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CHUGNG I HAM MOT BIEN

1 Ham so mot bien so6

1.1 Khai niém ham so6

1.1.1 Dinh nghia

Dinh nghia 1. Cho X C R, X # @ . Mot ham s6 f tu X vao R 1a mot quy téc
cho tuong ting moi phan tit z € X v6i mot va chi mot s thuc y.
Ki hiéu

f: X—R

r—1Y

hay y = f(x)véi z € X.

S6 x duge goi 1a bién so doc lap va y = f(x) dude goi 1a gid tri cia ham s6 f
tal x.

Tap X dugc goi la tap zac dinh ctia ham f.

Pat Y = f(X)véi f(X)={yeR|y= f(x),zr € X}. Khi d6 Y dugc goi la
tap gid tri cuia ham f.

Do thi ctia ham f 1a tap hop tat ca cac diem M(z, f(z)) (z € X) trong mit
phang toa do Décac vuong géc Ozy.
Vi du 1. Cho ham s6 f(z) = 23 + 1. Tim f(1), f(—2).
Giai.

f=1+1=2; f(-2)=(-23+1=-7

Vi du 2.

Ham Sé \\ /
/
fiR—R 4

l"—>.f172

c6 tap xac dinh 1a R, tap gié tri 1a [0; +00).
Hinh 1: y = 22



1.2 Ham s6 don diéu - Ham sé bi chian - Ham sé chin, ham sé 1é -

Ham so tuan hoan

1.2.1 Ham sb don diéu
Dinh nghia 2.
i) Ta n6i ham s6 f(x) goi 1a tang (giam) trong khodng (a,b) néu:
Vay, @z € (a,0),21 <32 = f(z1) < fla2)(f21) = f(a2)).
ii) Ham f(z) dugc goi la tang ngit (gidam ngat) trong khoang (a,b) néu
Vay, s € (a,b), 21 < 22 = f(z1) < f(22)(f(21) > f(22)).
iii) Ham s6 tang (ngat) hay gidm (ngit) duge goi chung la ham don diéu (ngat).

D6 thi clia ham s6 tiang 13 mot duong di lén tit trai sang phai.

D6 thi ctia ham s6 gidm 1a mot duong di xudng ti trai sang phai.

Vi du 3.
1) Ham y = sin x ting ngat trén [— g, g}
Ham y = cosx gidm ngat trén [0, 7].
2) Ham y = L meuzeQ khong tang ciing khong giam trén R.

0 néuzé¢Q
1.2.2 Ham s6 bi chan

Dinh nghia 3.

i) Ham s6 f dugc goi 1a bj chan trén trén tap D C R néu ton tai s6 M sao cho
flz) < M,V € D.

ii) Ham f ducc goi 1a b chan dudi trén tap D C R néu ton tai mot s6 m sao

cho f(x) > m,Vz € D.
iii) Ham f vita bi chan trén vita bi chin dudi trén D duge goi 1a bi chan trén D.

Vi du 4.



1
Ta c6: — > 0,Vx € (0,400).
T

) 1
Vay trén (0, 4+00), ham so f(z) = — bi
T

chan du6i nhung khong bi chan trén.

1
Hinh 2: y = —
x

1.2.3 Ham sb chin - ham sb 1&

Dinh nghia 4.
Ham s6 f(z) x4c dinh tren tap X doi xing (tic 1a néu x € X thi —z € X)
Ham f dugc goi 1a chén néu f(—x) = f(z), Vr € X.
Ham f duge goi 1a 18 néu f(—z) = — f(x), Vo € X.
D6 thi ham s6 chdn déi xting qua truc Oy. Do thi ham s6 1é ddi xitng qua goc
toa do O.
Vi du 5.
1) Ham s6 y = 22 13 ham s6 chén.

2) Ham s6 y = — 1a ham s6 1é.
T

 Itad

1
Hinh 3: y = 2 Hinh 4: y = —
x

1.2.4 Ham sb tuan hoan

Dinh nghia 5. Ham s6 f(z) xac dinh trén tap X dugc goi 1 tuan hoan néu ton

tai s6 ¢t thoa man: Ve € X thi z +t € X va f(z +t) = f(x).



S6 T duong, nhé nhat théa man ding thic trén goi la chu ki ctia ham s6 tuan

hoan.

Vi du 6.
1)Ham s6 y = cosz xac dinh Vz € R va tuan hoan véi chu ki 2.

2) Ham s6 y = tan 2z xac dinh trén tap D = R\ {% + g} va tuan hoan véi

T
chu ki —.
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Hinh 5: y = cosx Hinh 6: y = tan2x

1.3 Ham sbé hdp - Ham sb ngudc
1.3.1 Ham s6 hop

Dinh nghia 6. Cho hai ham s6 f(z) xac dinh trén tap X, g(x) xac dinh trén
tap Y sao cho f(X) C Y (tap xac dinh cia g chita tap gia tri cia f).

Ham hgp cia f va g la mot ham, ki hieu F' = gof;

F(x) = gof(x) = g(f(x)),Vz € X.

Vi du 7.
Cho hai ham f(z) = 2?4+ 1,Vz € R va g(z) = cosz,z € [0, 27].

Khi d6 ham hop 1a flg(x)] = cos?*(z) + 1, z € [0, 27].

1.3.2 Ham sb ngudc
Bay gio, gia st f la mot ham xac dinh trén D va don diéu ngat trén D. Khi
f(D) ta xac dinh dugce duy nhat mot z € D sao cho

do6, véi bat ky y € D' =
flx) =y.

T d6 ta c6 khai niem vé ham nguge nhu sau:



Dinh nghia 7. Cho la mét ham xac dinh trén D, don diéu ngat trén D va c6
tap gid tri 1a D' (D' = f(D)). Ham ngugc ctia ham f 13 mot ham (ky hieu f~1)
c6 tap xac dinh 1a D', tap gia tri la D va duge xdc dinh béi

f7:D—D
yl—)x
véi f[THy) =z & f(z) =y véimoiy € D'

D6 thi ctia hai ham s6 f va f~! d6i xing v6i nhau qua dudng phan giac thi

nhat.

1.3.3 Cach tim ham ngugc ciaa ham f
Budc 1: Viét y = f(x).
Budc 2: Giai phuong trinh nay cho z theo y (néu c6 thé).

Buéc 3: Bicu dién f~! nhu ham s6 theo = bang cach doi « thanh y va y thanh
x. Phuong trinh két qua 1a y = f~1(z).

Vi du 8. Tim ham ngugc ciia ham f(z) = 23 +2, » € R.

Giai:
J"I
Ta c6 1 ,‘-""‘ S—"
y=2*+2e P =y—2cr="y—2 /;//
D6i o thanh y va y thanh 2 ta duge: — f-f- o /'/ = \Vr 2
Vay ham ngugc ctia ham f 13 |
fl@)=vr -2, 2R Hinh 7: y = 23 + 2

Vi du 9. Ham s6 y = 2%, 2 € R ¢6 ham s6 ngude 1a y = log, z xac dinh trén

khoang (0, 400).



Hinh 8: y =2 va y = log, =

2 Ham so so cap

2.1 Cac ham sé so cap co ban

Cac ham sb sau day dudc goi 1a cac ham s s6 cap co ban:

1. Ham s6 liiy thtta:  — 2%, o € R;

2. Ham s6 liy mit: z — a%,a > 0,a # 1;

3. Ham s6 logarit: o +— log, x,a > 0,a # 1;

4. Cac ham s6 luong gidc: o +— sinx, z — cosx,x — tanxz,x — cotx

5. Cac ham s6 lugng giac nguge: x +— arcsin x, T — arccos r, x — arctanx, r —

arccotx

2.2 Ham sb so cap
Ham s6 so cap 1a nhitng ham s6 dudc tao thanh béi mot s6 hitu han cac phép
toan s6 hoc (cong, trit, nhan, chia), cac phép lay ham s6 hop déi v6i cadc ham s6

so cap co ban va cac hang sob.

3 Gidi han ciaa ham so

3.1 Cac dinh nghia giéi han
3.1.1 Lan can
Cho diém zy € R, va § > 0. Khi d6 ta néi:
Khoang (zg — 6,z + ), 14 0— lan can ctia diém x.
Khoang (x¢ — 6, 7), 14 6— lan can trai ctia diém z.

Khoang (zg, g + §), 1& 6— lan can phai ctia diém .



Tap hop U chita mot d—lan can cia xy duge goi la mot lan can cua xg, thuong
ky hieu la U(z).

3.1.2 Dinh nghia

Dinh nghia 8.
Cho ham s6 f(z) xac dinh trong lan can U(xg) (c6 thé trit zg). S6 L dude goi
la gi6i han clia ham s6 f(z) khi x dan t6i (z) néu véi mdi € > 0 cho trude nhod

tity ¥ luon ton tai s6 6 > 0 sao cho véi moi x € U(xg), 0 < |z — zo| <  thi

|[f(x) = L] <e.
Ky hiéu: lim f(z) =L hodc  f(x)— L khiz — x.
T—xQ

Vi du 10. Ding dinh nghia dé chiing minh rang: alsl_)rr%(?)x + 4) = 10.

Taco: |(3z+4)— 10| < e & [30—6| <o |z—2| < % Khi d6, véi moi & > 0,
ta chon § = §(> 0) ta c6: néu 0 < |z — 2| < & thi (32 +4) — 10| < e.

Vay lim (3z + 4) = 10.

Dinh nghia 9. (Gidi han maot phia)

a) Cho ham s6 f(x) x4c dinh trong nita khoang (a, o], c6 thé trit ¢, s6 L;
duge goi 1a gidi han tréi ciia ham f(z) khi x dan dén x¢(z < o) néu véi méi e cho
trude nho tuy ¥ luon ton tai s6 § > 0 sao cho v6i moi z € (a,xg], 0 < xg—x < §
thi |f(z) — L] < e.

Ky hi¢u: lim f(z)=L; hodac  f(x)— L khiz — 4.

T—XTg

b) Cho ham s6 f(x) xac dinh trong nita khodng [z¢,b), c6 thé trit zg, s6 Lo
duge goi la gidi han trai cia ham f(z) khi z dan dén zq(z > zg)néu véi mdi € cho
trude nho tuy ¥ luon ton tai s6 § > 0 sao cho véi moi x € [x9,b), 0 <z — 29 <4
thi |f(z) — Lo| < e.

Ky hieu: lim f(z) =Ly hodic  f(z) — Lo khix — z7.

T—XTq

Dinh 1y 3.1. Diéu kién can va dt dé ton tai lim f(z) = L la

T—xo
lim f(z), lim f(z) déu ton tai va

T—To T—T

lim f(x) = lim, f(x) = L.

Ty Ty

Dinh nghia 10. (Gidi han J vo tan)

Cho ham sb f(z) xac dinh tai moi = ¢6 |z| 16n tuy ¥.
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a)S6 L dugc goi la gidi han ctia f(z) khi  dan t6i duong vo cung (z — +00)
néu véi mdi € > 0 cho truéc nhod tiy ¥, ton tai s6 M > 0 kha 16n sao cho khi
x> M thi|f(z)— L| <e.

Ky hiéu: ml_l)I_{loof(ai) = L.

b) S6 L duge goi la gidi han cta f(x) khi z dan t6i am vo cing (v — —o0)
néu véi moéi € > 0 cho truéc nhéd tuy ¥, ton tai s6 M > 0 kha 16n sao cho khi
r < —Mthi|f(z)—L| <e.

Ky hiéu: xl_l)I_Iloof(SL‘) =L.

Dinh nghia 11. (Gidi han vo tan)

Cho ham sb f(z) xac dinh trong mot lan can U (zo)

a) Ta n6i ham s6 f(z) c¢6 gidi han 1a +oo khi @ — 2 néu v6i mdi s6 A > 0
16n tuy y luon ton tai & > 0 sao cho véi moi z € U(zp), 0 < |z — x| < 0 thi
f(z) > A.

Ky hi¢u: lim f(z) = +oo.

b) Ta noi hé;n s6 f(x) 6 gidi han 1a —oo khi * — z néu v6i méi s6 A > 0
16n tiy ¥ luon ton tai § > 0 sao cho v6i moi z € U(xg), 0 < |z — x| < § thi
f(z) < —A.

Ky hiéu: lim f(z) = —o0.

T—Io

1
Vidu 11. lm ——— = +00.
i e—1 (x —1)2

3.2 Giéi han ctia cac ham sb so cap cd ban

Dé thuc hién viéc tinh gi6i han clia ham s6, ta can ghi nhé mot sé cong thiic
duéi day:
1) Ham s6 liy thira:

+o00, néu a >0,

* lirf ¥ =
T——+00 z
0, neu a < 0.
_ 0, neu a > 0,
* lim 2% =
z—07F

+o00, néu a < 0.
2) Ham s6 mii:

. 0, néu a > 1,
* lim o =
T——X

+oo, néul<a< 1.



. +o00, néua > 1,
* lim a® =
T—+00

0, néu 0 <a < 1.
3) Ham sb logarit:

—00, mnéua > 1,
* lim log, x =

0+t £
v=0 +oo, néul<a<l.

+o00, néua > 1,

* hrf log, © =
e —00, néul<a<1.

4) Cac ham lugng giac:

Céac ham sb sinx, cos z, tan z, cot  khong ¢6 gidi han khi x — —o0, 7 — +00.

¥ lim  tanx = +oo; lim tanz = —o0; k € Z
r—(G+km)™ r— (G +km)T

* lim cotx = +4oo; lim cotx=-—o0;k€E€Z
z—(km)t x—(km)~

5) Cac ham lugng gidc ngugc:

. T m
lim arctanz = —; lim arctanx = ——.
z—+00 2" z——o00 2

3.3 Cac tinh chat cta giéi han

Dinh ly 3.2. Gia st lim f(x) = Ly va lim g(z) = Lo. Khi do6 ta c6:

a) limC f(x)=C. hm f(z) = C.Ly; vdi C la hdang so;
b) [ () + g(@)] = lim F(2) + lim g(z) = Ly + La;
) Tn{f(2).9(2)] = lim /(2). lim g(z) = Ly.L;

fl) mft) o
d) 1 = = — 1 =L 0.
VB ) T gt L M) =7

Nhan xét:

Truong hop (b): Khi Ly = 400 v Ly = —oo thi vé mat hinh thic ta c¢6 dang
00 — 00, d6 14 mot dang vo dinh (nghia lad chua khang dinh duge }g%[f(@ +g(x)]
c6 hay khong.

Truong hop (c): Khi Ly = 0 va Ly = oo thi vé mat hinh thic ta ¢6 dang 0.00,
do6 1a mot dang vo dinh.

Truong hop (d): Khi Ly = 0(o0) v Ly = 0(c0) thi vé mit hinh thic ta co
dang 0 hoac %, do6 la mot dang vo dinh.

Khi gip cac dang vo dinh d6, muén tinh gisi han tuy ting truong hgp phai
tim cach dé khit dang vo dinh.



Vi du 12. Xét lim Y2771

z—0 x
0 .

C6 dang vo dinh ik Nhan lién hiép tit va mau véi /1 + x + 1, ta dugc
5 vi+zr—1 5 x 5 1 1

im —— = lim =lim — = —

z—0 x —=0x(y/1+ax+1) +-0/14+zx+1 2

Dinh ly 3.3. Cho ham hop fou:z— (fou)(z) = flu(z)]

Néu ta c6 lim u(x) = up, f(u) xac dinh trong lan can wug (c6 thé trit ug) va c6

lim f(u) = A thi lim flu(z)] = A.

u—uQ

Dinh 1y 3.4. Gi4 st f(z),g(x), h(z) 1a nhitng ham s6 cung x4c dinh trong lan
can U(xg) (co thé trit 29) va trong lan can dé c6 f(x) < g(z) < h(z). Khi d6 néu
lim f(z) = lim h(z) = L thi lim g(x) = L.

T—X0

sin

Vi du 13. lim — Iz
z—0
. : i _ 1
Vidu 14. lim (14 =)= lim (14+—-)" =e.
r—+00 €x T——00 x

3.4 Vo6 cung bé - Vo6 cung lén

3.4.1 Vo6 cung bé

Dinh nghia 12. Ham s6 f(z) dugc goi 1a mot vo cing bé, viét tat 1a VCB khi
T — o néu: xli_}rgg f(x)=0.

Vi du 15. Khi x — 0 thisinx la 1 VCB, z ciing la 1 VCB.

Cac tinh chat cia VCB

i) Néu f(x) 1a VCB khi x — =z thi C.f(z) (C: hing s6) cling 1a VCB khi

T — Xg.

ii) Cac dinh Ii vé tong, tich, thuong cac VCB dudc suy tryc tiép tit dinh 1i tong,

tich, thuong cac dai lugng c6 gidi han .

So sanh cac VCB
Cho fi(z) va fo(z) 1a 2 VCB khi z — xy. Khi dé:
i) Néu lim hx)

z=wo fo()
fi(x) = o(fa(z)), v — 0.

= 0 thi ta néi rang fi(z) c¢6 bac cao hon fo(x), ki hicu:

10



ii) Néu lim ?Exi = (C,C # 0 thi ta noi rang fi(z) cung bac véi fo(x), ki hieu:
T—x0 fo(x
filz) = O(f2(x)),z — .

Dic biét néu lim ?Ex) =1 thi ta n6i rang fi(x) tuong duong véi fo(x) khi
r—z0 folx
x — T, ki hieuw: fi(x) ~ fo(z),x — 0.

Vi du 16.
Khi 2 — 0 thi 1 — cosz 1a VCB cap cao hon VCB .
Khi z — 0 thi sinz va 22 13 2 VCB cling cap.

Khi x — 0 thi sinz va x 1a 2 VCB tuong duong.

Ta co cac VOB tuong duong sau:
2

Khi x — 0 :sinax ~ ax,tanax ~ ax,1 —cosx ~ %,ex—l ~an(z+1) ~x
. ) 0
Ung dung VCB tuong duong dé khit dang vo dinh 0

1) Né ~ (fi(z x) ~ (g1(x)), r — x¢ thi im@: imfl(x)
i) Neu f(z) ~ (f1(2)), g(x) ~ (91(x)), o thi lim =y =

T—10

ii) Quy tat ngat b6 VCB cip cao: gid st f(z),g(z) 1la 2VCB khi z — x7 va
f(x) b\v
ang

f(x),g(x) déu 1a tong ctia nhidu VCB. Khi d6, gidi han clia ti s6 @
g(z

gidi han ctia ti s6 hai VOB cap thap nhat ¢ ti va mau.

Vi du 17. lim 237 3% 3
' =0 1In(l +2z) «=02x 2

., ) T +sin’ z LT 1
Vi du 18. ill>I(1)2913+9:2+39c4 _}E%%—§

3.4.2 V6 cung lén
Dinh nghia 13. Ham s6 f(z) dugc goi 1a mot vo cuing 16n, viét tat 1a VCL khi

r — g néu: lim f(z) = +oo.
T—X0

Vi du 19. Khi z — 0 thi 1 la 1 VCL.
x

Cac tinh chat cia VCL
i) Néu f(z)1a VCL khi z — x thi C.f(x) (C: hing $6) cting 1a VCL khi x — .
ii) Cac dinh I vé tong, tich, thuong cac VCL dugc suy tryc tiép tit dinh If tdng,

tich, thuong cac dai lugng c6 gidi han .

11



So sanh cac VCL
Cho fi(x) va fa(x) 1a 2 VCB khi 2 — 2. Khi do:

. % . fl (.CE)
) N i 1
)

ii) Néu lim ? Ex) = C,C # 0 thi ta noi rang f1(z) cuing bac véi fo(z).
r—z0 fo(x

Dic biét néu lim hi@)

T—T0 fQ(x

x — xg, ki hiew: fi(x) ~ fo(z),x — z0 .

= oo thi ta néi rang fi(x) ¢6 bac cao hon fy(z).

=1 thi ta n6i rang fi(x) tuong duong véi fo(x) khi

Ung dung VCL dé khit dang vo dinh —
0

i) Né ~ T x) ~ ). x — T ‘1im®zimM
) Néu f(2) ~ (f(2)).9(a) ~ (ga(&)), — o thi lim =5 = lim 13

ii) Quy tat ngat b6 VOB cip thap: gia su f(x),g(z) 1a 2VCL khi z — x4 va

f(z), g(x) déu la tong ctia nhiéu VCL. Khi d6, gidi han ciia ti s6 gég bang
giéi han clia ti s6 hai VCB cap cao nhat ¢ ti va mau.
3 3 2 _ 4 3 3
Vi du 20. lim S50 T g, 07 g

ag—too 13 —3x2 4+  2—0 3z
4 Su lién tuc cua ham so

4.1 BDinh nghia

Dinh nghia 14. Cho ham f xac dinh trong khoéng (a; b). Ta n6éi ham f(x) lién
tuc tai diém xq € (a;b) néu: lim f(z) = f(x0).
T—xQ

Ham s6 khong lien tuc tai diem xy duge goi 1a gidn doan tai diém z.

Dinh nghia 15. Cho ham f xac dinh trong mot lan can (zg — §,20). Néu:

lim f(x) = f(xo) thi ta néi ham f(z) lién tuc trdi tai diém x

T—To

Dinh nghia 16. Cho ham f x4c dinh trong mot lan can (xg,zo + §). Néu:

lim_ f(x) = f(xo) thi ta néi ham f(z) lién tuc phdi tai diém xg

T—Tg
Dinh nghia 17. Ham f dugc goi 1a lién tuc trén khodng (a,b) néu né lién tuc
tai moi diém thudc khodng d6. Néu né lien tuc trén khodng (a,b) va lién tuc trai

tai b, lien tuc phai tai a ta néi f lién tuc trén [a, b].

12



. rx+1, néuzx <0,
Vi du 21. Ham s0 f(z) =
r—1 néuxz>0
xac dinh tai moi x € R nhung lim f(z)=—-1#1= lim f(z).
z—0 z—0~
Vay z = 0 1 diém gian doan ctia ham sb.
sin x

) . néuax #0,
Vi du 22. Xét tinh lién tuc ctia ham s6 sau trén R: f(x) =¢ ¢
a néu x =0
Giai.
Tap xac dinh ctia ham s6: R. V6i  # 0, ham s6 lien tuc.
Vi =0, lim f(x) = lim Y 1L F0) =a
T— T— T

Néu a = 1 thi ham s6 lién tuc tai z = 0
Néua # 1 thi ham s6 gian doan tai z = 0
Vay a = 1 thi ham s6 lién tuc trén R, a # 1 thi ham s6 lién tuc tai moi diém

x#0

4.2 Cac tinh chat ctia ham lién tuc

Dinh 1y 4.1. Néu ham f lién tuc trén doan [a,b] thi f bi chan trén doan |a, ],
tic la ton tai hai s6 M va m sao cho m < f(x) < M,Vz € [a,b]. Hon nita [ dat

gid tri lon nhat va gid tri nhé nhat trén dogn dé, tic la c6 o, 3,3 € [a,b] dé

F(8) = min f(x) va f(a) = max f(x).

z€la,b] x€la,b|
Dinh 1y 4.2. (Dinh ly vé gid tri trung gian)

Néu ham f lien tuc trén doan [a,b], m va M la cdc gid tri nhé nhat va lon
nhat cia né trén doan dé thi vdi moi s6 p nam giga m va M, luon ton tai diém
xo € la,b] sao cho: f(xg) = p.

Hé qua:
Néu f(x) lien tuc tréen doan [a, b], f(a).f(b) < 0 thi trong khoéng (a, b) ton tai

mot diém z sao cho f(xy) = 0.

4.3 Su lién tuc déu

Ham s6 f(z) lién tuc trong khodng (a,b) duge goi 1a lien tuc déu trong (a, b)

néu véi € > 0 bat ki luon tim duge § > 0 sao cho vé6i bat ki u,v € (a,b) théa man

|u — v| < dthi kéo theo|f(u) — f(v)| <€

13



Dinh 1y 4.3. (dinh li Heine) Ham so f(x) lién tuc trong khodng déng |a,b] thi
f(x) liéen tuc déu trong [a, b].
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CHUONG II PAO HAM VA VI PHAN

1 Dao ham cua ham so6

1.1 Dao ham

1.1.1 Dinh nghia

Dinh nghia 1. Cho ham s6 f(z) xac dinh trong khoang (a, b). Ta néi rang ham
s6 f(x) khd vi tai diém o € (a,b) néu ton tai giéi han
@)= )
T
Gidi han nay dude goi 1a dao ham ctia ham f tai diém xq va dude ki hieu 1a f(z).
Ham s6 f c¢6 dao ham tai diém =z, duge goi la kha vi tai diém .
Néu ham s6 f(x) khd vi tai moi diém x € (a,b) thi ta néi rang f(x) khd vi
trong khodng (a,b).
Nhan zét: Néu dit Az = x — o thi biéu thitc dinh nghia tré thanh:

lim f(zo + Azx) — f(x0)
Axz—0 Ax

= f'(c)

Vay dao ham tai x = xy clia ham f(z) chinh 1a giéi han ciia ti s6 gitta s6 gia clia
ham s6 tai diém o = x¢ (ttc 1a hieu f(xo + Az) — f(xg)) véi s6 gia ciia do6i s6 tai

diém z = o (ttc 1a hieu o + Az — x0).

1.1.2 CAch tinh dao ham theo dinh nghia

Dit Az = x — 2 : s6 gia clia d6i s6

Tinh Ay = f(z + Az) — f(z) : s6 gia clia ham s6

I
g
|

Dao ham ctia ham s6: f/(x)
Vi du 1.

(1) Xét ham s6 f(z) = a,x € R thi f'(z) = 0.

That vay, ta c6: Ay = f(x + Azx) — f(zr) =a—a=0

Suy ra f'(x) = lim — = 0.

(2) Xét ham s6 f(z) = z,z € R.

Ta c6 Ay:]x:c—i—Ax)—f(:c):x—i—Ax—:c:Aa:

I im0
ST R0 Az Avso Az
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Vay f'(x) =1, v6i moi = € R.
(3) Xét ham s6 f(x) =sinz,z € R. Ta ¢

A A
Ay = f(x + Az) — f(z) = sin(x + Az) —sinz = ZSin(Tx) cos(x + 73:)
Suy ra
. Ay . 2sin(42) cos(x + &%) _ sin(&%) Ax
! — _ = 2 2 e 2 ) =
fo=ma =i & Aty T eslrry) = s

Vay f'(x) = cosx, v6i moi x € R.

1.2 Y nghia hinh hoc ctia dao ham

Néu vé do thi ctia ham s6 f(z) trong mot hé toa do Decart vuong goc thi ti
. Azr) — i
sO J(wo+ Ax) G chinh la hé s6 goc cta day cung MoM véi My(xo, f(x0))
x
va M(zo + Az, f(zo + Ax)).

Khi cho Az — 0 thi diém M trén dd thi tién dén diem M, do vay, cat tuyén

MyM tién dén tiép tuyén tai diem M,. Vay, dao ham tai mdi diém chinh la tiép
tuyén ctia do thi ctia f(x) tai diém do.

Ham s6 f c¢6 dao ham f'(xg) tai diém xo khi va chi khi do thi (C) c6 tiép
tuyén tai diem M, v6i hé s6 goc f/(zg). Phuong trinh tiép tuyén ctia do thi (C)

2 N A . « 2 N
cua ham so f tai diem M, la:

y —yo = f'(20)(x — x0)

1.3 Cac quy tac tinh dao ham

Dinh 1y 1.1. Cho f(z) va g(z) la hai ham so xdc dinh trén (a,b), gid st f(x)
va g(x) deu cé dao ham tai x € (a,b). Khi dé f(z) £ g(x), f(x)g(z) cing cé dao

ham tai x va
1. (f(z) £ g(z)) = f(z) £ ¢'(2),
2. (f(z)g(z)) = f'(x)g(x) + f(x)g (), dic biet (cf(z)) = cf'(x).

3. Néug(x) # 0 th /(@) cung co6 dao ham tai x va <@>/ = f@)g(w) - f(:v)g’(x)

9() g(z) 9*(z)
1\ g
(g(ﬂf)> - gP(x)

Dinh 1If sau day cho ta cach tinh dao ham ctia ham s6 hop.

Tt (3) ta suy ra
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Dinh ly 1.2 (Dao ham ctia ham hgp). Néu v = f(x) ¢6 dao ham tai xo va
y = g(u) ¢ dao ham tai ug = f(x), thi gof cting cé dao ham tai xy va

(g0f) (o) = {glf (o)1}’ = g'(uo).f'(w0).
(Vé phdi la: dao ham cia y theo u nhan vdi dgo ham cia u theo x).
Vi du 2. Ham s6 y = sinz? 1a hop ciia hai ham y = sinu va u = 22, Ta ¢6
y'(u) = cosu va u/(z) = 2x. Do d6 ' (z) = cos(z?)2x.
Dinh 1y 1.3. Gid stz = f(y) c6 dao ham tai yy € (a,b) va f'(yo) # 0. Néu ton

tai ham ngugc y = g(x) lién tuc tai o = f(yo) thi ton tai dao ham ¢ (xo) va

, _
g(w) = f'(yo)

Vi du 3. Cho z = f(y) = %%, y € (0,00). Dé dang thay rang f c6 ham ngugc

y=g(z) = f~(x) = 2. Ta a4p dung dinh ly trén va c6 ngay két qua.
) - L 11
g €T = — = — = —
ffly) 2y 2Vz

Chang han, dé tinh dao ham clia ham s6 y = arcsinz ta c6 thé tinh thong

qua ham s6 y = sinz. Vi ham s6 y = sinx ¢6 ham s6 ngudc 1a x = arcsiny. Theo

. 1 1
cong thic tinh dao ham ctia ham s6 ngudc ta c¢6 (arcsiny) = — = :
(sinz)  cosw
1
Mit khéc, cosz = V1 —sin®z = /1 — 42. Vay (arcsiny) = — hay
-y
(arcsinzx) = !
V1—gz?
1.4 Bang dao ham cac ham s so cap cd ban
1. (¢))=0 2. (2%) = a.x®?
3. (") = 4. (@) =a"Ina
5. (In = — 0 6. (1 ' = 0
(In|z])" = ,33?5 (log, |z]) :gll a,:p;é
7. = 8. (tanz)' = =1+ tan®
(sinz) = cosx (tan x) —g + tan” x
9. (cosx) = —sinx 10. (cotz) = —5— = —(1 + cot®z)
I sin“a
11. (arcsinz) = ———, 2 € (—1;1) | 12. (arccosz) = ————=, 2 € (—1;1
13. (arctanx) = 522 14. (arccotx) = B
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1.5 Dao ham v6 cung, dao ham mot phia

Gia stt ham s6 f xac dinh trén khoang (a,b), zy € (a,b).

Néu lim M = +oo thi ta noéi ring dao ham ctia ham s6 f tai zg
T—T0o T — Tg
bing +oo va viét 1a f'(xg) = +o00. Dinh nghia tuong tu véi f'(z) = —oo.

Dao ham mot phia

Gia stt ham s6 f xac dinh trong khoang [zg,b] (hodc [a, zo]). Néu ton tai gi6i

han
lim f(x) — f(z0) cR
:L‘—KL‘S_ Tr — Xy

hoac
@) =)
x—)ma KU — xo

thi giéi han nay goi 1a dao ham phdi (hodc dao ham trdi) ctia f tai diem xq, ki
hieu: f% (¢) (hodc f’(c)).

1.6 Dao ham cap cao

Cho f 1a mot ham c6 dao ham trong khoang (a,b). Khi d6 ta c6 mot ham s
mdéi f' xac dinh béi
f (a,b) — R
Dinh nghia 2. i) Néu ham f’ ¢6 dao ham (f')(zo) tai diem zy € (a,b) thi
s6 (f")(xo) duce goi 1a dao ham cap 2 ctia ham f tai zg va duge ki hieu 1a
f"(zo). Vay:
f(@o) = (f) (o).

Mot cach tong quét ta c6 dinh nghia

ii) Néu ham f c6 dao ham cap n—1,n € N* trong mot lan can U ctia zg € (a, b).
Khi d6 néu ham
f=b (a,b) — R
T — f(”_l)(x)
c6 dao ham tai diém zy thi dao ham nay (™ V) (zo) duge goi 1a dao ham

cip n clia f tai zo va duge ki hieu 1la £ ().

Vay f(zo) = (f™V) (20).
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iii) Ta n6i ham f c6 dao ham cap n (hay kha vi cap n) trén (a,b) néu né c6 dao

ham cap n tai moi diém z € (a, b).

Dao ham f’ dudc goi 1a dao ham cap 1 cia f. Ta cling quy udc dao ham cap
0 cha f chinh la f.
Ta ciing n6i f kha vi lien tuc dén cap n trén (a,b) néu f kha vi dén cap n

trén (a,b) va f : (a,b) — R 1a ham lién tuc.

Vidu 4. Gid st f(z) =2",x € Ryn e N.
Khi d6 f'(z) = na" ', f(x) = n(n—1)2"2, ..., f0"(2) =n(n—1)..(n—m+

Da™™™ néum < n va f0"(z) =0 néu n < m.
Vi du 5.
f(z) =sinz,x € R.
f'(x)
f"(x) = cos(z + g) = sin(x + Qg)

, T
cosx = sin(z + 5)

Bang quy nap ta tinh dugc:

F"(z) = sin(z + ng),x eR,neN.
Tuong tu: f(x) = cosz,x € R thi

f™(z) = cos(z + ng)ﬂc eR,neN.

1
x4+ 1’

)= ——a#1.

thi
|
M) () = (1)
Vi du 6. Gid stt v va v 12 hai ham s6 ¢6 dao ham dén cap n tai 2o € (a,b). Khi
d6 tich ctia ching, u.v xac dinh trén (a,b) bdi (uv)(z) = u(x).v(x) cing c6 dao
ham dén cap n tai zg va ta c6 cong thitc sau goi 1a cong thiic Leibniz

n!

Kl(n —k)! (1.1)

(uv) ™ (z0) = Z CEu™ (20)0 8 (), trong d6 CF =
k=0
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