Muc luc

[1. Ma tran - Dinh thic - Hé phuong trinh tuyén tinh|
[1.1. Chuan bil. . . . . .
LLL Tich Dé-cad . . . . . . . oo
112, Anhoxal. . ..o o
[1.2. Ma tran v cic phép toan trén ma tran | . . . . . . . ..o
1.2.1. Khéi niem ma tran. . . . . . . ..
1.2.2. Céc phép toan trén ma tran.. . . . . . . . . . ...
[1.3. Dinh thiid . . . . . .
1.3.1. Dinh nghia dinh thad . . . . . . .. ... ...
1.3.2. Ma tran nghich ddo|. . . . . . . .. ...
1.3.3. Hang clama tran|. . . . . . . . ... .. ...,
1.3.4. He phuong trinh tuyén tinh| . . . . . . .. ... ... .. ...
Bai tap chuong 1. . . . . . . . ...
[2. Bién c6 ngiu nhién va xéc suit cta no|
[2.1. Phép thit va phan loai bién ¢d| . . . . . . . . . ...
2.1.1. Dinh nghial . . . . . . ...
2.1.2. Phan loai bién cd| . . . . . . .
[2.2. Dinh nghia xac SUALl . . . . . .
2.2.2. Dinh nghia ¢6 dién vé xac sudt| . . . . . . ...
2.2.3. Dinh nghia hinh hoc vé xac suat|. . . . . . . . . . . .. ... .. ... ...
2.2.4. Dinh nghia thong ké vé xdc suat|. . . . . . . . . . . . .. ... ... ....
[2.3. Quan hé gitta cdc bién cO|. . . . . . . .
2.3.1. Tong cac bién cO| . . . . . ..
2,;5,2, I],/ﬁh QZZ/ZSZ tziéll (:SAZI .................................
2.3.3. Biéncoxung khid . . . ... ...
2.3.4. Nhom day diicAdc bién cd . . . . . . ...
2.3.5. Bién cd doilapl . . . . ...,
[2.4. Dinh Iy cong va nhan X4c SUAL| . . . . . . . . .
2.4.1. Dinh 1y cong xac suat (truong hop céc bién ¢b xung khic)| . . . . . .. ..
2.4.2. Dinh Iy nhan xac sudt| . . . . . . . ...
2.4.3. Dinh Iy cong xac suat (truong hop tong quat) . . . . . .. ... ... ...
2.4.4. Dinh Iy lien he cong va nhan xac suat|. . . . . . . . . ...
[2.5. Cong thic Bernoullil . . . . . . . . . . ...
2.5.1. Cacphépthitdoclapl. . . . . . . . . . . . . .
2.5.2. Cong thic Bernoullij . . . . . . ... ... ... ... ... ..
2.5.3. S0 lan xuat hien chdc nhat| . . . . .. ... ...
2.5.4. M6 rong cong thic Bernoulli . . . . . . . . .. ...
[2.6. Cong thic day di va cong thite Bayes|. . . . . . . . . . ..
2.6.1. Cong thiic xac suat day daf. . . . . . . . . .. ...
2.6.2. Cong thiic Bayes| . . . . . . . . . ...

© 0w O O Ut Ut Ut Ot

| N S Gy WY
S © J Ot ©



2
Bai tap chuong 2| . . . . . . ...,
13. Dai lugng ngiu nhién va cac quy luat phan phdi xac suit|
13.1. Dinh nghia va phan loai dai luong ngau nhien|. . . . . . .. .. ... ...
3.1.1. Dinhnghia| . . . .. ... ...
3.1.2. Phan loai dai lugng ngdunhien | . . . . . . . . ... ... ... ...
13.2. Quy luat phan phdi xac sudt ctia dai luong ngdu nhién| . . . . . . . . . ..
3.2.1. Bang phan phdi xac suat | . . . . . . .. ...
3.2.2. Ham phan phdi xdc sudt|. . . . . . ... ... ...
3.2.3. Ham mat do xac sult | . . . . . . . ..
13.3. Céc tham s6 diic trung cua dai lugng ngdu nhien| . . . . .. . .. .. ...
13.3.1. Ky vong toan| . . . . . . ...
3.3.2. Phuongsal . ... ... ... o
3.3.3. Dolech tiuchuan| . . . . .. ... ... ...
334 MGt . ...
3.3.5. Trung vi[ . . . . ..
3.3.6. Phan vil . . .. ...
13.4. Mot s6 quy luat phan phdi xac suat thong dung| . . . . . . . .. ... ...
3.4.1. Quy luat phan phdi chuan N(u,02)| . . . . . . ... ... ... ...
3.4.2. Quy luat khong - mot A(p)| . . . . .. . ... ... ...
3.4.3. Quy luat nhi thic B(n,p) |. . . . . . ... .. .. ... ... ...
3.4.4. Quy luat Poisson P(A)| . . . . . ... ... ... ... ... ...
3.4.5. Quy luat sieu boi M(N,n)l . . . . ... ... ...
3.4.6. Quy luat khi - binh phuong x?(n)| . . . . . . . .. ... ... ...
3.4.7. Quy luat Student T(n)| . . . . . . . ... ... ...

|Béli tap chuong 3|

l4. MAu ngiu nhién - Uéc lugng tham sd|
4.1. Tong thé nghién ciul
4.1.1. Dinh nghial
4.1.2. Céc phuong phap mé ta tong thd
4.1.3. Céc tham sb dic trung clia tong thél
14.2.
4.2.1. Dinh nghial
4.2.3. Do thi ctia phan phdi thuce nghieml
14.3. Thong ke

X A =

4.3.6. Quy luat phan phdi xac suit clia mot s6 thong ke dic trung mau|
4.3.7. Vi duyl

l4.4.

Mau ngau nhién hai chiéul

l4.5.

4.5.1. Phuong phap udc luong diéml

Mau ngdu nhien|. . . . . . ..

4.2.2. Céc phuong phap mo td mau ngau nhien| . . . . . .. . ... .. ... ...

4.3.1. Dinhnghial . .. .. ... ... ..
4.3.2. Trung binh maul. . . . ... .. ... .. ... ...
4.3.3. Phuong sai maul. . . . . . . .. ...
4.3.4. Do lech tieu chuan maul . . . . . . . . ...

4.4.1. Khainiem| . . . . ...
4.4.2. Phuong phap mo ta ngau nhién hai chieu|. . . . . . . .. ... ...
4.4.3. Mot s6 thong ké dic trung ctia mau ngau nhieén hai chicu . . . . . .
Udc luong tham sb ctia dai luong ngdu nhien| . . . . . . . .. . .. ... ..

4.5.2. Phuong phap udc lugng biang khoang tin cay|. . . . . . . ... ...

MUC LUC



MUC LUC 3

14.5.3. Khoang tin cay cho trung binh
(Uéc lugng ky vong toan clia dai lugng ngau nhién phan phdi theo quy luat
chuan)| . . ... 119
4.5.4. Khoang tin cay cho ty le
(Uéc Iugng ky vong toan clia dai ligng ngau nhién phan phdi theo quy luat
Khong - mot)| . . . ..o 126
4.5.5. Khoang tin cay cho phuong sai
(U6c lugng phuong sai ctia dai lugng ngau nhién phan phdi theo quy luat

chuan) . . . . . . 128

Bai tap chuong 4] . . . . . . ., 132
PHULUT] 138
|A. Giai tich t6 hop| 139
A.1. Cac quy tde déml| . . . . . . ., 139
A1, Quy t8C cOngl . . . .. 139

A.1.2. Quy tdcnhan| . . . . ... 139

[A.2. Hoan vi- Chinh hop - To hop| . . . . . . . . . 139
A.2.1. Chinh hop (chinh hop khong lap)| . . . . . .. .. ... ... ... ..... 139

A.2.2. Chinh hop lap|. . . . . . . . . . . 140

A.2.3. Hodn Vil . . . . .. .. 140

A24. Tohopl. . . . . 141

Bai tap phu luc A| . . . . . .. 142
IB. St dung CNTT giii toan théng kel 143
[B.1. D6i v6i méy tinh dién t& cam tay| . . . . . ... .. 143
B.1.1. Tinh céc dic trung cia mau| . . . . . . . . .. ... 143

B.1.2. Bai toan tim ham hoi quy| . . . . . . . . ... 146

[B.2. Ding phan meém Excell . . . . . . ... 150
B.2.1. Tinh toan trong bai toan udc luong| . . . . . . . . .. .. ... ... 150

B.2.2. Tinh toan cac dic trung clia mau| . . . . . . . . ... 152

B.2.3. Cac phan phoi xac sudt| . . . . . . . . ... 153

|C. Bang tr§| 155
C.1. Bang gia tri ham mat do cta phan phdi chuan héa| . . . . . . . .. .. ... ... 156
C.2. Bang gia tri ham Laplacel. . . . . . . . . . . .. 157
C.3. Bang phan vi chuan|. . . . . . . .. ... 158
C.4. Bang phan vi Student| . . . . .. ... 159
C.5. Bang phan vi Khi - binh phuong . . . . . .. .. ... ... 160

TAI LIEU THAM KHAO 161




MUC LUC



Chuong 1

Ma tran - Dinh thic - Hé phuong trinh
tuyén tinh

1.1. Chuan bi

1.1.1. Tich Dé-cac

x Dinh nghia 1.1 Cho ho gom n tap {A4;}", ( n 1a s6 nguyén duong). Tich Dé-cac ciia ho da
cho 1a mot tap, ky hieu 1a A} x Ay x --- x A,, mdi phan ti clia n6 1a mot bo c6 thit tu gom n
thanh phan (a1, as, ..., a,), trong d6 a; € A; véii=1,2,...,n.

oVi du 1.1 Cho A, = {a,b,c}, A, = {1,2} khi do:
Ar x Ay = {(a,1); (a,2); (b, 1); (b, 2); (e, 1); (¢, 2) }
Az x Ay ={(1,a); (2,0); (1,0); (2,b); (1,¢); (2, ¢)}
Vay A; x Ay # Ay X Aj.
Chia y: Néu A; = Ay = --- = A, = A, thay cho ky hieu A; x Ay x --- x A, ta dung ky hieu A".

oVidu 1.2 R" = {(xy,29,...,2,), 2, ERi=1,2,... n}.

1.1.2. Anh Xa

x Dinh nghia 1.2 Cho hai tap khéac réng X,Y. Mot anh xa f tu X vao Y 1a mot quy tic
cho phép v6i mdi phan tit € X xac dinh duy nhit mét phan tit y = f(z) € Y, ky hieu:
f: X — Y hoac y = f(z). Trong dinh nghia trén

e X dugc goi 1a tap nguon clia anh xa f

e Y dugc goi la tap dich ciua anh xa f

e y = f(z) goi la &nh clia x qua anh xa f, = goi la tao anh cla y = f(x)

e Gid st A C X, khido f(A) ={f(x):x € A)} goi la anh clia A qua anh xa f.

e Giast BCY,Khido f(B)={z:y= f(zx) € B)} goi la nghich anh ctia B béi f
* Dinh nghia 1.3 Cho f: X — Y la mot anh xa

1. f1a don 4nh néu xy, 15 € X va 71 # 19 thi f(21) # f(22)

>
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2. f1a toan anh néu f(X) =Y

3. f la song &nh néu f vita la don anh va vira 1a toan anh
oVidu 1.3 1. y = €” la mot don anh tu R vao R

2. y = 2% 1a mot toan anh tu R vao R

3. y = x la mo6t song anh tir R vao R

Chu y: Néu X =Y anh xa f : X — X xdc dinh béi y = f(x) = z dugce goi 1a anh xa dong
nhat tren X, ky hiéu 1a idx. Dé thay d4nh xa dong nhat 14 mot song anh.

* Dinh nghia 1.4 Chocacéanhxa f: X — Y vag:Y — Z. Tich ctia 4nh xa g v6i anh xa f
la mot anh xa, ky hiéu g.f, xac dinh nhu sau:

(g.f): X — Z

(9-F)(x) = glf ()]

172

eVidu 1.4 Cho 2 4nh xa f,g : R — R xéac dinh béi y = f(z) = 2+1Véy:g(x):2x+1.
x

27 N ¢ gz M1

2241 2241

Khi d6 (g.f)(x)

x Dinh nghia 1.5 Gid st f : X — Y 1a mot anh xa. Néu ton tai anh xa g : Y — X sao cho
g.f =idx va f.g = idy

ta goi g la anh xa nguge cua f, f la anh xa nguge clua g

eVidu 1.5 Cho f : R — R* xdc dinh bdi y = f(x) = €* va g : Rt — R xéc dinh béi

y = g(x) = In(x). D& dang kiém tra ring f v g la hai anh xa ngugc ciia nhau.

1.2. Ma tran va cac phép toan trén ma tran

1.2.1. Khai niém ma tran.

x Dinh nghia 1.6 Cho m,n € N*. Mot ma tran thuc ¢d m x n 14 mot bang chit nhat gom m x n
s6 thuce xép thanh m hang, n cot. S6 thyc ding ¢ hang i cot j goi 1a phan tit 75. Néu ky hiéu phan
tu nay la a,;; thi mot ma tran c6 m x n cé thé bidu dién bdéi:

ay; a2 ... QAip
A _ 21 Q22 ... Q9pn
ap1 Ap2 ... Qpp

Trong mot s6 truong hop ta con dung ky hiéu thu gon [a;;]mxn dé chi mot ma tran m hang, n cot.

1 3 5

oVidu 1.6 Cho A = [7 9 11

} Day la ma tran ¢6 2 x 3 cé:

air = 1,a12 = 3,a13 = 5,a91 = 7, a2 = 9,a93 = 11.
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Ma trgn cot 14 ma tran ¢d m x 1.
Ma trgn hang la ma tran ¢6 1 x n.

Ma tran khong 1a ma tran ma moi phan tit ctia né déu bang 0, ky hieu 1a © hosic ©,,xn
néu mudn chi ré6 ¢ clia ma tran.

Ma tran vuong cap n la ma tran c6 s6 hang bang s6 cot va bang n. Cho ma tran vuong cap

n, A = [aij]nxn, dudng chéo chinh ctia A la tap hop cac phan tit ¢6 dang: a1, age, ass, . - . , Aoy

Ma tran tam gidc trén 1a ma tran vuong cap n trong d6 a;; = 0 néu i > j.

a1; a2 ... Qaip
A— 0 age ... Q9pn
0 0 ... aum

Ma tran tam gidc dudi 1a ma tran vuong cap n trong dé a;; = 0 néu i < j.

a1q 0 c. 0

o1 Q22 ... 0
A —

Ap1 Gp2 ... Gpp

Ma tran duong chéo 1a ma tran vuong cap n trong do a;; = 0 néu ¢ # j.

a1 0 ce 0
A — 0 929 0
0 0 Ann

Ma tran don vi 1a ma tran duong chéo c6 cac phan tit thuoe dudng chéo chinh déu bang 1,
ma tran don vi cap n thuong dude ky hiéu 1a I, hosic 1a I néu khong xay ra hiéu lam.

1 0 0
I — 0 1 0
0 0 1

Ma tran chuyén vi cia ma tran A 1a ma tran ky hieu 1a A, nhan dugce tit ma tran A bang
cach viét cac hang ctia A thanh cot ctia A'. Nhu vay:

a1; Q12 ... Qip 11 Q21 ... QGmi
21 oo ... A3 a12 A92 ... Am2
A —= n = At = m
Am1 Am2 ... Omn A1p A2y, ... Amn
Hai ma tran A, B dugc goi la bing nhau néu ching c6 cling c¢d nghia 1a A = (@i mxn
thi B = [bijlmxn V& cac phan ti & cac vi trf tuong tng bang nhau cu the a;; = b;; v6i moi

1=1,2,....m,5=1,2,....,n, ky hieu A = B.
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1.2.2. Cac phép toan trén ma tran.

a) Cong hai ma tran cung cd

x Dinh nghia 1.7 Cho hai ma tran cing ¢d A = [a;j]mxn, B = [bij]mxn. Tong ciia A va B 1a mot
ma tran cting ¢6 C' = [¢ijlmxm, k¥ hieu la C = A+ B, trong d6 ¢;; = a;; + b, i =1,...,n,j =

1,....,m.
Nhu vay mudn cong hai ma tran cting cd, ta cong cac phan ti ciing vi trf v6i nhau.
oVidu 1.7
1 -2 4 4 -3 =5
A_{O 5 7}’B_{2 4 1}'
ol 4195 =5 —1
KhldO.A+B—C—|:2 9 8}

Tinh chéat: Cac phép tinh cong trén cic ma tran ciing ¢d c6 tinh chat gidng nhu céc tinh chat
clia phép cong cac s6 thyc:

e Tinh giao hoan A+ B=B+ A

e Tinh két hop (A+B)+C=A+ (B+C)

e A+0=A

o A =aij|lmxn, 3 ma tran ddi clia ma ma tran A 1a —A = [—a;j]nxn thoéa man

A+ (-A) =06

b) Nhan ma tran véi mot sé thuc

*x Dinh nghia 1.8 Cho ma tran A = [a;;]mxn va s6 thuc k. Tich clia A véi s6 thic k& 1a mot ma
tran cung ¢4 v6i ma tran A, ky hiéu la kA, xac dinh béi cong thic

kA = [kaij]an
eVidu 1.8
4 01 8 0 2
21 =2 7 3| = -4 14 6
-1 2 1 -2 4 2

Tinh chat: Gidi st k,h € R vi A, B 1a céc ma tran, ta c6 cac tinh chat sau:

e k(A+B)=kA+ kB

k(hA) = khA

(k+h)A=kA+hA

1LA=A

c) Nhan ma tran véi ma tran
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* Dinh nghia 1.9 Cho hai ma tran A = [a;j]mxp V& B = [bij|pxn - Tich clia ma tran A véi ma
tran B 1& mot ma tran c6 ¢d la m x n, ky hiéu la AB, xac dinh nhu sau:

p
AB = [¢ijlmxn; Cij = Z Qik-brj = a;1.b1j + aio.boj + - -+ + ap by,
k=1

eVi du 1.9 Cho

3 1 31
Khi do
1.24+23 1.0+2.1 8 2
AB=|02-13 00—-11 | =| -3 -1
32+13 3.0+4+1.1 9 1

eVi du 1.10 Tinh AB va BA néu

1 3
A:[g _41 _18}3— -2 7
5 4
Ta co
9 3
an=| S 2]
2 11 =23
BA=| —4 30 —58
10 11 =27

Nhan xét: Do AB # BA nén phép nhan hai ma tran khong c6 tinh giao hoéan.

Tinh chat: Gia st A, B, C la cAc ma tran va k 1a mot s6 thue. Néu cac phép tinh & vé trai clia
déng thitc dudi day c6 nghia thi vé phai cling c6 nghia va 2 vé bang nhau

e (AB)C = A(BC)

A(B +C) = AB + AC

(B+C)A=BA+CA

k(AB) = (kA)B = A(kB)

[A =AT =A

OA=A0=0

1.3. Dinh thic

1.3.1. Dinh nghia dinh thic

1. Cac phép bién doi so cap trén ma tran
Cho ma tran A = [a;j|mxn. Ta goi cac phép bién doi sau trén cac hang ctia A la céc phép
bién doi so cap trén hang:
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e Hoan vi 2 hang cia A.
e Nhan tat ca cac phan tit clia mot hang nao d6 ciia A véi cing mot s6 khac 0.

e Nhan tat ci cac phan tit cia mot hang nao dé clia A v6i cling mot s6 roi cong vao cac
phan tit tuong ting ctia mot hang khac.

Cha y: Cac phép bién ddi so cap trén cot ciing duge dinh nghia tuong tu.

. Hay diing céc phép bién doi so cap trén hang

— W N
N = W

1
oVidu 1.11 Choma tran A = | 2
3

clia A dé dua A vé dang tam giac treén.
Lo gidi. Ta thuc hien day cac phép bién déi so cap trén hang dé bién ddi dan ma tran A
thanh ma tran ¢6 dang tam giac trén nhu sau:

1 2 3 1 2 3 1 2 3
A=12 31 ?*’?”Z?’ 0 —1 —5 | HeB2lls g 1 5
3 1 9| ol g 5 7 0 0 18

. Ma tran con A;; cia ma tran A

* Dinh nghia 1.10 Cho ma tran A = [a;],,x,.- Ma tran con A;; ciia A la ma tran thu dugce
ti ma tran A bang cach bo di cdc phan tit ndm & trén hang ¢ va cac phan ti nam trén cot
J, c6 ctia A;; la (m —1) x (n —1).

1 2 3
eVidu 1.12 Choma tran A= | 4 5 6 |. Céc ma tran con A;; cia A gom:
789
(5 6 ] [ 4 6 ] [ 4 5]
All__8 9_7A12_-7 9-7A13_-7 8-7
(2 3] (1 3] (1 2]
AQI_-S 9-7“422_-7 9-7A23_-7 8-7
(2 3] (1 3] (1 2]
A31:-5 6_714327-4 6-7‘4337-4 5-
. Dinh nghia dinh thic
*x Dinh nghia 1.11 Cho ma tran vuong cip n, A = [a;j]nxn. Dinh thic ciia ma tran A
dugc ky hieu la: det(A), |A| hoac
ai;pr a2 ... QAip
a21 Q22 ... Q9
Ap1 Gp2 ... Gpp

xac dinh bang phuong phap quy nap nhu sau:
i) Véin =1, det(A) = ar;
ii) V6i n > 1, dinh thitc ctia ma tran A duge dinh nghia thong qua céc dinh thic ctia cac
ma tran con A;; cdp n — 1 clia n6 bang cong thic:
det(A) = (—1)"aydet(Ay;).

j=1
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Chu y:
1) Dinh thiic clia ma tran vuong cap n goi la dinh thic cap n.
2)Biéu thitc dinh thiic cap 2, dinh thitc cdp 3 va quy téc Sarius

e Dinh thtic cap 2:

11 a2 — aia Giod
= Q11G22 — Q12G2].
Q21 Q22
e Dinh thic cap 3:
a11 diz2 A3
_ 22 Q23 21 Q23 21 Q22
Q21 Q22 Q23| = Q11 + a2 + a3
32 Aas3 a31 ass a31 Aag3

a31 dasz2 G33
= (11022033 + Q12023031 + Q13021032 — G13022031 — G12021033 — A11023032.

e Quy téac Sarius cho dinh thic cap 3: La tong clia 6 hang tt, ma mdi hang tit 1a tich
clia 3 phan t ma mdi dong, mdi cot chi c6 mot dai dien duy nhat.

— Cac s6 hang mang dau cong: cac s6 hang 1a tich cac phan tit ndm trén duong chéo
chinh ho#c tich cac phan tit nam trén cac dinh clia tam gidc c6 mot canh song song

v6i duong chéo chinh.

Hinh 1.1: Quy tac Sarius- cac s6 hang mang dau cong

— (Cac s6 hang mang dau trit: cic s6 hang 1a tich cac phan tit nam trén duong chéo
phu hodc tich cdc phan tit nam trén cac dinh ciia tam gidc c6 mot canh song song

véi duong chéo phu.

Hinh 1.2: Quy tac Sarius- cac s6 hang mang dau tri
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eVi du 1.13

=132+2134+213-333-222-111=-18

W N =
_ W N
N = W

4. Tinh chat ctia dinh thitc: Cho A = [@ij]nxn 1& ma tran vuong cap n. Cac hang va cot cla
A ta cling sé& goi l1a cac hang va cac cot ciia det(A). Mot hang hodc cot gom toan s6 0 sé
duge goi 1a mot hang khong (tuong ting: cot khong). Dinh thitc ¢6 cac tinh chat dudi day:

Tinh chat 1: Hoan vi 2 hang (tuong tng 2 cot) ctia A thi det(A) doi dau.

Tinh chat 2: Néu tat ci cac phan tit cia hang 7 (tuong ting cot j) ctia dinh thiic dudc
nhan véi cing mot s6 k thi gia tri ctia dinh thitc méi nhan dude bang gia tri ctia dinh
thic ¢t nhan véi k.

Tinh chéat 3: Them vio mot hang (hodc mot cot) k lan mot hang (hoic k mot cot)
khac thi dinh thiic khong doi.

Tinh chat 4: Dinh thic ciia ma tran tam giac trén hoic duéi bang tich cac phan tit
trén duong chéo chinh.

Tinh chét 5: det(A) = det(A?).

Tinh chat 6: C6 thé tinh dinh thic clia ma tran bang cach khai trién theo mot hang
hoac mot cot tuy ¥ bdi cac cong thiic sau :

det(A) = Z?Zl(—l)’:+3"aijdet(Aij) (Cong thiic khai trién theo hang thi ),

det(A) =" (—1)7*a;;det(A;;) (Cong thite khai trien theo cot thi 7).

Tinh chat 7: Gia sit A, B 1a hai ma tran vuong ciing cap thi
det(AB) = det(A)det(B).
Tinh chat 8: Gia st hang i ctia A biéu dién dudi dang:
a;; = bij + cij.

Goi B la ma tran nhan duge tit A bang cach thay a;; bang b;;, C'1a ma tran nhan duge
tit A bang cach thay a;; bang ¢;;. Khi d6

det(A) = det(B) + det(C).

Phat biéu tuong tu ciing ding déi véi cot.

Tinh chéat 9: Néu dinh thic ¢6 mot trong cac tinh chat sau thi dinh thic bing khong:
+ C6 mot hang (hodc mot cot) biang khong;

+ C6 hai hang (hoac hai cot) ty 1é;

+ C6 mot hang (hodc mot cot) 1a t6 hop tuyén tinh clia cac hang (hodc clia cac cot)
khac.

5. Cac vi du tinh dinh thitc nhd cac tinh chat

oVi du 1.14 Tinh dinh thic

8 8 8 2
8 &8 2 8
8 2 8 8
2 8 8 8
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Loi gidi. Cong tat ca cac cot 2, 3,4 vao cot 1, riat nhan tit chung ctia cot dau trong dinh
thie nhan duge ta c6 :

a+3xr r = «x 1l 2 =z =z
3r+a a = x 1l a =z =x
D_3x+a T a x—(3x+a)1 r a T
3r+a x x a 1l z 2 a

Nhan hang 1 vé6i (-1) roi cong lan lugt vao cac hang con lai, ta duge

1 T T T

0 a—=z 0 0
D:(3x+a)0 0 a—x 0

0 0 0 a—x

Ap dung tinh chét thi 4: D = (3z + a)(a — z)°.

oVi du 1.15 Giai phuong trinh sau:

2t —1 —x —x2
1 2 3 —4
4 1 9 4|70
2 -1 1 -1

Loi gidi. Khai trién dinh thic trén theo hang 1, ta dudc:

2 3 —4 1 3 —4 1 2 —4 1 2 3
20 |1 2 —4|—(=1)|-4 2 —4|+(-2)|-4 -1 —4|—(-2H)|-4 -1 2/=0
-1 1 -1 -2 1 -1 -2 -1 -1 -2 -1 1

ST+ 2+ 14=00=—1,0=—-2.

eVi du 1.16 Tinh dinh thic

1 2 -1 3
3 6 7 =2
2 7 =8 15
-4 -6 5 =2

D =

Lon gld'l Lan luct léy Hy —3H; — HQ,Hg —2H, — H3 va Hy +4H, — H4, ta dudgc:

12 -1 3
0 0 10 -—-11
D= 03 -6 9
0 2 1 10
Tlép theo, Hs:3 — Hyva Hy <> Hs
12 -1 3
01 -2 3
D=3 0 10 -1
0 2 1 10
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Léy H4 — 2H2 — H4

1 2 -1 3
01 —2 3
D__30010 —11
00 5 4

Tiép tuc thuyc hien Hs <+ Hy v Hy — 2H5 — Hy, thu dugce dinh thitc clia ma tran tam giac
trén, ap dung tinh chat 4, ta c6 dinh thtc can tim

1 2 -1 3
01 -2 3
D—30 0 5 4 =3.1.1.5.(—19) = —285
00 0 -19
oVi du 1.17 Tinh dinh thiic

1 4 9 16
4 9 16 25
D2 9 16 25 36
16 25 36 49

Lot g'l;d'l;. ThIIC hlén lan hl'(jt cac phép bién dél H4—H3 — H4, Hg—HQ — Hg, HQ—Hl — HQ,
ta dudgce

14 9 16
35 79
b= 5 7 9 11
79 11 13

Tiép theo, lay Hy — Hy — H,, H3 — Hy — Hj ta thu dugc 2 hang giéng nhau, do dé6

1 4 9 16
357 9
D= 2 2 2 2| 0.
2 2 2 2
eVi du 1.18 Tinh dinh thuc

1 1 1 1
2 3 4 =z
D= 4 9 16 22
8 27 64 2

Loi gidi. Khai trién dinh thic D theo cot 4, ta thu duge da thic bac 3 véi an = va hé sb
cao nhat 1a

Cho x lan lugt nhan cac gia tri x = 2,2 = 3,2 = 4 ta thay D c6 2 cot giong nhau, do do6
D =0khi x =2,z =3,z = 4. Theo dinh Iy Bezout ta phai co:

D =2z —2)(x—3)(z—4).
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1.3.2. Ma tran nghich dao

1. Pinh nghia

x Dinh nghia 1.12 Cho A la ma tran vuong cap n. Néu c6 ma tran B vuong cling cap sao
cho:

AB=BA=1,

thi ta n6i A kha déo va B dugc goi la ma tran nghich déo ctia cia ma tran A. Ky hiéu ma
tran nghich ddo ctia ma tran A la A1,

Nhu vay AA™ = A71A=1,.
Khi A kha ddo ta néi A 1a ma tran khong suy bién.

. . 11 1 3/2 —-1)2 . B - _ .
oVidu 1.19 Xét A = [1 3] , B = [_1/2 1/2 ] Ta ¢c6 AB = BA = I, nén theo dinh

nghia B = A7L.
2. Tinh chat
¢ Dinh 1y 1.1 Ma tran nghich ddo clia ma tran vuéng A néu ton tai thi duy nhat.

A.Giai st B vi B’ 1a hai ma tran cing théa man dinh nghia cia ma tran nghich ddo cta
ma tran A. Khi dé:

AB=BA=I1,AB =B'A=1
Vay

!

B =IB = (BA)B = B(AB') = BI = B.

0 Dinh 1y 1.2 Néu ma tran vuong A kha dio thi det(A) # 0.

A Vi A kha ddo nen ton tai A~ vi AA™! = I,,. Ap dung cong thitc tinh dinh thic cta tich
hai ma tran ta co:
det(AA™) = det(I,,) = det(A)det(A™) = 1.
1

. U
det(A

Vay det(A) # 0 va hon nita det(A™1) =

~—r

¢ Dinh ly 1.3 Néu ma tran vuong A cap n c6 det(A) # 0 thi A kha ddo va

a1 ¢
det(A)

d d6 C' = [¢ijlnxn 1a ma tran phu hgp ctia ma tran A: ¢;; = (—1)"det(A;j).

A.Ap dung cong thiic khai trién dinh thitc theo hang thi i ta c6

n

det(A) =Y (=1)Maydet(As;)

j=1

= Q;1Ci1 + QinCio + - - + QinCin, = det(A).
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Hon nita, do dinh thiic c6 hai hang gidng nhau thi biang khong nén suy ra

det(A) néu k =n

Ap1Ci1 + GpaCio + * -+ + QppCin, = )
Oneu k #n

Do d6 AC* = det(A)I.
Ap dung cong thiic khai trién dinh thiic theo cot va lap luan tuong tu ta ciing co:

C'A = det(A).I

Nhu vay
1

A(det(A) )= (det(A)

suy ra diéu phai chiing minh. O

¢ Dinh 1y 1.4 Gia sit cac ma tran vuong A, B la cac ma tran kha dao. Khi do:

(a) A™! ciing kha dédo va (A~ ™! = A;
(b) Ym € N, A™ ciing kha déao va (A™)~! = (A~H)™;
1
(c) Vk # 0 ta c6 kA cing kha ddo va (kA)~' = EA_l;
(d) AB ciing kha déo va (AB)™' = B~1A™%

A.Bing viec kiém tra truc tiép dinh nghia ma tran nghich dao, ta dé& dang thu dugc cac
tinh chat trén. O

. Cac vi du tinh ma tran nghich dao bang ma tran phu hop

oVi du 1.20 Cong thitc ma tran nghich dio ctia ma tran vuong cap 2 kha dao:

Gid st A = [CCL Z} c6 det(A) = ad — bc # 0, ap dung cong thiic ta co

gL [d = __ 1 [d b
Cad—be|=b a| ad—bc|—c a

Chéang han:
. -7 3
1 3] 1 T =3 ? R
57 T 17—35|-5 1] |2 —1
8 8

oVi du 1.21 Tim ma tran nghich ddo ctia ma tran sau (néu co):

A:

(el NORNT
W N =

1
3
1

Lo gidi. Ta c6 det(A) = —3 # 0 nén A kha dao. Ap dung cong thic ta co:

cp=—17, cio=-2, c¢3=6
Co1 = 2, =1, c3=-3
car=1, cp=-1, c3=0
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Do do
-7 =2 6 -7 2 1
C=12 1 =-3|=C'=|-2 1 -1
1 -1 0 6 -3 0

Vay ma tran nghich dao ciia ma tran A la

7 —2 _1

7 92 1 = = =
et 3] A
316 -3 o0 3 3 3
o 10

eVi du 1.22 Tim ma tran X, biét

L& gidi. Dit
&5 1 -1 2
A‘[—1 3]’3_[3 1 —4}

Ta c6 det(A) =5 # 0 nén A kha déo va

Phuong trinh ma tran tré thanh
AX =B

Nhan vao bén trai cd hai vé A~! ta dugc:
AN AX)=A"'Be (A'AX=A"'"BeIX=A"'"B&X=A"'B

Vay ma tran X can tim I3

-3 1

13 =2] 1 -1 2 - -1 =

_ - — 5
X‘5[1 1“3 1 —4] % 0 2
5 5

1.3.3. Hang cuia ma tran

1. Pinh nghia

x Dinh nghia 1.13 Cho A 1a ma tran ¢ m x n. Ma tran con cap p clia A 14 ma tran c6
dugce tit A sau khi bé di m — p hang va n — p ¢ot. Dinh thic ctia ma tran dé duge goi la
dinh thiic con cap p cta A.

x Dinh nghia 1.14 Hang clia ma tran A 13 cap cao nhat ctia dinh thitc con khac khong
cla ma tran A, ky hiéu la r(A).
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oVi du 1.23 Cho ma tran

20 3 1
A=1|1 5 —1 2
5 5 5 4
Cac dinh thic con cap 3 clia ma tran A la:
0 3 1 2 3 1 2 01 2 0 3
5 -1 2[=0,11 -1 2[=0,]1 5 2|=0,1 5 —1]=0
5 o 4 5 o 4 5 5 4 5 5 4
nén r(A) < 3. Hon nta, c¢6 it nhat mot dinh thiic con cap 2 ctia A

2 0
e
nén ta c6 r(A) = 2.

% Dinh nghia 1.15 Ma tran bac thang 14 ma tran cé6 cac dic diém sau:

e Cac hang bang khong 6 dudi cac hang khac khong.
e DGi v6i hai hang khac khong lien tiép, phan tit khac 0 dau tien (ké tit trai sang) clia
hang trén nam bén trai phan ti khac 0 dau tién ctia hang dudi

eVi du 1.24
20 3 1
05 —1 2
A=100 5 4
00 0 0

la ma tran bac thang c¢6 3 hang khéc 0.

. Tinh chat ctia hang ma tran A

e Tinh chat 1: r(A) = r(A").
e Tinh chat 2: Hang clia ma tran bac thang khong doi khi thire hién cac phép bién doi
SO cap.

e Tinh chit 3: Hang clia ma tran bac thang bing sé hang khéac khong ciia ma tran doé.

Quy tic thuc hanh tim hang ctia ma tran A: Dé tim hang clia ma tran A ta st dung
3 phép bién ddi so cap dua ma tran A vé ma tran bac thang B. Khi d6 r(A) = r(B) =
S6 hang khac khong cia B.

. Cac vi du tinh hang ciia ma tran

oVi du 1.25 Tinh hang ctia ma tran sau:

1 -2 3 4
A=12 -4 1 3
1 2 0 -1
Loi gidi.
1 -2 3 4 1 —2 3 4 1 —2 3 4
A=|2 —4 1 3| B2ty o _5 _5| MM o0y g 5 5
1 2 0 —1| g g 3 3 00 0 0

Ma tran cudi cing la ma tran bac thang véi 2 hang khac 0. Vay r(A) = 2.



1.3. DINH THUC 19

oVi du 1.26 Bién luan theo m hang ctia ma tran :

1 -1
-1 -1
1 1
-1 1

[S—
3
N O ==

Lot gidi. Thuc hién 1an lugt cac phép hoan vi cac cot
CQ S 03703 < 04,04 e 05701 < OQ,CQ < 03,03 < 04

ta dua A vé dang

1 -1 1 -1 2
/ 1 -1 -1 m -1
A = 0 1 1 1 m
2 -1 1 1 2
Bién ddi so cAp trén hang d6i véi A’
1 -1 1 — 2 1 -1 1 —1 2
A Ham2HaHa 0O 0 -2 m+1 —-3| Hj—H;—H, |0 0 —2 m+1 -3
H27H1~>H2 0 ]. 1 ]_ m 0 ]. 1 ]_ m
0 1 -1 3 -2 0O 0 =2 2 —2—m
1 -1 1 -1 2 1 -1 1 -1 2
HyesHs |0 1 1 1 m Hy—Hs—Hs [0 1 1 1 m A
"lo 0 =2 m+1 -3 "lo o0 2 my1 —3 | T
0 0 =2 2 —-2—-m 0 0 0 1—-m 1—m
Bién luan:

e Néul—m=0< m=1ma tran Ay c¢6 3 hang khac 0, do d6 r(A) = r(Ay) = 3.
e Néul—m#0< m#1matran Ay c6 4 hang khac 0, do d6 r(A) = r(Ay) =4

1.3.4. Hé phuong trinh tuyén tinh

1. Pinh nghia

*» Dinh nghia 1.16 Hé phuong trinh tuyén tinh m phuong trinh, n an 14 hé phuong trinh

c6 dang
a11%1 + a19%s + - -+ + a1, = by
a91T1 + a92T9 + -+ AonTy — b2
Am1ZT1 + QpaZa + -+ - + Ty = bm
trong do
® I,%o,...,T, la cac an,

e a;; 1a he s6 clia an x; trong phuong trinh thi 4,

e b; 1a vé phai clia phuong trinh thit .
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Dang ma tran ctia hé phuong trinh tuyén tinh

Dat:
a1 a12 P Q1n T b1
921 A9o ... Q2 i) b2
A= "= b=
Aml Gm2 - CGmn Ty b

thi hé phuong trinh tuyén tinh m phuong trinh, n an 1a hé phuong trinh c6 dang ma tran:
Ax =10

trong d6 A 1a ma tran hé s6; z 13 ma tran an; b 1a ma tran vé phai.

. Giai hé phuong trinh bang phuong phap Cramer

¢ Dinh ly 1.5 (Dinh Iy Cramer) Hé phuong trinh tuyén tinh Ax = b, véi A la ma tran
vuong khong suy bién, c6 nghiém duy nhat :
d@t(A])
l’j = y

det(A)

j=K%....,n

trong dé A; Ia ma tran c6 duge tir A sau khi thay cot thit j bdi cot vé phéi b.

A.Vi A khong suy bién, det(A) # 0 nén A ¢6 ma tran nghich déo:

1
 det(A)

-1 t

T phuong trinh Az = b, nhan bén trai hai vé véi A~! ta c¢6
AN A) =AW (A Az =A"b Ie=A"bx=A""

Vay z = A~'b 1a nghiém ctia hé phuong trinh. Do A™1, b x4c dinh nén nghiém nay 1a duy
nhat.
St dung biéu thiic clia ma tran A~' ta suy ra

a1 i1 Ci2 ... Cip by
r = i) _ 1 Cy1 C22 ... Copn bQ
det(A)
Tn Cnl Cp2 ... Cpp bn
nghia la
- Cljbl + ngbg + -+ anbn _ det(Aj)
T det(A) ~ det(A)
véi j =1,2,...,n va ta c6 dieu phai chiing minh. O

oVi du 1.27 Giai hé phuong trinh sau:

x1—|—2x2+3x3:3
2I1+3$2+ZE3:—1
3[E1+I2+25€3:5

Loi giai. Ta co

w

=19

)

I
w o =
— W N

3
1| =-18;D, = |-1
2

t
=W N
N = W



