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- CHUONGI ' -
GIOI HAN DAY SO, GIOI HAN HAM SO MOQT BIEN SO
BAI 1
TAP HQP, ANH XA

Muc tiéu hoc tap: Sau khi hoc xong bai nay, nguoi hoc c6 thé:
- Trinh bay dvwoc cdc khai niém vé tdp hop va anh xa,
- Thuec hién cdc phép toan trén tap hop va anh xa
- Trinh bay dwoc khdi niém sé phirc, cdc phép todn vé sé phirc
- Trinh bay dwoc khai niém ham $6 va tinh chat ciia ham so.

1.Tap hop
1.1 Khai niém

Tap hop 14 mot khai niém dung dé chi mot téng thé nhiéu dbi twong c6 mot sé tinh
chat nao do.

Céc tap hop thuong dugc ky hi¢u: A B,C,...

Mbi dbi twong trong mot tap hop nao d6 goi 1a mot phan tir cia tip hop, ky hiéu
mot phan tr x thudc tdp hop A 1a x € A, nguoc lai ta ky hidu x & A

Tap hop khong chira phan tir ndo goi 1a tap rdng, ky hidu: &.

Xét hai tdp hop A va B, néu moi phan tir cia A déu 13 phan tir cia B thi ta noi
A chtra trong B, ky hié¢u Ac B, hodc la tandi A 1a mot bo phan ciia B hay 1a tap con
cua B.

Néu AcB va Bc Atanéi A=B.

Luu y rang A va @14 hai tap con hién nhién cua tip A bat ky.

Vi du:

N = {0,1,2,3,...}: Tap hop cac $b tu nhién.

Z ={..,-3-2,-1,01,2,3,...}: Tap hop c4c s6 nguyén

Q:{%,aez,bez,b;tO}: Tap hop cac sb hitu ti

R : Tap hop céc sd thuc
C:{a+ib,ae R,beR,i’ :—1}: Tap hop cac sb phirc
VaNcZcQcRcC.

1.2. Cac phép toan trén tap hop.
1.2.1. Phép hop:
Hop ctia hai tap hop A va B 1a mot tap hop gom céac phan tir hodc thudc A, hodc
thuoc B. Ky hiéu:C=AUB={x:xe Av xeB}
Vidu: A={a,b,c,d},B={abe, f}thi AUB={ab,c,d,ef}
1.2.2.Phép giao:
Giao ctia hai tip hop A va B 12 mot tap hop gém céac phan tir vira thuoc A, vira
thuoc B. Ky hiéu:C=AnB={x:xe ArxeB}.
Vidu: A={a,b,c,d},B={a,be, f}thi AnB={a,b}.
1.2.3.Phép hié¢u:
Hiéu cta hai tap hop A va B la mot tdp hop gém cac phan tir chi thuoc Ama
khong thude B . Ky hiéu:C = A\B={x:xe AAx¢B}.
Vidu:A={a,b,c,d},B={ab,e f}thi A\B={c,d}.
2. Anh xa.
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Mot anh xa tir tip Avao tap B 1a mot twong Gmg f sao cho Vx e A c¢6 phan tir duy

nhit y € B tmg v6i x. Ky hiéu:
f:A>B
XYy

X: goi la tao anh cia yqua f

y:goilaanh cia x qua f,kyhi¢u y= f(x)

A: goi 14 tAp ngudn (tap x4c dinh), B goi 1a tp dich (tAp gi4 tri) ciia anh xa f

Phan loai anh xa:

a/ f goila don anh < f(x) = f(x,)thi x, =x,

b/ f goi la toan 4nh <> VxeBthi 3yeB dé y= f(X)

c/ f goila song anh < f vira la don anh vira 1a toan anh.
3. So lwge vé tp hop sb phire C
3.1. Pinh nghia:

Cho tap hop C = {Z —a+ib,acR,beR,i’*= —1} , trén tap hop nay ta dinh nghia hai
phép toan cong va nhan nhu sau:

z,+2,=(a+ib)+(c+id)=(a+c)+i(b+d)
2.z, =(a+ib).(c+id) =(ac—bd) +i(ad +bc)

Hai s6 phitc (a-+ib) = (c+id) < {s ‘3

Dang z=a+ ib goi 1a dang dai s6 cua s6 phic. .

Cho s6 phirc z=a+ibthi a goi la phan thyc ky hi¢u Re(z), b goi la phan ao ky hiéu
Im(z), 1 goi la don vi a0 cua so phiccz=a~+ib.

Ta ky hiéu |z| 1a modun cua s6 phuc z=a+ibva |z|=+a®+b?.

Cho sb phuc z=a+ ib, s6 phuc z goi 1a s6 phirc lién hop cia z néuz=a-ib.

* Mot so tinh chat:
ellzleRi|z|=0<2=0

alz=1
b/Z+2,=2+7, fllzf =2z
clz.2,=12.1, 9/ :‘E‘
d/[ijz; h/|z,.2,| =|z|.|z,]
z,) 1z, " :m
5| |z

3.2. Biéu dién hinh hoc ciia s6 phirc: q
Trong mat phang toa d§ Oxy, cho diém M (a,b) va so phuc z=a+ib, ta goi

OM =|z|=Va’+b* =r
¢ =(OM,0Ox) = Argument(z), ky hiéu Arg(z) va 0<Arg(z) <2z

Luc nay ta c¢6 thé xem sb phitc z=a+ib 1a mot diém M (a,b) trén mat phang Oxy
v6i hoanh d6 va tung do tuong tng 13 phan thue va phan ao cta sd phiic

R , |a=rcose . ] .. en s
T day ta co va z=a-+ib=r(cosg+ising) ta goi day la dang lugng

b=rsing
giac cua sb phic.
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3.3. Lity thira va ciin s6 ciia s6 phire:
i/ VxeR taky hiéu: e =cosx+isinx , tir day ta c6 mot sb tinh chat sau:
alvx,yeR:ety =g gV

b/VxeR:e™ :%:VHGZ,VXGR:(GR)” — e
e

c/VxeR:e" =e™
S6 phirc dang z =e™ ta goi la dang cuc.
ii/ Ttr cong thirc Vne Z,VxeR :(eiX )n =e™  taco:

i \N i .. .. .
(€%) =e"" < (cosx+isinx)" = cosnx+isinnx (Cong thirc Moivre)

iii/ Cho sé phirc zeC, xét ¥z, dat Z=4z suyra z"=z.
. Z=r(cosg+isin
Neéu /( go.. ?) , - thi
Z=r'(cos@+isin@) = Z"=(r")" (cosn O+isinn )

r—= (r/)n r/ = ’Q/F
r(cosg+ising) = (r')" (cosn@+isinn ) <:>{ p+k2r

R -
nd=p+k2r 0= k=0,n-1

vay Uz =r (cos( ¢+k27z) +isin( ¢+k2ﬁ)), k=0,n-1
n n

i ) 1 i((p+k2/r)
Hon nita: néu z=€e“ thi Yz=re " k=0,n-1

3.4. Mt s6 vi du:
1/ Bi€u dién cac so phtrc dudi day thanh dang luong giac va dang cuc, sau do khai
can vdi bac dugc chi ra:

alz= 1«/_«/Eb/z_—|«/_\ﬁc/z 1+|\/_«/_d/z_——|§ «/Ei‘/?

11/ Giai cac phuong trinh sau trén C:

alz?+z+1=0;

b/z? +2zc080+1=0,0 €R;

c/(3+i)z° —(8+6i)z+25+5i =0;

d /(z* -82)* +40(z* —8z) +375=0

el(z+i) +(2°+1)° +(z-i)* =0

f /2% +(1-2i)z% + (1-i)z—2i =0, biét ring phuong trinh c6 mot nghiém thuan 4o.

g/2* +4iz> +12(1+i)z - 45 =0, biét rang phuong trinh c6 mot nghiém thuc va mot
nghiém thuan 3o.

iii/ Hay tim cin bac 4 cta s phiuc z=8a%—(1+a?)’ +4a(l-a’)i;acR

iv/ Hay biéu dién cos2x,sin 2x, cos3x,sin3x,c0s4x,sin5x,... qua lily thira clia
Sinx,cosx

4. Ham s6 ]
4.1.Khai ni¢ém ham so )

Cho DcR. Anhxa f:D — Rduoc goi la mot ham so6 xac dinh trén D, trong do
: D goi 1a mién xac dinh ciia ;T = {f (X)|X e D} goi 1a mién gia tri ciia f
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4.2.Tinh chat:

Hai ham so y= f(x), y=9g(X),y =F(X)

i/ f=g khivachikhi f,gcocingmién xic dinh Dva Vxe D: f(x)=g(x)

x> -1

x—-1 ‘
i/ f >gkhivachikhi f,g cécung mién xac dinh Dva VxeD: f(X) > g(x)
i/ F=f+g < VxeDlamién xac dinh caa F thi F(x) = f(X)+g(X).
Hiéu, tich, thuwong cua f,g dugc dinh nghia tuong tu.

Vidu: f(x) = ,g(x) =x+1.

iv/ Ham s6 y = f (x) goi 1a tang hay dong bién
S VX, X, eDix <x, = f(x)< f(x,)
v/ Ham sb y = f(x) goi 12 giam hay nghich bién
S VX, X eDix <X = f(x)>f(x,)
Vi du: a/Ham sé y = x® tang trén toan mién xac dinh cta no.
b/ Ham s y = x*tang trén (0,+0), va giam trén (—oo,0)
¢/ Ham s6 y = f(X) goi 12 bj chin trong D néu 3k >O:|f (X)| <k,vxeD.
Vi du: Him s6 y =cosx,y=sinx 1a bi chin trong [— 1;1]
vii/ Him s6 y = f (x) goi 1a ham sb chén trén mién d6i xtmg (—a;a) néu
Vxe(-a;a): f(—x)=f(x)
viii/ Ham s6 y = f (X) goi 1a ham s 1 trén mién d6i xtmg (—a;a) néu
Vxe(—a;a): f(—x)=—1(x)
Vidu: a/y=x2y=cosX,y = Xxsinx,y =2 1a cdc ham sé chin
b/y=x%y=xcosx,y=sinx 1a cic ham s6 1¢
ix/ Ham s6 y = f (x) goi 1a ham s6 tuan hoan néu ton tai s6 | =0 sao cho
f(x+1)= f(x), s6 duong bé nhit trong cac s6 | trén goi 1a chu ky ctia ham s tuan
hoany = f(x).
Vi du: Him s6 y =sinx,y =cosx tudn hoan vé&i chu ky 27, Ham sb
y =tanx,y =cotanx tuan hoan véi chu ky 7.

4.3. Ham sb hop.
f: XY L 0:Y>Z . h:X>z o
XHy=f(X)Va y—=z=g(x)’ am so XHz:h(x)gQlla

ham s hop cua f,g, ky hiéu:h=g.h khi z = g(h(x))
Vidu: Cho f(x)=x*+1g(x)=sin2x. Tim f.f,g.g,f.g,9.f . Taco

al f.8(x)=f(f(x)=(f(X)*+1=(x*+1)*+1

b/ 9.9(x) = g(g(x)) =sin2(g(x)) =sin 2(sin 2x)
4.4. Ham sb ngwoc.

f: XY

Cho ham sb ,néu f 12 mot song anh thi f *1a ham sé nguoc cua
X y=Tf(x)

Khai niém: Cho

f.

Vidu: &/ y=2x—-2 thi ham sd nguoc cia nd la X:%Z(hoéc y:%z)

b/ y=1log, x thi ham sb nguoc ciia né 1a x =a’ (hodc y=a*)
4.5. Mot s6 ham s so cap co ban:
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4.5.1 Ham so:
y =X“,a € R, mién x4c dinh ctia n6 phy thudc vao «
a/Néu e N thi D=R
b/ Néu o € Z™ thi D=R\ {o}
¢/ Néu ¢ Q" thi D=R"
d/ Néu a €Q™ thi D=R"\ {0}
4.5.2. Ham so:
y=a",a>0,a#1, xic dinh Vx e R"\ {0}, ham s tang khi a>1, giam khi
O<axl. )
4.5.3 Ham so:

y=log, x,a>0,a=1,1a ham ) ngugc cua Y =a’*xac dinh khi x >0, ham s6 tdng
khi a>1, giam khi O<a<1.

Mot sb tinh cht can luu y

a/ log, x.y=log, x+log, y

b/ Ioga§ =log, x—log, y

c/ log , b’ =glogab
¢ p

d/ N =log, a"
e/ log,b=1og,clog b
4.5.4 Cac ham so6 lwong giac.
y =sinX,y =cos X mién xac dinh 1a R

y =tanx, xac dinh khi x = (2K +1)%,k ez

y =cotanx, xac dinh khi x#kz,keZ
* Luu y cac cong thirc lugng gidc co ban.
4.5.5. Cac ham so luwgng giac nguge
y =arcsin X la ham so ngugc cua y =sin X
y =arccos X 1a ham sé nguoc clia y = oS X
y =arctan x 13 ham sé nguoc ciia y =tanx
y =arccotanx 1a ham sb nguoc ciia y = cot anx
Néu y =sinx thi ham nguoc cua nd 1a x =arcsin y
Ta c6 hai dang thirc sau:

. T /4
arcsin X +arccos x = E , arctan x +arccotanx = E
Chimng minh:

bat A=arcsinx,B =arccosx = x=Sin A=cosB = sin(% —-B)

Viy A=Z-Be< A+B=2.
2 2

4.5.6 Cac ham Hyperpol , »
Céc ham hyperbol 1a nhitng ham s6 dugc xac dinh boi cac dang thire sau:
e —e”

shx = doc 1a ham sin hyperbol

Tai liéu giang day mon: Toan cao cap



—X X

chx = € doc 1a ham cosin hyperbol

thx = shx = efx_ € — doc la ham tang hyperbol
chx e +e

cthx = chx _e’+e doc 1a ham cotang hyperbol

shx e —e™
Ham cosin hyperpol 12 ham chan, cac ham sin hyperbol, tang hyperbol, cotang
hyperbol 1a cac ham 1¢;

Va sh0=0,ch0=1,ch?’x—sh®x =1 thx.cthx =1
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BAI 2 ,
GIOI HAN CUA DAY SO

Muc tiéu hoc tdp: Sau khi hoc xong bai nay, nguoi hoc co thé:
- Trinh bay dwoc cac khai niém vé gioi han day so va tinh chat cua gioi han day so
- Tim duoc gioi han cua mét so day so co ban

1. Khai ni¢m:

1.1Pinh nghia 1: Him s6 u: N" — R . Nhiing gié tri cia ham s6 ung véi
n=123,..,N,...goi la diy sb. Pat u, =u(l),u, =u(2),...,u, =u(n),...Day s6 dugc viét dudi
dang {un} hoac u,,u,,Us,...,U,,..., cac s6 U, goila cac s6 hang cua day, u, goi la s6 hang
tong quat cua day.

Vi du: a/Day {u,}= {ﬁ} I3 day s : %, 2, "
+

2 y 3 ,...,m,...
b/ Day {u,}={n?} 1a day s6 : 1.4,9,...,n°,...
1.2 Pinh nghia 2: S6 a dugc goi 1a gi¢i han cua diy s6 {u, } khi n— oo, ky hi¢u

limu, =a hay u, —a khi n—>o0, néu Ve>0,3N >0:vn>Nthi u,—a|<e.

n—oo

Day s6 o gi61 han thi goi 1a héi ty, nguoc lai goi 1a phan ky.

, , . 3 . n PO f v s Lo A ny A A
Vi du: Chirng minh rang lim Y. 3] =1. That vay, Ve >0bé tuy y, ta cd thé chon mot so rat
n—oo n +

bé cu thé ndo d6, chang han & = 1i :

04
£ n 1 1 1 4 . .
Muon cho |un—a|<g:>—— <—=>——<-—7=>n>10"-1. Thi ta phai
n+1 10 n+1 10

chon N =10"-1, lc nay tas& c6 |u,-1l<e¢

1.3 Pinh nghia 3: Day {u,} din dén vo ctng khi n tién dén v6 cting néu véi M >016n
tlly ¥ , ¢6 s nguyén duong N sao cho véimoi n> N, ta ludn c6 |u,|> M . Ky hiéu:
limu, =

n—oo

Vi du: Chirng minh rang lim Jn=ow. That vay: néu chon M =10°, muén cho
\\/ﬁ\ >10° = n >10"thi ta chon N =10'. Luc ndy Vn>10" = \\/ﬁ\ >M

1.4 Dinh nghia 4: Ddy {u,} goi 1a vo cling 16n lim|u,|=oc0, Dy {u,} goi la vo cing bé
n—o0

nN—o
n

Iim|un| =0. Luu y rang néu {u, }1a vo ciing 16n thi {i} la vo cung bé va ngugc lai.
u

2. Cac dinh ly vf‘; gidi han cua day
2.1. Cac tinh chat:

a/ Néu day {u,} co giéi hanla a va a> p(a> p)thi tén tai N sao cho voi moi
n>N thiu,> p(u,<p).

b/ Néu day {u

¢/ Néu day {u,} co giéi han 1a a thi a la duy nhét.

d/ Néu day {u, } co gi6i han thi no bi chan, tie 1a 3k > 0:Ju,| <k, vn.
2.2. Cac dinh ly:
2.2.1 Pinh 1y 1: Cho limu, =a,limv, =b,

n—oo n—o0

}cogidihanla a va u, < p(u, > p),vn thi a< p(a= p).
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a/Néu u, =v ,vn thi a=b
b/ Néu u, >v_,vn thi a>b
2.2.2 Pinh 1y 2: Néu u, <v, <w, va limu, =limw, =a thi limv_ =a

Vi du: Tinh 1 = lim(-—e— + 1 LI S
e n2 41 Jn2+2/n2+3 n®+n
bat v, = 1 1 1 L+ 1
Jn2+1 \/n +2 \/n +3 Jn2+n
Va —— svnsL
vn%+1 n®+n
Mt khac lim ——— = lim —— =1

e fn? 41 2% 4n
Theo dinh ly trén thi limv, =1

2.2.3.Céc phép tinh ciia giéi han day sé
Néu cac day {u, },{v,} hoi tu
a/ thi déy {u, v, jciing hoi tu va Ilm{u +v, | = limu, +limv, .

n—oo

b/ thi ddy {u,.v, }cling hoi tu va lim{u,. }— Ilmu limv, . Hon nira:

lim{kv, }=k.limv,

n—oo nN—o0

u, limu,
+ thi ddy < —" tcling hdi ty va lim<— =22 limv_#0.
n n—o Vn lim Vn n—o

n—oo

Mot s cong thire gii han day s6 thudng gip:

0 O<ax1
a. Iima”:{ =as ,b. limYa=1a>0,c. Ilm\/_ 1,d. I|m(1+ ) =e

n—oo

+o0 a>1' " now
Bai tap:
1. Tim céc gidi han:
3 2 2
2n°° -2n“+n+3 .m2n +n+3 c I.mZn +3n* - . Ilmﬂ

a.lim , b. , C.
e n°—4n+6 noent—5n+2° o= n*—-5n+2 N>

2. Tim céc gidi han:
v2nt +n— lim n++n°+2n+3 c. lim( [ ans3— N

’ ) n—oo 3 \/zn +1 nN—o

d. im(y3n” +n+3-1V3), e. lim(/n” +n—/n” +1), . lim 1

n—o oo (Jn? +2 —vn2 +4)
3.Cho |g|<1,ddt S, =1+g+0*+¢°+..+q". Tim lim S,

n—oo

Ap dung: Tim céc gi6i han: a. lim ﬂ, b. lim 32 =57
oo 573" oo 4" +3.5"

4. Tim céc giéi han: a. im(—2)", b. lim@——)"  c. im("=)", d. lim(-"_)"
n—o n n—>o 2n nso nN+1 nso N —1

a. lim————
e’ —5n+2
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BAI 3 ,
GIOI HAN CUA HAM SO

Muc tiéu hoc tip: Sau khi hoc xong bai nay, nguoi hoc ¢ thé:

- Trinh bay dvwoc cdc khai niém vé gioi han ham so va tinh chat cua gioi han ham so

- Tim dwoc gioi han cua mot s6 ham so co ban

1. Khai niém:

1.1 Pinh nghia 1: S6 a dugc goi 14 gidi han ctia ham s6 y = f(x) khi x dan vé x, néu

Ve>0,35>0:|x— x| <5 =|f(x)—a <e&.Kyhiéu lim f(x)=a.

x*—4

Vi du: Chimg minh rang lim
x>2 X —2

=4 . Tachon mdt ¢ bé tuy y cu thé, ché“ing han

2_
5=i6.Mu6ncho X 4—4<i6:>|x—2|<i6thitachon 5=5=i6.Ll]Cﬂélyta
10 X—2 10 10 10
2 2
s& ¢ | 4—4<i6véllimX 4:4.
- 10 x>2 X —2

1.2 Pinh nghia 2: Ta goi a 1a gidi han cua y = f(x) khi x — o néu
Ve>0,3A>0:[x> A=|f(x)—a| <&. Ky higu: lim f(x) =a

Pac biét:

allim f(x)=a<Ve>03A>0:x>A=|f(x)-a <e

X—>+00

b/ lim f(x)=a<Ve>0,IA>0:x<-A=|f(x)-a|<e

X—>—0

Vi du: Chirng minh rang : lim Ll=1 Vi VX >O,|f(X)—]4=l<g. Ta chon Ala s
X*)+OOX+ X

duong 16n hon ~thi x> A> L =[f(x)~1<&. Vay lim X =1
g & x>+ X 41
1.3 Pinh nghia 3: Ta ndi ham s6 y = f(X) c6 giéi han bang vo cung khi X — X, néu:
VM >0,35 > |X > =|f (x)|>M . Ky hiéu lim f(x) =00
Pac biét;
a/ lim f(x) =400 <YM >0,35>0:[x = X,| <5 =|f ()| > M

X—>Xg

b/ lim f(X) =—0< VM >0,36 > 0:[x— x| <5 = |f (X)| <M

Vidu: lim L =00

x—>11— X ’
1.4 Pinh nghia 4: Ta n6i ham s0 y = f(x) co6 gidi han bang v6 cung khi X — oo néu:
VM >0,3A>:|x| > A= |f (x)|> M . Ky hiéu lim f(x) =0

Pac biét:
al im f(x)=+0< VM >0,3A>0:> A=|f(X)|>M
b/ lim f(x) =+0< VM >0,3A>0:x<-A=|f (X)|>M

¢/ lim f(x)=—0< VM >0,3A>0: x<-A=|f ()| <-M

X——00
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d/ lim f(x) =—0< VM >0,3A>0:x> A= |f(x)| <-M

X—>+00

Vidu: lim Inx=+o

X—>+00
2. Mot s6 cong thire giéi han:
sm X tan x

a/lim =1 f/lim——=1
x—>0 X x=0 X

o/ lim &SN X _, o/ lim arctan x 1
x—0 X x>0 X

lim®—tomaaso  wimE=t-1
x=0 X x=>0 X

dlim &0 =1 i1im NA+X) 4
x—0 X x—0 X

1
e/Iing(1+ X)X =e k/I|m(1+—) =e

3. Gi6i han mét phia
3.1 Pinh nghia: S6 a dugc goi 1a gi6i han phai (trdi) ciia f(x) tai x, khi X tién vé bén

phai (trai) X, . Ky hiéu: lim f(x)=a(lim f(x)=a)

Vi du:a/ Dé thay lim ) =+o0 va lim 1 =—o0

X—>0+ X X—>0— X

1 n J4 sin X
b/Xét ham so f(X) = | |
X
. sinx sin x sin X sm X
I|m = lim ——=1va lim —== lim =-1
|X| x—0" X X0~ |X| x—>0" — X

3.2 Pinh ly: Diéu kién can va da dé 3 IIm f(x)la 3 IIm f(x),3 IIm f(x) va

I|m f(x)= I|m f(x) :

4. Cac d;nh,ly va tinh chét vé giéi han:
4.1.Tinh chat:
a/Néu f(x)=C thi lim f(x)=C

tai x=0, ta co:

b/ Gi6i han a néu co cta ham sb 1a duy nhat.
4.2.Cac dinh ly vé phép tinh gi¢i han:
Giasu lim f(x)=C, lim g(x)=B thi:

a/XILnxw(f(x)ig(x))=C+ B
b/ Iim(f(x).g(x))=C.B

c/hm(f(x)) € B0
% g(x)” B’
H¢ qua:
al lim k. (x) =k C
b/ I|m(Zf(x)) lemf(x)

¥o o1
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bac biét: lim (f(x))" = (lim f(x))"
4.3. CAc tiéu chuzxul ton tai giéi han . i ‘ o
a/ Tiéu chuan Cauchy ( Tiéu chuan 1): Bicu kién can va du dé ton tai gidi han
cua f(x) khi x> x, l1a: V& >0,36 >0sao cho Vx;, X, thoa
0<|x, —X| < 8,0 <%, — x| <Sthi |[f(x) - f(x,)| <&
b/ Tiéu chuin 2: Cho f(x) xac dinh Vx> 0. Néu
* f(X) don diéu tang
* f(x) bichan trén
Thi 3 lim f(x)

0 f(x) <h(x)<g(x) -
fim £ () =limg(x =a " 17100 =2

X—>Xg

¢/ Tiéu chuin 3: Néu {

sin’(n!x)
2

in¢(n inZ(n!
Taco 0< 3 1 gy ra fim SN _ g
X X X—0 X

Vi du: Tinh lim

X—00 X
5. Vo cung bé va vo cung lém
5.1. V6 cung bé.
5.1.1 Khai ni¢m: Ham s6 f (x) goi 1a v6 cting bé (VCB) khi X — X, néu lim f (x) =0

Vidu: &/ Iingsinx:O:> f(x)=sinx laVCB

b/ Iirrgtanx=0:> f(x)=tanx laVCB

¢/ limE=0= f(x) == 1aVCB
X~>ooX X

5.1.2 Pinh ly: 3lim f(x)=a< f(x)—ala VCB khi x — X,

Hay la: f(x)=a+a(x), a(x) la VCB khi x — x,
5.1.3 Tinh chit:
a/VCB.C=VvCB
b/VCB+VCB=VCB
¢/VCB.BC=VCB
d/VCB.HT=VCB )
Trong do6 C- hang s6, BC- dai lugng bi chan, HT- dai luong hoi tu
Vi du: m% - lm%.sin X =0 v6i sinx 1a dai luong bj chan.
5.1.4 So sanh cé&c vo ciing bé: Cho f (x),g(x) 1a hai VCB khi x — X,. Gia sir ton tai
lim (M) =A0< A< +oo. Khi d6
=0t g(x) ,
a/ Neu A=0 thitanoi f(x)la VCB bac cao hon g(x)hay g(x)la VCB bac thap
hon f(x),khi do ta ky hiéu f(x) =0(g(x))
b/Néu 0 < A<+oo thitan6i f(x)vag(x) 1a hai VCB cung hay cing cép, dic biét
khi A=1tandi f(x) va g(x)lahai VCB tuong duong, khi d6 ta ky hiéu f(x) ~ g(x)
c/Néu A=-+oo thitanéi g(x)la VCB béc cao hon f (x) hay f (x) 1a VCB béc thip
hon g(x), khi d6 ta ky hiéu g(x) =O(f(x)).
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Nguoc lai néu giéi han trén khong ton tai thi ta néi g(x) va f (x) khdng so séanh
duoc.
5.1.5 Dinh ly:

a/ Néu f(x)~ g(x),h(x) ~t(x) trong d6 f(x),g(x) la hai VCB khi x — x, thi
lim (M) = lim (@).
X—>Xg g(x) X—Xg t(X)

b/Gid st f(x),9;(x),i=Ln;j=1m lacac VCB khi x — x,. Khi d6

0O+ B0+ + .00 fi, (%)

=% G (X) +0,(X) +..+ 9 (X)" =% g (X)
trong cac f;(x)va g; (x) la VCB bac thip nhat trong cc ¢ ;(X)
Vi du: Khi x — 0 thi cac VCB sau la tuong duong:
sinx ~ x,tanx ~ x,arcsin x ~ x,arctan x ~ x,In(x +1) ~ x,e* -1~ x,(1+ x)* -1~ ax,a* =1~ xlna

) .Trong d6 f, (x)1a VCB bac thap nhat

Vidu: Tinh Iing%le. Ta co khi x — 0 thi sin5x ~ 5x,e** —1~ 2x
x—>0 @ —

. ._Sinbx . bx 5
Vay lim——=Ilim—=
x->0@° " =1 x-02x 2
5.2. V6 cung lén.
5.2.1 Khai niém: Ham s6 f (X) goi 1a v6 cung 16n (VCL) khi X — X, néu lim|f (X)| =+

Vidu: a/ limtanx =00 = f(x) =tanx la VCL
x—>5

b/ Iingcot anx =0 = f(x)=cotanx la VCL

¢/ limt == f(x) =+ 1aVCL
X

x—0 X

5.2.2 Tinh chat:
a/ VCL.VCL=VCL
b/ VCL+BC=VCL
¢/ VCL+HT=VCL
d/ Tong hai VCL c6 thé khong 1a VCL, nhung téng hai VCL cung diu 1a VCL
1

el L =VCB,——=VCL
VCL VCB

Trong d6 BC- dai lugng bi chén, HT- dai lugng hoi tu
5.2.3 So sanh cac vé cang 1én: Cho f(x),g(x) 1a hai VCL khix — x,. Gia sir ton tai
lim (M) =A0< A<+oo. Khido
=n g ,

a/ Néeu A=0 thitandi f(x)la VCL bac thap hon g(x)hay g(x)la VCL bac cao
hon f(X)

b/ Néu 0 < A< -+oo thitandi f(x)vag(x) 1a hai VCL cung hay cung cap, dic biét
khi A=1tandi f(x) va g(x)lahai VCL tuong duong, khi d6 ta ky hiéu f(x) ~ g(x)

¢/ Néu A=+oo thitanoi f(x)1a VCL bac cao hon g(x) hay g(x)1a VCL bac thap
hon f (X)

Nguoc lai néu giéi han trén khong ton tai thi ta n6i g(x)va f (x) khéng so sanh
duoc.
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5.2.4 Dinh ly:
a/ Néu f(x)~g(x),h(x) ~t(x) trong d6 f(x),g(x) la hai VCL khi x— x, thi
F() _ i (D)

lim (—=5) = lim (—-=5) .

X—>Xg (X) X—Xg t( )
b/ Gid st f,(x),9; (x),i=1n;j=1m lacac VCL khi X — X,. Khi do

)+ f,(3) +.. 4 f1(X) )= )) Trong do f, (X) 12 VCL bac cao nhét trong
=% gy (X) + g, (X) + ... + 9, (X) HXo g ( )

cac f(x)va g; (x) la VCL bac cao nht trong cac g ;(x)

3 92 5
Vidu: Tinh I|mX+X 2" +X=1 .Taco I|mX+X — 2+ x=7 =lim X -=0

-0 — 2X" +4x° +3x+ 2 >0 — 2% +4x° +3x+2 x>0 —2x
Luu y: Trong qua trinh gidi cac bai tap ta s€ gap cac dang vo dinh:

0 0 OOO 00— OOOO O’Ow’loo
OO

Bai tap:
1. Tim céc gidi han:
\/x+\/_ AMX+1-1 . . \/x+\/x+\/;
b, lim——————=,c. lim \/x+\/;—\/;,d. lim Y¥——MM—
X%+oo ’X+ x—0 X X—>+00 X—>+00 ,X+1

X+ +x . Jx -2
e. J'l&ﬁ’f' Ixmﬁ,g Ilm(\/x —-x*=1-Xx),

h. lim &/(x+a)(x +b)(x+¢) = x). i m(\/x+ Jx+ % —x).

2. Tim cac gidi han:

. (x> —x—-2)% im (1+x)° (1+ 5X)
Cxo2 (X3 —12x+16)10 T xo0 X2+ Xx°
(x D(x—2)(x—3)(x—4)(x-5)
x—>+oo (5)( 1)
(2x—3)*(3x +2)*° X+ +D(x° +1)...(x" +1)
d. lim s ) e lim I
G ’ ()" +1) 2
X+ X+ X+ +x"=n o . n(n+1)
f. IIrT} 1 , HD: Luu y cong thurc 1+2+3+...+n=T
X—> X —
- Ix—a+x- Vi+x-1
g. lim . lim .
X—a \/X _a X—>0 X
3. Tim cac gidi han:
. sin5x . 1—cosx . sin x.sin 3x.sin5x . tanbx
a. lim——, b. lim———, c. lim 5 , d. lim
x—05in 3x x—0 X x—0 45x x-0  3X
. sinx.sin 2x.sin 3x....siN nx
e. lim .
x—0 nlx"
4. Tim céac gidi han:
> 1 3
a. lim(1l-x)x, b.lim@l--)*, c. lim(2--)", d. I|m( )
x—0 X—>00 X X—o0 X X—>00 X +1
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1
e. im@-sinx)*,  f. lim¥/cos+/x
x—0 x—0
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BAI 4
HAM SO LIEN TUC

Muc tiéu hoc tdp: Sau khi hoc xong bai nay, nguoi hoc co thé:
Trinh bay dwoc cac khai niém vé ham so lién tuc va tinh chat cua ham so lién tuc

1. Khai niém:
1.1 Pinh nghia:Cho ham s y = f (x) xac dinh trén mién D, X, € D. y=f(x) duoc goi
1a lién tyc tai X = x,néu lim f(x) = f(x,)
Néu y = f(x) khong lién tuc tai X = X,tandi y= f(x)gian doan tai X =X,
sinx
A P oA —x=0
Vidu: Xéthamso y=49 X
1x=0

Taco |ingﬂ —1=f(0).Vay f(x) lién tuc tai x=0
X—> X

1.2 Pinh nghia: Cho ham s y = f (x) x4c dinh trén mién D, x, € D. Khido y = f(X)
duge goi la lién tuc trai (phai) tai x = x;néu: M f(x)= 1 (%) (M (x) = (x))
X0

X0
y = f(x) dugc goi la lién tuc trong (a;b) néu y = f (x)lién tuc tai moi diém cia

(a;b)

2. Céc tinh chit va dinh ly:
2.2 Pinh ly: Him s0 y = f(x) lién tuc tai X =X, khi va chi khi y = f(x) lién tuc trai va
lién tyc phai tai X = X,

sinx

) — ,Xx#0
Vi du: Xét ham s6 y =1 |X|
1,x=0
al f(0") = lim 2 _jim 2™ _1_ ¢(0)
x—0" X x—=0" X
Taco . . .Vay f(x) lién tuc phai tai x=0,
b/ £0)=lim X~ _jim 3™ _ 14 £(0)
x—0" |X| x—>0" X

nhung khong lién tuc trai tai Xx=0.

2.3 Pinh nghia: Cho ham s0 y = f(x) xac dinh trén D . Khi d6 tap hgp cac diém

M (x, (f (X)) trong mit phang toa do Oxy, khi x thay doi trong D duoc goi 1a db thi ctia
ham s6 y = f(x) trén D

2.4 Pinh ly: D6 thi ciia ham s6 lién tuc 12 mot duong lién nét.

2.5 Dinh Iy: Néu y = f(x) lién tyc trén doan [a;b] thi y = f(X)bi chan trén [a;b], tic 1a
M >0:|f(x)|<M,vxeD

2.6 Dinh Iy: Néu y = f(x) lién tyc trén doan [a;b] thi y = f(x) dat gia tri 16n nhat va gia
f(x)=f(x),vxeD

f(x,)< f(x),vxeD

2.7 Pinh ly: Néu y = f () lién tuc trén doan [a; b] thi y = f(X) nhan moi gia tri trung gian
gitra f(a) va f(b)

tri nho nhat trén [a;b], tirc 1a 3x,, X, :{
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2.8 Dinh Iy: Néu y = f(x) lién tyc trén doan [a;b] va f(a).f(b) <0 thicé ce(a;b) dé
f(c) =0, noi cach khac phuong trinh f(x) =0c6 it nhat mot nghiém trong (a;b)

Vi du: Chirng minh rang phuong trinh x° —3x* +1=0 c¢6 it nhat mot nghiém trong
0;1).
3. Diém gian doan, phéan loai diém gian doan:

X, la diém gian doan cua y = f(x) khi

a/ y = f(x) khong xac dinh tai X,

b/ Khong ton tai gidi han ciia y = f(x) khi x — X,

¢/ Ton tai giéi han cta y = f(x) khi X — X,, nhung gi¢i han nay khac f(x,)
Nhu vy ta c6 thé phan loai cac diém gian doan nhu sau:

d/ x,1a diém gian doan loai 1 khi 3f (x;), f (x}) . Pac bist khi f(x;)= f(x;)thita
ndi x, la diém gian doan co thé bo dugc.

e/ Cac trudng hop khac goi 1a diém gian doan loai 2.
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. CHUONGIL o
PAO HAM VA VI PHAN CUA HAM MOT BIEN SO
BAI 1
PAO HAM CUA HAM SO MOT BIEN SO

Muc tiéu hoc tdp: Sau khi hoc xong bai nay, nguoi hoc co thé:
Trinh bay dwoc cac khai niém vé dao ham va tinh chdt cua dao ham ham so, tinh dwoc dao
ham cua ham so hop, ham so nguoc.

1. Khai niém .
1.1. Bai toan mé dau: ‘

Xét dudng cong (C):y= f(x), mot diém M, (X, Y,) c¢b dinh trén (C)va mot cat
tuyén MM, . Néu M(x,y) chay trén duong cong (C) dén diém M, (x,,Y,) ma cat tuyén
MM, dan t6i mot vi tri t6i han TM,, thi duong thang TM, goi 1a tiép tuyén ciia duong
cong (C) tai diém Mg(X,Y,). Vay khi nao thi (C):y=f(x)co tiép tuyén tai
M, (X, Y,) va hé sb goc ciia tiép tuyén d6 dugc tinh nhur thé nao?

< AX = X=X YA A oz ) . £
bat thi hé sO goc cua cat tuyén
Ay=y-Y, = f(x)- f(xo): 1:(Xo‘i‘AX)_ f(xo)

MM, la tanﬁ:%= f(XO+AAx)_f(XO)-
X X

Cho diém M, (x,,Y,)tién dan dén M doc theo duong cong (C), khi d6 Ax -0,

néu ti s6 % dan t6i mot giGi han xac dinh thi B ciing dan dén mot goc xac dinh 1a o,
nghia la cat tuyén MM, dan t6i vi trf t6i han TM, va tao vé1 OX mot goc « .

Tur d6, néu ti sb %déﬁn té61 mdt gidi han xéc dinh khi AX — Othi dudng cong
(C):y= f(X) cotiép tuyén tai diém M, (x,,Y,) va hé sb goc ctia tiép tuyén la:

tana = lim tan 5 = lim AY _ i T O +48%) — (%)

AX—>0 AX  Ax—0 AX

1.2. Dinh nghia:
Cho ham s6 y = f(x)xac dinh trén mién D, x, € D. Cho bién x sb gia Ax thoéa
X, +AxeD. Xét s6 gia ham sb6: Af =f(x,+Ax)—f(x,). Ta goi gi6i han
AIimoi—f = | (néu ton tai hiru han) 1a dao ham ctia y = f (X)tai X,va ta cling néi y = f (x)co
X—> X

dao ham tai X,

Ky hiéu: f'(x,)= |imﬂ= lim f (% +4%) = T(%) —

AX—0 AX  Ax—0 AX

Nhan xét: néu dit x =X, + Ax thi f/(x)) = fim 0= T06)
X=X

X—Xg
Vi du: Tinh dao ham cta cac ham s6 sau bang dinh nghia:

al y=x2,b/ y=x%,¢/ y=sinx, d y=+x

1.3. Pao ham mgt phia:
Cho ham s6 y = f(x) x4c dinh trén mién D, x, € D.
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Ta goi giéi han lim ATy ( lim ATy )( néu ton tai hitu han) 1a dao ham phai
Ax—0* AX Ax—0" AX

(trai) cua y = f(X)tai X,. Ky hiéu: + Pao ham phai | = f/(x,)
+Pao ham trdi | = f/(x,)
3, (%), (%)
£/ (%)= 1.(x)
2. Céc quy tic tinh dao ham:
al(C) =0
b/(U V) =U’'+V'
¢/ (CU) =C(U)'
d/(UV) =U'V+UV'
u'v-uyv’
e V=0
3. Pao ham ham hgp, ham ngwgc:
3.1. Dao ham ham hop:
Gia sir ham sb u=u(x)co6 dao ham u’(x,)tai X,va u, =u(x,). Tai U, =u(x,)ham

1.4 Pinh ly: 3f'(x,) & {

e/ () =

y = y(u) c6 dao ham y’(u,) dbi v6i bién u . Khi d6 tai x, ham s y = y(u(x)) c6 dao ham
Y, (%) theo bién x va y,' () = ys (U,).u; (%) hay y,’ =y, .uj.
Vi du:
al (x* +4)°) =5.(x*+4)*.3x°
b/ (sin‘ (In X)) = 4sin®(In x). =
X
3.2. Dao ham ham ngwoc:
Gia str cac diéu kién sau duoc thoa:
a/ Him s6 y = f(x) c6 dao ham y'(x,) = Otai X,
b/ Ham s6 y = f(x) 1a don anh .
¢/ Ham ngugc X = g(y) lién tuc tai y, = f(X,)

Khi d6 ham sé ngugc ciia ham sé y = f () s& co dao ham Xi,(yo) tai y, va

1
/
Xy(Yo) = —7—

e Y:((Xo)
Ta thuong ky hiéu ham nguoc 1a g(y) 1a f *(x) vakhidé (f ) = %
Vi du: Tinh dao ham cua ham sé: y =arctanx, tacd y =arctan x 1a ham s ngugc cua

N ~ 1 1 1 1
hams6 x=tany,nén y, = — = = = 5 -
Xy 1 1+tan®y 1+X
cos’y

4. Cac cong thirc dao ham co ban:
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