tuyén tinh. Nguoc lai, néu hé nay cé it nhat mot nghiém tdm thuong,
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nghia la ¢6 k,k,,k,; khong dong thoi bang 0 sao cho ke, +k,e, +kje; =0, thi S

phu thudc tuyén tinh.

Trong vi du nay, hé thuan nhat (3.2) chi c¢6 nghiém tam thudng
k, =k, =k; =0. Vay S doc lap tuyén tinh.

Vidu 8 Cho V=R?va S= {ul,u2,u3} < R? véi
u, =(L,-2,1), u, =(2,1,-1), uy =(7,-4,1).

Véi k,,k,, k; € R bat ky, ta c6

1> 895
k1 + 2k2 + 7k3 = 0
k,u, +kyu, + k3u3 =0 -2k, + ky, - 4k3 =0 (3.3)
k - k, + k, =0

1 2

Hé (3.3) c¢6 it nhat modt nghiém khong tam thudng nén ta két luan S phu
thudc tuyén tinh. Cu thé, gidi hé (3) bang phuong phap Gauss, ta nhan dugc
nghiém téng quat cta hé la (—3m,—2m,m), meR. V6i m=-1, ta dugc mot
nghiém khéng tam thudng

1 =3
2

2

<N
I

3 =-1

Diéu nay c¢6 nghia la 3u, +2u, —u, =0 va do d6 S phu thudc tuyén tinh.

2. CO SG VA SO CHIEU CUA MOT KHONG GIAN VECTO
2.1. Pinh nghia. Cho V la mot khong gian vecto va S = {el,ez,...,en} c V. Ta néi
S 14 mot co sd cia V néu

i) <S> =V, nghia la Ssinh ra 'V, va

ii) S doc lap tuyén tinh.

Khi d6, ta n6i V 1a mot khong gian vecto Au han chiéu. Ngudi ta ching
minh dugc rang bat ¢t mot co sé nao khac ciia V ciing phai c6 ding n vecto va gia
tri n duy nh4t nay dugc goi 1a sé chiéu cia V, ky hiéu dimV =n.

Khi d6, tng v6i mdi vectd v eV, ton tai duy nhat k ,k,,...,k eR sao cho

v=k,v, +k,v, +...+k_v_. Bay gi¥, k ,k,,...k_ dugc goi la cac tpa dé cia v doi
vli co sG S, ky hiéu
k,
k
_ | K
[V]S :
k



Vi du 9.
i) Cho V=RZ2. Ta ¢6 S={§,3}, v6i i=(1,0), j=(0,1) 1a mt co s§ cia V va

vGi moi vecto v = (a,b) eR?,tacé v=ai+bj va do dé ta dugc

(i)

S dugc goi 1a co sé chinh tde cia R%. Toa dd cha mot bd thd tu trong co sé
chinh t4c nay chinh 1a cac thanh phan cta bd tha tu dé.

Hé cac vecto S' = {e'l,e'z} c R%, vé6i e] = (1,1), e, = (—1,1), cing la moét co sé

cia R? va vi v4i moi vecto v = (a,b) e R?, taco

k _ k = a k :a+b
v:k1e1+k2e2<:>{1 2 @{1 %

=

k1+k2=b k, =2=2a

2 2
a+b
vy =]
S’ b-a
2

Tong quat. Xét R” = {(xl,xz,...,xn) ‘xi eR, Vi= 1,_n} Ta cé B = {el,ez,...,en},

Do dé,

V61
e; =(1,0,...,0)
e, =(0,1,...,0)
e, =(0,0,...,1)

la mdét co s6 cia R", goi la co sé chinh tde. Khi d6, v6i moi vecto
n
V:(xl,xz,...,xn)eR , do
V=Xe +X,8 +...+X €

nn

ta suy ra

Vidy 10. Xét V=R? va B = {el,eZ,e3} 12 co s6 chinh tdc cia R3,
e, =(1,0,0), e, =(0,1,0), e, =(0,0,1).
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V6i v =(1,2,3) e R?, ta c6

1
[V]% =12
3

Lay ' ={f,,f,,f,}, véi f, =(1,1,0), f, =(1,0,1), f, =(0,1,1), 1a mot co s& khéc

cia R3. Ta c6

X, X, + X, =1 x, =0
[V}%, =X, | & v=x1 +x,f, +x,f; &%, + X3 = 28 9%, =1,
Xq X, + X3 = 3 Xg =2

Vay

[v] =

N = O

2.2. Pinh 1y. Cho % ={e,e,,...e,}|, B ={f,f,,..,f,} la hai co s¢ ciia mot khong

gian vecto V. Khi dé, véi moi veV taco [V]% = A[V]%, , trong do

a=(t], 6], ~ [t,)

Ma trén A duoc goi la ma trdn doi co sé tit 73 qua 7', ky hieu P, .

Vi du 11. Vé6i hai co s6 3 va 7' trong vi du 10, ta dugc ma tran déi co sé tir
B qua A la

Py o= ([fl]% [fz]% [f3]%) -

O M
[ =
_ O

va toa do cua v = (1, 2,3) e R? 61 v6i hai co sé nay lién hé véi nhau qua ddng thic

1) (1 1 o)fo
V], =Puulv], =|2]|=|1 0 1]1]
3) (01 1)|2

Tir dinh 1y 2.2, ta suy ra ring v6i hai co sé 73 va #' cho truéc cia mot khong
gian vectd, néu ta bi€t ma tran déi co sé tif co s6 nay qua co sé kia va toa do cda
mot vecto bat ky trong mot co sd thi ta suy ra toa do ctia né trong co sé con lai,

I:V:I:)/; = ]':);)/3%:)/3' [V:I;)/g' ’

[V]% =P, ., [V]% .
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Hon nita, ta c6 céac tinh chat sau

2.3. Tinh chat. Véi ba co sé¢ BB, 7B va B" cia mot khong gian vecto V, ta cé

-1
)Py, ,,= (P.)/)’—x%’) )

i) P, =

P

Bo>AB'

P

BB
Vi du 12. Tim ma tran déi co sé tit 73 qua 73’ cho trong vi du 11.

Cdch 1. Dung tinh chat 2.3, véi

1 10
P%’—x%)’: 101
011
ta suy ra
1 1 1
g 2 1 1 -1
P =(P Ao (\E 11 |1 1 -1 1
B >R _( .)/)’—).‘%') WD) ) —5 _
1 1 1 -1 1 1
2 2 2

Cdch 2. Dung dinh nghia clia ma tran déi co sé :

1 _1
2 2

D= o

(P.)/J_»%’ )_1 - ([el]%' [eﬁ%, [e3]%’) -

-1
2

DO = Do |-

-1 1
2 2
Khi d6, v6i v =(4,-2,0), toa do ctia v d6i v6i co s6 A la

4

1 i _1
2 2 2 4 1
_ - X _1 1 9| =
[V] % P:%’—):% [V] » | 2 2 2 2|1=]3
~1 1 1 0 -3
2 2 2

Vi du 13. Ngoai cac co s 3 qua 73’ cho trong vi du 11, xét co sé
' =g, =(1,0,0),g, = (11,0),8, = (LL1)}.
Tim ma tran ddi co sé P

BB

Dung tinh chat 2.3, véi
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1 10 1 11
Pyw=l1 0 1/vaP, , =011},

011 0 01

ta dugc
-1
P:%’—):%" = R%”—»%"R%’—):%” = (R%’—):% ) 'P%’—w/z

1 1 -1)1 1 1 1 21
=—|1 -1 101 1|=={1 0 1

2
-1 1 1)(0 01 -1 01

3. HANG CUA MOT HE VECTO
3.1. Pinh nghia. Cho V la mot khong gian vecto va S = {Vl,V2,...,Vn} la mot hé

cac vecto cia V. Khi d6, s6 chiéu ctia khong gian con sinh béi S duge goi 1a hang
cua hé vecto S, ky hiéu rank S.

bat W = <S> <V.Neéu S doc lap tuyén tinh thi S tré thanh mot co sé cho W
va do d6 dimW =n =rankS. Néu S khong doc lap tuyén tinh, nghia 1a tén tai
k,,k,,....k_eR khong dong thoi béng 0 sao cho k,v, +k,v, +...+k_v_=0. Khong
mét tinh tong quét, gia si k, = 0. Bdy gio do v, € <V2,...,Vn> nén néu bd b6t vecto
v, khéi S, ta nhan dugc mot he S’ gobm n —1 vecto sinh ra W. Né&u hé S' doc lap
tuyén tinh thi né tré thanh mot co sé cia W va khi d6 dimW =rankS=n-1, ...

Vi vay, hang ctia hé S chinh 1a s vecto doc 14p tuyén tinh t6i dai trong S,
nghia 12 néu rankS=r thi S c6 r vecto doc 14ap tuyén tinh va bat ky hé con nao
cia S c¢6 nhiéu hon r vecto déu phu thudc tuyén tinh.

Nhan xét riang v6i S 1a mot hé cac vecto trong mot khong gian vecto V, néu
ta thay déi cac vecto clia S bang cach

- d6i chd (hoén vi) hai vecto,
- nhan mot vecto cia S v6i mot s6 khac 0,

- thay mot vecto clia S biang vecto d6 cong mot hing s6 nhan véi vecto khéc
cua S,

thi ta nhan dugc mot hé cac vecto méi S’ véi <S> = <S'> .
Tu d6, ta c6 giai thuit tim hang cia mot hé vecto nhu sau
3.2. Giai thuat tim hang cua mot hé vecto

Cho V la mé6t khong gian vectd v6i mot co s6 73 va moét hé cac vecto
S = {Vl,V2,...,Vn} cV.bat W= <S> Ta c6 giai thuit tim hang cua hé vecto S
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e Lap ma tran A, véi

T
[Vn :I.‘)/I

e Dung cdc phép bién doi so cdp trén dong dé bién A thanh ma tran bac
thang theo dong, ta nhan dugc hé médi sinh ra cung khong gian con W. Loai tru cac
vectd sinh bdi cac hang khong, cac vecto con lai tao thanh mot hé cac vecto doc lap
tuyén tinh sinh ra W va do d6 s cac vectd nay chinh 1a s6 chiéu ctia cia W va ciing
la hang cta hé S.

Vi du 13. Trong R® xét ho S = {vl,vz,v3}, vOi
v, =(1,3,0), v, =(0,2,4), v, =(1,5,4), v, =(1,1,-4).
Tim rank S.

Vi % 1a co sé chinh tdc cia R3, ta ¢6

[ ]‘ 1 30 1 30 1 30
A~ [ ] 10 2 4 (3)=(3)-(1) |0 2 4 (3):=(3)-(2) 0 2 4
- [u } 11 5 4| (@=(4)-1) "lo 2 4| =4 "o 0o 0
’ } 1 1 4 0 2 4 0 0 0
Vay

A

(8) = (v, =(1,3,0),v, = (0,2,4)).
Do v,,v, doc lap tuyén tinh nén rankS=dimW =2.

Tiép theo, ta xdc dinh mot co sé ciing nhu s6 chiéu cia mot s6 khong gian
vecto con nhan dugc khi khéo sat cac hé phuong trinh tuyén tinh.

3.3. Co s6 va s6 chiéu cua khong gian nghiém hé phuong trinh tuyén tinh
thuan nhat

Bang cach gidi hé phuong trinh tuyén tinh thudn nhat, ta tim dugc tap
nghiém, tir d6 suy ra hé vecto sinh ra tap nghiém. Khao sat hé nay, ta nhan dugc
co s§ va so chiéu clia khong gian nghiém.

Vi du 14. Xét khong gian nghiém W cta hé phuong trinh tuyén tinh thuan
nhat
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X, + 2x2 - X5 + 3x 4 4x5 =0
ZX1 + 4x2 - 2X3 + T7x . T 5X5 = 0
2x1 + 4X2 — 2X3 + 4x 4 2X5 = 0

Giai hé trén bang phuong phap Gauss,

12 -13 -4 12 -1 3 -4
A=(2 4 27 5 g;‘g;‘jgg /00 0 1 13
2 4 -2 4 -2 B 00 0 -2 6
12 -13 -4

B2 g 0 0 1 13

00 0 0 32

Chon x,,x,,X; lam 4n co s6; x,,x, 1a &n tu do va cho x, =m,x; =n, ta nhén

dugc hé phuong trinh theo cdc 4n co s6

X, + 3x4 - 4X5 = -2m+n
Xy gF 13x5 = 0
32x5 = 0

Tu d6, ta duge nghiém téng quat cia hé 1la (—Zm +n, m, n, 0, O), vGi
m,n € R. Suy ra
W = {(—2m + n,m,n,0,0) ‘ m,n € R}
= {m(-2,1,0,0,0)+n(1,0,1,0,0) | m,n e R} = (uy,u,)

u, =(-2,1,0,0,0), u, =(1,0,1,0,0).

Do u, u, doc lap tuyén tinh nén chung tao thanh mot co sé cia W va do 4o,
dim W = 2.

3.4. Co sé va s6 chiéu cua khong gian cac s6 hang tu do dé mot hé phuong
trinh tuyén tinh c6 nghiém

V6i mot hé phuong trinh tuyén tinh gom m phuong trinh theo n 4n s6 cho
trudc viét dudi dang ma tran

AX =B, (3.4)
trong d6 AeM_  la ma trén cdc hé s6, Be M_ , la ma tran cot cdc hé s6 tu do
va X eM_, la ma trdn cédc 4n so6, xét tdp hop W céc vecto v = (bl,bz,...,bm) e R™

sao cho phuong trinh (3.4), véi
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B-= 2 = [V]%},

trong d6 7 1a co s& chinh tac cia R™, c¢6 nghiém.
Dé thdy rang v6i moi v ,v, € W, nghia la ton tai X,,X, e M_ , sao cho

AX, = [VJ%, AX, = I:Vzl%) va v6i moi k e R, ta co
A(X; +X,)=AX, + AX, = [VI]% + [vzl% =[v, + vz]%,

A(KX,)=kAX, =k[v, | =|kv, |

B’
nghia la v, +v,,kv, e W. Do d6 W tré thanh mot khong gian vecto con cia R™.

D€ tim s6 chiéu ciing nhu mot co sé cho W, ta tim cdch biéu dién W nhu sau

Phuong phdp 1 : Xem W nhu la khéng gian sinh béi cac vecto ¢t cia ma tran
cac hé so0, va

Phuong phdp 2 : Dung phuong phap Gauss, ta xac dinh dugc W (1a khong gian
nghiém ctia mot hé phuong trinh tuyén tinh thuan nhat).

Vi du 15. Cho hé phuong trinh

X, + X, + 2x s = a

2x, + 4x, - x5 + 5x, = b

X, + 3%, + bx, = ¢ (3.5)
3X1 + 7x2 — 3x3 + 9x 4 =

2x1 + 8x2 — 4X3 + 2x 4 = €

Xét W = {(a,b,c) ‘ hé phuong trinh (3.5) c6 nghiém}.

Phuong phdap 1 : Ta ¢6 v =(a,b,c,d,e) e W néu ton tai k;,k,, kg, k, R sao

cho
a = k, + Kk, + 2k,
b = 2k, + 4k, - k; + 5k,
c = k; + 3k, + bk,
= 3k, + Tk, - 3k; + 9k,
e = 2k, + 8k, - 4k; + 2k,

e v=k(1,21,32)+k,(1,4,37,8)+k,(0,-1,0,-3,-4) + k,(2,5,5,9,2)
Do dé

W:<u1,u2,u3,u4>,
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véi u; =(1,2,1,3,2), u, =(1,4,3,7,8), uy =(0,-1,0,-3,4) va u, =(2,5,5,9,2).
Tim hang cia hé S = {ul,uz,u3,u4},

3 2

5 9 2 1 3 -2
1 21 3 2 1 21 3 2
(2)=(2) O 1 1 2 3 (4):=(4)-2(3) 6011 2 3
Ezjtg; '{0 01 -1 -1 o o1 -1 -1
0 0 2 1 -5 0O 00 3 -3
1 21 3 2
(4):=1(4) 011 2 3
0 01 -1 -1
0 00 1 -1

ta duogc

W =((1,2,1,3,2),(0,1,1,2,3),(0,0,1,-1,-1),(0,0,0,1,-1)).

Do {(1,2,1,3,2),(0,1,1,2,3),(0,0,1,—1,—1),(0,0,0,1,—1)} doc 1ap tuyén tinh nén
noé tao thanh mot co sé cho W va do 46 dimW =4.

Phuong phap 2 : Khao sat hé (3.5) bang phuong phap Gauss, ta c6
1 1 0

—
—
o

2 a
b —2a
c—a
d-3a
6 4 -2|e-2a
0 2 |a
-1 1 |b-2a
c—-b+a
-1 1|d-2b+a
-1 -5|e-3b+4a

A=(AB)=

w
(en)
N © Ot Ot N
\]
(en)
w w =

N W = DN
o 3

]

B~ W

o Q&6 T ®

SO O O O H oo o o

S O O N+
—
DN

a
b - 2a
c—b+a
d+c—3b+2a
0 -3|e+c—4b+b5a

=
N
=
x
2
v
o O O O =
S O O N
-
W N = DN
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11 0 2|a
0 2 -1 1|b-2a
BEOHY) 51 0 1 2|c—b+a
0 0 0 3|{d+c—-3b+2a
0 0 0 Ojletd+2c-—Tb+7a

Hé (3.5) ¢6 nghiém néu va chi néu rank A = rank A, nghia 1a
7a-Tb+2c+d+e=0

No6i khéc di, W 1a khong gian nghiém ctia phuong trinh tuyén tinh
T, —TXy + 2%+ %, + X, =0

va ta dugc

W = {(m,n,p,q,—7m +7n —2p - q) ‘ m,n,p,q € R}
=((1,0,0,0,-7),(0,1,0,0,7),(0,0,1,0,-2),(0,0,0,1,-1))

Do {(1,0,0,0,-7),(0,1,0,0,7),(0,0,1,0,-2),(0,0,0,1,-1)} doc lap tuyén tinh nén

ching tao thanh moét co s6 cho W va do d6 dimW =4,

Bai tap

1.

2.

Hobi céc tap dudi day c6 1a mot khong gian con cia R? hay khong ?
a) W, = {(a,0,0)‘a € ]R}.

b) W, ={(a,1,1)|a < R}.

Cho khong gian vecto V va a la modt vecto c6 dinh thuéoc V. Ching minh rang

tdp hgp W = {ka‘k € ]R} la mot khong gian vecto con cua V.

3.

Trong R3, cho cac vecto u, = (1 -2 3) (0, 1, —3). Xét xem vecto u = (2, —3,3)

c6 phai 1a mot t6 hop tuyén tinh cta ug,u, hay khong ?

4.

Trong R?, xét xem vecto u c6 phai 1a mot t6 hop tuyén tinh cia u;,uy,uy khong
a) u, =(1,0,1), u, =(1,1,0), uy; =(0,1,1), u=(1,2,1).

b) u; =(-2,1,0), u, =(3,-1,1), uy =(2,0,-2), u=(0,0,0).

. Trong khong gian vecto cdc ma tran vuong cap hai M, (R), cho bon vecto

1 3 1 0 11 01
u= » U = Uy = Us = :
2 2 1 0 0 0) 11
Hoi vectd u c¢6 phai la mot t6 hop tuyén tinh cia u ,u,,u; khong ?
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6. Trong R?, cho cédc vecto ulz(l,—2,3), u2=(0,1,—3). Tim m dé vecto

u= (1, m, —3) 1a mot t6 hop tuyén tinh cia u,,u,.

7. Trong R?, cac hé vecto sau 1a doc lap tuyén tinh hay phu thudc tuyén tinh

a) u, =(1,1,0), u, =(0,1,1), uy =(1,0,1).
b) u; =(1,1,0), u, =(0,1,1), uy =(2,3,1).
o u, =(L11), u, =(1,1,2), uy =(1,2,3).
d u, =(1,L,2), u, =(1,2,5), uy =(0,1,3).

8. Chiing minh rang hé vecto v,,v,,...,v_ phu thudc tuyén tinh khi va chi khi c6

mot vecto v,, ie {1, 2,...,1"} 1a t6 hop tuyén tinh cia cdc vecto con lai.
9. Trong khong gian vecto cdc ma tran vudéng cap hai M, (R), cho bon vecto
1 0 11 11 11
e = e, = .
0 0) 0 0) 1 0) 11
Chiing minh rang hé {el,ez,e3,e4} doc lap tuyén tinh.

10. Mbi hé vecto sau day c6 sinh ra R® khong ?
a) v, =(1,1,1),v, =(2,2,0),v, =(3,0,0).

b) v, =(2,-1,3),v, =(4,1,2),v, = (8,-1,8).

11. Hé vecto nao trong cdc hé vecto sau day 1a co sé cia R?

a) 4, ={(1,2,3),(0,2,3)}

» ={(1,2.8),(0,2,3),(0,0,5)} .
5 =1{(1,1,2),(1,2,5),(0,1,3)}.
+={(-1,0,1),(-1,1,0),(1,-1,1),(2,0,5)}.

12. Tim hang cta cdc hé vecto sau (trong khong gian vecto R*)

a) u; =(-1,2,0,1), u, =(1,2,3,-1), uy =(0,4,3,0).
b) v, =(-1,4,8,12), v, =(2,1,3,1), v, =(-2,8,16,24), v, =(1,1,2,3).

13. Tim s6 chiéu va mot co sé cho khong gian vecto con cia R? sinh béi cdc vecto

=(1,2,0,-1), v, =(0,1,3,-2), v, =(-1,0,2,4), v, =(3,1,-11,0)
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14. X4c dinh s6 chiéu va tim mot co sé cho khong gian nghiém cta cac hé sau

2%, + x, + 3x53 = 0 X, — 3%, + x4 =0

a) yx; + 2x, =0 b) 2x;, - 6x, + 2x; = 0

X, + X3 =0 3, — 9%, + 3x4 = 0
X, — 2x, + X3 - X, + X, =0
2%, + X, - X3 + 2x, - 3%, = 0
© 3, - 2%, - X4 + X, - 2x, =0
2%, - 8%, + x5 - 2x, + 2%, = 0
3x;, + 2%, + x5 + 3x, + 5%, = 0
a 6x, + 4x, + 3x; + 5%, + Tx, = 0
9x, + 6x, + 5x; + Ux, + 9x, = 0
3x;, + 2x, + 4x; + 4x, + 8x, = 0

15. Tim toa do cta vectd u trong cd sé chinh tidc 73 va trong co s 7' = {fl,f2,f3},
véi f, =(1,0,0),f, = (1,1,0),f, = (1,1,1).
a) u=(31,-4). b) u=(1,3,1).
16. Trong R*, xét tap
W = {(al,a2,a3,a4) ‘al ta,+ag+a, = 0}
a) Kiém chiing ring W 1a mot khong gian vecto con cia R*.
b) Kiém chiing cac vecto sau nam trong W
v, =(1,0,0,-1), v, =(0,1,0,-1), v; =(0,0,1,-1), v, =(1,1,-1,-1)
¢) X4c dinh s6 chiéu va tim mot co sé cho W.
17. Trong R?, cho co sé chinh tic
PB = {e1 =(1,0,0),e, =(0,1,0) e, = (0,0,1)}
va co s@
@B = {f1 =(2,1,1),f, =(1,2,1).f, = (1,1,2)}.
Tim ma tran d6i co s6 tU 73 qua 7' va ma tran d6i co s6 tU 7' qua 7.
18. Trong R®, cho hai co s§ X= {u1 =(1,1,0),u, =(0,1,1),u, = (1, 0,1)} va
B ={v; =(21,1),v, =(1,2,1),v5 =(1,1,2)}.

Tim ma tran d6i co sé tU 7 qua 7' va ma tran doi co sé tid 7' qua 7.
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19. Trong R?, cho hai co s&
#={u; =(1,2,0),u, = (1,3,2),uy = (0,1,3)}
B ={v; = (1L,21),v, =(0,1,2),v; = (1,4,6)}
va vecto u = (a,b,c) e R3.
a) Tim toa do cua vecto u trong co sG 73 va cd s6 A'.
b) Tim ma tran d6i co sé tif 73 qua 73’ va ma tran ddi co sé tir 73’ qua 7.
c¢) Kiém chiing [u]% =P, , [u]% va [u]% =P, [u]%.
20. Trong R?, cho cac hé vecto
B, = {ul =(L,1,1),u, = (1,1,2),u, = (1, 2,3)}
va
By ={v; =(2,1,-1),v, = (3,2,5),v5 = (1,-1,m)}
a) Ching minh riing %, 1a co sd cta R®.
b) Tim toa d6 caa vecto u = (a, b,c) trong co s¢ 73, .
¢) Tim m dé 7, la mdt co s¢ cia R

2, ° N z A R 2, N
d) V6i m =0, tim cdc ma tran doi co sé R,Al_)% va P-‘%’z—>-‘%1 .

21. Cho hai hé vecto trong khong gian R*
#%: a, =(0,1,0,2), a, =(1,1,0,1), a; =(1,2,0,1), a, =(-1,0,2,1),
#': by =(1,0,2,-1), b, =(0,3,0,2), b, =(0,1,3,1), b, =(0,-1,0,1)
a) Chiing minh chung 14 hai co s cia R*.
b) Tim ma tran d6i co sé tid 7 qua 73'.
¢) Tim toa do cua v = (2, 0, 4,0) doi véi co s '
d) Tim toa cia v d6i v6i co s¢ 73.
22. X4c dinh s6 chiéu va tim mot co sé clia khong gian con W sinh béi hé vecto sau
a) u, =(10,0,-1), u,=(2110), u;=(1,1L,1L1), u, =(1,2,3,4), u;=(0,1,23)
trong R*.
b) u =(11,110), wu,=(1,1,-1,-1,-1), uy=(220,0,-1), u,=(L15.52),
uy =(1,-1,-1,0,0) trong R .
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Chuong 4

ANH XA TUYEN TiNH

1. CAC KHAI NIEM CO BAN

1.1 Pinh nghia. Cho V va W 14 hai khéong gian vecto. Anh xa f: V - W dugc goi
14 mot dnh xa tuyén tinh néu :

1) f(u+v):f(u)+f(v),
i) f(ku) = kf (u),
v6i moi u,veV va k e R.

Khi W=V, anh xa tuyén tinh f dugc goi 14 mot phép bién doi tuyén tinh
hay mot todn ti tuyén tinh trén V. Khi W =R, 4nh xa tuyén tinh f con dugc goi
12 mot phiém ham tuyén tinh cua V.

Vi du 1. Cho anh xa f:R® > R? xdc dinh béi

f(u) = f(xl,xz,x3) = (X1 — 2%y + Xg,X; + Xy + X3), VOl u = (Xl,Xz,X3) e R3,
Vé6i u,v e R3, u :(Xl,x2,x3>, v:(yl,yz,y3), va k e R bat ky, ta c6
f(u+v) = ((xl +y1)—2(X2 +y2)+(x3 +y3>,(x1 +y1)+(x2 + y2)+(x3 +y3))
(Xl —2x2 + )(3)+(y1 —2y2 +y3)
f(u)+f(v)

f(ku) = (kx; - 2kx, + kx, ) = k(x; — 2%, + x5 ) = kf (u).

Do d6 f 1a mot anh xa tuyén tinh.
1.2. Tinh chAt.
i) Anh xa £:V > W la mot dnh xa tuyén tinh khi va chi khi
f(hu +kv) = hf (u) + kf (v),
voi moi u,ve V; hjk e R.
it) Néu f: V > W la mét dnh xa tuyén tinh thi
f(OV) =0y va f(—u) = —f(u),
voi moi ueV

Cho V, W 1a hai khong gian vectd va f:V - W 1a mot 4nh xa tuyén tinh.
Khi 46, v6i & = {el,ez,...,en} 132 mot co s6 ctia V, moi vecto bat ky u e V dugc biéu

dién duy nhat dudi dang
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u=xe +X +...+txe ,x;eR,1=12,..,n.

Do f 1a 4nh xa tuyén tinh, nén
f(u) = f(xle1 +Xy€y + .o+ xnen) = xlf(e1> + xzf(ez) ot an(en).

Vay f duogc hoan toan xac dinh bdi cac vecto trong W, f(el) , f(ez), ey f(en).
Hon niia, ta cé
1.3. Ménh dé. Cho B = {el,ez,...,en} la mét co s6 cia V va vy, v,,...,v_  la n vecto
trong W. Khi dé, téon tai duy nhdt mot dnh xa tuyén tinh f:V > W théa
f(e.)z v, izl,_n.

1

Chut y. Céc anh xa tuyén tinh déng mot vai tro quan trong trong nhiéu linh
vuc khdc nhau. Xuit ph4t tit dinh nghia, mot 4nh xa gitta hai khong gian vecto 1a
mot anh xa tuyén tinh khi dnh cia téng hai vecto la tong ciia hai dnh va dnh cia
tich vecto v6i mét s6 la tich cia dnh vecto véi sé dé. Chang han véi V va W la
khong gian vecto cdc ham kha vi thi phép 14y dao ham 14 mot 4nh xa tuyén tinh ti
V dén W do dao ham cla téng hai ham bang tong hai dao ham va dao ham caa
tich mot ham v6i mot s6 bing tich cha dao ham vé6i s6 d6. Tuong tu, véi V 1a
khong gian vecto cac ham lién tuc trén doan [a, b] va W =R thi phép 14y tich
phan xdc dinh 12 mot 4nh xa tuyén tinh tt V dén W do tich phan cta téng hai
ham bing téng hai tich phan va tich phan ctia mdt ham nhan v6i mot sd bang tich
phan cua ham nhan véi s6 do.

Tuy nhién, ta chi tap trung khdo sat cac khong gian vecto hitu han chiéu, cu
thé 1a cac khong gian R™. Khi d6, biang cach 4p dung ménh dé 1.3, véi % 1a co sé
chinh tic, mot 4nh xa

f:R" > R™
(xl,x2,...,xn) — f(xl,xz,...,xn)
12 mot 4nh xa tuyén tinh khi ton tai n vecto v,,v,,...,v_ € R™ sao cho
f(xl,xz,...,xn> =X V) + XV + o+ X VL

Do do, f(xl,xz,...,xn) 12 mot vecto trong R™ ma mdi thanh phan 1a mot biéu

thic bac nhat thuan nhat theo x,x,,...,x_, nghia la biéu thic c6 dang

a;x; +a,x, +...+a_x_, a;, eR.

Vi du 2. Anh xa f:R? > R3, xdc dinh béi f(Xl,Xz) = (4)(1 +3X,,—2X,y,X; — Xz)
la mot 4nh xa tuyén tinh vi cdc thanh phan cta f(xl,xz) la 4x, +3x,,-2x, va

X, — X, déu la cdc biéu thic bac nhat thuan nhat theo x,, x,, x

1 3°
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