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Chuong 1: GIOI HAN CUA DAY SO VA HAM SO
Bai 1: CAC TRUONG SO

% Muc tiéu hoc tap: Sau khi hoc xong bai nay, nguoi hoc c6 thé:
- Nam viing cac kién thirc co ban vé tap cac so va cac phép tinh vé s6 phtrc.

- Hiéu k¥ cac kién thtrc d6, lam thanh thao vdi cac phép toan vé sb phtc, biét st dung
dang lugng giac cua so phuec.

1.1. T4p cac so
Tap sb tu nhién: N = {1;2;3;....}
Tap s6 nguyén: Z = {0; +1 + 2;...}

Tapsé hiuty: Q= {xsao cho x:g;p,qez,qio}

Mot s6 hitu ty bao gio cling viét duoc dudi dang mot sé thap phan hitu han hay s6
thap phan vo6 han tuan hoan.

Vidul:£:0,25 ; §:O,75.
4 4

o~

=11666... ta co thé viét % =1,1(6)

1

(6]

=1,363636... hay % =1,(36)

Nguoc lai, cho mot ) thap phan hitu han hay v6 han tuan hoan thi no sé& biéu
dién mot s6 hiru ty nao do.

e S4 thap phan hitu han ag,a;8,...a, s& biéu thi sd hitu ty:

a a a
1+ 2+_”+ n

=a,+ L +—2
10 10? 10"

0

thap phan v6 han tuin hoan a0,81.87...ay (0107...by) s& biéu thi s hitu ty:

0

p a, a, a 10m" (bl b, bmj
T=atE Al Ly 2o

q 10 10 10" 10" -1\10 10 10

Nhdn xét.
Mot sb thap phan hitu han ciing c6 thé dugc xem la sd thap phan vo han tuan
. 1 1
hoan, chang han: 1 0,25000... hay 1 0,25(0)

Nhu vay c6 su dong nhét giira tap s6 hitu ty va tap cac sd thap phan vo han tuin
hoan.
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Pinh nghia 1: Mot s6 biéu dién duoc dudi dang mot s6 thap phan vo han khong tuan
hoan dugc goi 1a s6 vo ty. Tap cac so vo ty ki hi¢u 1a: |

Vidu2: V2=1414213562...;, m=3141592653...;
Tapsd thuc R=Q Ul
Duong thang thuc (truc so) Trén duong thing A, lay diém O 1am géc va chon

vecto don vi OE =¢. Sé x la sb thuc khi va chi khi t6n tai duy nhat mot diém M thudc

du’(mg thang A sao cho OE = xe. Khi d6 dlerr} M duoc goi la diém biéu dqwn hinh hoc
cua so thuc x trén duong thang A va duong thang A duoc goi la duong thang thuc hay
truc so.

—
X

v

Hinh 1.1
1.2. S6 phirc
e S phurc 14 86 ¢6 dang: z=a + ib, trong d6 a, be R, i 1a don vi 40 véi i* = -1

e Ta ky hiu: a = Rez goi la phan thyc; b = Imz goi 12 phan ao. C 1a tip hop tat ca
cac sO phuc.

e S6 phitc z = a + ib c6 thé biéu dién hinh hoc 1a mot diém M(a;b) trén mit phang
Oxy.

e S6 phuc E =a—ib dwoc goi 1a sd phuc lién hop cua sé phic z = a + ib, hai sb
phure lién hop doi xing nhau qua Ox.

Y.
Phép toan:
Cho 2 s6 phitc z; = a; + iby; 2, = a, + iby, I ¢ EA_(aé E)ib
khi d6 ta co: E
z,tz,=(a,+a,)+i(b, +b,) :
- : X
z,.z,=(aa,—bb,)+i(ab, +a,b,) ;
Zl alaz + ble : blaz _albz . :_
— = +1 , Y4 ?50 ______________ \) :
2w arn o (2*0 z=a-1ib
Rez =Rez 3
72-7, & 1 2 Hinh 1.2
Imz, =Imz,

Ch y: Ta thuc hién cac phép toan theo quy tic chung thuan tién hon.
Vidu3: (1-3i)+(2+7)=—1+4i
1-D2+i)=2+i-2i—i*=3—i
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1 4-j 4-j

4+i (4+i)(4-i) 17
Dang lwong gidc ciia sé phire:

Ta biéu dién s phtic z = a + ib bdi vecto OM, goi r=0OM =+/a’* + b’ 1a modun
cua sb phtc z, ky hi¢u: ‘Z‘

Goc ¢ = (OX, OM) duoc xac dinh sai khac nhau 2K, K € Z goi 1a argument,
i , b
Ky hiéu: Argz. Taco tgp=—.
a

Tir y nghia hinh hoc, ta c6 a=rcos@; b=rsing =z =r(cosp+ising).

Vi du 4: Biéu dién s phirc z = 1 + i dudi dang lwong giéc.

Taco: r=vI+2 =2, tg(p:1:>(p:g:z:ﬁ(cosgﬂsingj.
Cho cac sb phuc:
z=r(cos@+ising); z,=r(cose, +ising,); z,=r,(cose,+ising,).

2,.2,=".2, [cos((pl +@,)+isin(o, + (pz)]
=z,2,|=|z||z,|; Arg(z,z,)=Argz, + Argz, + 2kn

z, .

=t =2 cos(q, - ¢,)+isin(¢,—¢,) ]

ZZ r-2
4 :H; Arg[iJ:Argzl—Argz2 +2kn
z,| |z, Z,

z" =r"[cosne +isinng]

=|z"|=|z["; Arg(z")=nArgz +2kn

Vz=usu'"=z2
Bicu dién u duéi dang U =p(c0os6 +isin 9).

Taco: u" =z < p"(cosn®+isinn®)=r(cose+ising)

(p+k27r;k:—0;n_1

{p“=r p=r

S
no=op+k2n 0=
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:>u:Q/F(cos(p+k2n+isinq)+k2n); k=0:n-1
n n

Vidy5:  Tinh a/. A=(1+i)". bl u=41+i
Giai : a/ Ta co: A:\/E(cosg+ ising) = A=2"(cosbn +isinbm)=-2".
b/
22:4«/§(cosZ+:2n+isinZ+:2nj=€/§(cosn+1:8n+isinn+1:8nj; k=0;3
:>u=4/m co 4 gia tri:

T .. T O .. 9rx
u =3/2| cos—+isin— u, =42 cos=—+isin—
° \/_( 16 16) ' \/_( 16 J

16

u, :E/E(coslf—g+ isin”—nj u, =E/§(005215—6n+ isin@J

16 16

1.3. Khoidng — Lan cin
Pinh nghia 2: Khoang 1a tap hop céc sb thuc (hay cac diém) nam gitta hai s6 thuc (hay
hai diém) nao do.
Phan loai khoéang:
Khoang hiru han:
Khoang dong: [a, b] = {X eR ‘ as<x< b}
Khoang mo: (a,b)z{XeR ‘ a<x<b}
Khoang nira dong, nira mo: (a, b] = {X eR ‘ a<Xx< b}
[a,b)={xeR | a<x<b}
Khoang v6 han:
(—o,a)={xeR | x<a}; (—o0,a]={xeR | x<a|
(b,+00)={XER | x>b}; [b,+00)={X€R | xzb}

Pinh nghia 3: Gia sir a 1a mot s6 thuc, khoang md (a -, a+¢) (voi & > 0) duoc goi 1a
lan can ban kinh ¢ cua a.

v

Hinh 1.3 a—¢ a ate
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% Bai tap ciing co:

1). Thuc hién cac phép toan sau:

a) (2+1)(3—i)+(@+2i)(4+i); b) (3+5i)(2+i)—(1-2i)5+3i); c) _(5+2(+7i—6i>;
(5+i)(3+5i) | N3 o e (@+i)° .
)T e) 2+i1)"+(2-1)7; f) TEDEE

2). Tinh cac biéu thurc:
@) @+); (b) @+iv3)™; (¢) (V3+i)%;

(d) (1+§+i§)24; (e) (2_\/5_'_012; (f) (1 |°\/_
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Bai 2: HAM SO VA GIOI HAN

% Muc tiéu hoc tap: Sau khi hoc xong bai nay, nguoi hoc c6 thé nam vitng mot cach
c6 hé thong vé ham mot bién sb, gidi han cta diy sb.

2.1. Ham sb
2.1.1. Pinh nghia 1

Cho XcR, mot ham sb f xac dinh trén X 1a mot quy tic sao cho tng v6i mdi gia
tri cua bién x thugc X c¢6 duy nhat mot gia tri thyc cta bién y.

Ki hi¢u y = f(x)

e x duoc goi la bién doc 1ap, y duoc goi la bién phu thudc.

e Xduoc goi la mién x4c dinh cua ham sb, ki hiéu 1a D .

e TapVY = {y eR\y=f(X),xe Df} dugc goi 1a mién gia tri cua ham sé, ki
hiéu R¢

Vi du 1: Khi nudi mot con bod, quan sat qua trinh ting trong cta bo ta c6 moi lién hé
gitra thot gian nuoi t (ngay) va trong luong m (kg) ctia con bo 1a mot ham s6 m = m(t).

Mot ham sb thudng dugc cho dudi dang cong thirc nhu cac vi du sau:

y =X
y=2x+3
y = sinx — 2x
2.1.2. Pinh nghia 2

D6 thi ctia ham sd y = f(x) 1a tdp hop cac diém M(x, f(x)) trong hé toa do
Descartes, G = {M(x,f(x),x €D, }

Vidu 1°: 1) Db thi ham s y = x*
i

“Hinh 1.4

2) B thi ham sb y = x¥?

Hinh 1.5
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2.1.3. Céc tinh chat
a. Ham s6 don diéu
Pinh nghia 3:

e Ham sb y = f(x) dugc goi 1a ting (hay ting nghiém ngit) trén tdp E = Dy, néu
v&i moi Xq, Xo € E, X3 <X, thi f(Xy) < f(x,) (hay f(X1) < f(x,)).

e Ham s y = f(x) dugc goi la giam (hay giam nghiém ngit) trén tip E =Dy, néu
v moi xg, Xo € E, X < X; thi f(Xq) > f(X,) (hay f(xy) > f(x,)).

e Ham s6 y = f(x) duoc goi 1a ham s6 don diéu (hay don diéu nghiém ngat) trén
E = Ds néu nd tang hoac giam (hay tang nghiém ngat hodc gidm nghi€ém ngét) trén E.

Néu ta sir dung thuat ngir trén ma khong nhic dén tap E thi coi nhu E = Dy

Vi du 2: Ham sb y = f(x) = x* giam nghiém ngit trén (-0, 0] va ting nghiém ngit trén
[0, + o).

That vay, gia st xq, X € [0, +0) va X; < Xp. Khi d6 ta co:

f(x1) — F(X2) = X0® = Xo* = (X1 — X2 )( Xy + X2 ) <0 = (xg) < f(xy)
Viy ham sd y = X2 tang nghiém ngat trén [0, +00).
Chimg minh tuong tu ta ¢6 ham s6 y = x* giam nghiém ngit trén (-, 0] .
b. Ham s6 chin va ham s 1é.

Dinh nghia 4: Tap X duoc goi la tap dbi Xxung qua gbc toa do O néu véi bat ky xeX
thi —x e X. Nguoi ta thuong goi tit 1a tap ddi xtng.

Pinh nghia 5: Cho ham sé y = f(x) xac dinh trén tap doi xang X, khi dé ta co:
e Ham s6 y = f(x) 1a ham s chin néu v6i moi x thudc X thi f(— x) = f(x).
e Ham s6 y = f(x) 1a ham s6 1& néu v&i moi x thude X thi f(— x) = — f(x).
Vidu 3:
a. Ham sé f(x) = x* 1a ham sb chin trén R.
b. Ham s g(x) = x* 1a ham s6 1é trén R.
That vay, véi moi x € R, ta co:
f-x) = (%)° =x" = f(x)
9-x) = (x)°=—x" = f(x)

Cha y: D6 thi ciia ham sb chin ddi xtmg qua truc tung, do thi ciia ham sb 1¢ doi xtng
qua goc toa do O.

c. Ham s6 bi chin.
Dinh nghia 6:

e Hamsb y = f(x) duoc goi 1a bi chan dudi trén tap X < Dy néu ton tai s6 ae R sao cho
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f(x) > a, VX eX.

e Ham s y = f(x) dugc goi 1a bi chén trén trén tap X < Dy néu ton tai s6 b R sao cho
f(x) < b, VxeX

e Ham s y = f(x) dugc goi 1a bi chédn trén tdp X< Dy néu no vira bi chin trén vira bi
chan dudi, tirc 1a ton tai hai s a, be R sao cho a < f(x) < b, VX eX.

Ch y: Db thi cia ham s6 bi chin s& ndm giira hai dudng thing y=a vay=b.

. 4
Vi du 4: Ham s0 f(x) = — bi chén trén tap X=[1, +0).
X
A .. ) A 4 . 4
That vay, véi moi xe X ta ludn co: f(x) = — >0vaf(x)= — <4
X X

. 4
Vay ham s0 f(x) = — bi chén trén tap X=[1, +00).
X

d. Ham so tuan hoan.

Pinh nghia 7: Ham s6 y = f(x) dugc goi 1a ham s6 tuan hoan néu ton tai s t =0 sao
cho véi moi xe D ta lubn cé x+t e Ds va f(x + t) = f(x).

S6 duong T nhd nhat (n€u c6) trong céc so t noi trén dugce goi 1a chu ky ciia ham
sO tuédn hoan.

Vidu S:
a. Cac ham s6 y=sinx va y = cosx tuan hoan véi chuky T=27 .

b. Cac ham sé y = tgx va y = cotgx tudn hoan véichuky T= 7.

. ; 2
. Cac ham s y = sin(ax + b) va y = cos(ax + b) tuan hoan v&i chu ky T = ﬁ
a
That vay, xét ham sé f(x) = sin(ax + b).
Gia ton tai s6 t =0 sao cho f( x +1) = f(x) vxeR
< sinfa(x +t) + b] =sin(ax + b) vx e R
< sinfa(x +t) + b] —sin(ax + b) =0 vxeR
at . at
& 2cos(ax + > + b)smE =0 ¥xeR
. at at
esinT =0 e = =kr, ke2\{0} ot= KT ez\{0}
a
£ w1 Ay . o , , 2n \
S6 T duong nho nhat ung véi k =1 (hodc k=-1),dodotaco T :W la chu ky
a

ctia ham s6 f(x) = sin(ax + b).
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Céac ham s6 con lai chirng minh tuong tu (coi nhu bai tip)
e. Ham s6 hop va ham sb ngworc.

Dinh nghia 8: Cho hai ham s6 f(x) va g(x) thoa Ry < Dy, khi d6 ham s6 hop cua f(x) va
g(x) 1a ham s6 h(x) dugc xac dinh h(x) = g[f(x)] v61 moi x e Dy .

Kihiéu h = gof.
Vi du 6: Cho hai ham s f(x) = x* va g(x) = 2. Hay x4c dinh ham s gof va fog.

X2
gof = g[f(x)] = g(*) = 2
fog =flg(x)] = f(2") = (297 = 2%
Pinh nghia 9: Cho ham s6 y = f(x) thda: v&i moi xi, X,€Ds VA X1 #X,, ta ludn c6
f(x1) = f(X,). Khi d6 ham sb nguoc ctia ham sb f, ki hiéu £ duoc x4c dinh bai: x= f(y),
voly = f(x).
. 3
Vidu 7: Him sé y = x% c6 ham nguoc 1a Y = 3x .
Chay:
Néu g 1a ham nguoc ciia ham f thi Dy = Rfva Ry = Dy.
D6 thi ciia hai ham s6 nguoc nhau ddi xing qua duong thang y = x.

bicu ki¢n dé ham so6 y = f(x) c6 ham nguoc 1a ham f phai ton tai trong mién xac
dinh cua no.

f. Ham s0 so cap.

Pinh nghia 10: Cac ham sd so cp co ban 1a cac ham sé:
e Ham s6 luy thira: y=x% (a €R).
e Hims6 mii: y=ax (0<a #1)
e Ham s logarithm: y = logax (0 <a #1)
e Céc ham sb lugng giac: y = sinx, y = COSX, Y = tgX, y = COtgx
e Céc ham luong gidc nguoc: y = arcsinx, y = arccosx, y = arctgx, y = arccotgx

I. y = arcsinx:
Ham s6 y = sinx la ham ting nghiém ngit trén [%;%] nén n6 c6 ham nguoc:

X=arcsiny.
\ , . - T \ . A <, o o3k: 1 L AA .
Ham ngugc cia y = sinx (7 <x< E) la y = arcsinx, d6 thi cua n6 doéi xirng véi do thi

cua ham y = sinx (% <x< %) qua duong thang y = x.
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Il. y = arccosx:
Ham s6 y = cosx 1a ham giam nghiém ngit trén [0; ©] nén nd c6 ham ngugc x = arccosy.

Ham nguoc ciia ham y = cosx (0 < X < 1) 1a y = arccosx, dd thi ctia no déi xtimg véi dd
thi cua ham s6 y = cosx (0 < X < 1) qua duong thang y = x.

lii. y = arctgx:

Ham s6 y = tgx 1a ham ting nghiém ngit trén (% ; %) nén no c6 ham ngugc: x = arctgy.

Ham ngugc cua ham y = tgx (% <X< %) 1a y = arctgx, d0 thi cua n6 ddi xing véi d6
thi cia ham y = tgx (% <x< g) qua duong thang y = x.

IV. y = arccotgx:
Ham s6 y = cotgx giam nghiém ngit trén (0,7) nén né c6 ham nguoc x = arccotgy.

Ham nguoc ctia ham y = cotgx (0 < x < ) 1y = arccotgx, d0 thi ctia né d6i xtmg véi
do thi cua y = cotgx (0 < x < 1) qua duong thang y = x.

Dinh nghia 11: Ham s6 so cap 1a nhitng ham s6 duoc tao thanh boi mot s6 hiru han cac
phép toan dai s6 thong thuong (cong, trr, nhan, chia voi mau khac khong) va phép lay
ham hop tir nhirng ham sd so cap co ban va cac hang sd.

y:cos4x+sin(x+%)+3

y=2"+x*+2

=§/?—I93x+1

Vi du 8: Cac ham so so cap:

2.2. Gi6i han cia day sb
2.2.1. Cac dinh nghia

Dinh nghia 1: Cho ham s6 f xac dinh trén tap N = {1, 2, 3....,n}, khi d6 cac gia tri cua
ham fung véin=1, 2, 3, ... 1ap thanh mdt day so: f(1), f(2), f(3),..., f(n).

Néu ta dat x, = f(n), n = 1, 2, 3,... thi day sd noi trén duoc viét thanh:
X1,X2,X3,...,Xn hay viét gon {x,}. Mo0i X1, Xp, X3, ... dugc goi la so hang cua day so {xn},
Xn g01 1a s0 hang tong quat.

Vidu 1:
a. {Xp},voix,=aVvn:a,a,a....
b. {X,},véix,=(1)":-1,1,-1,1, ..., (1)

Pinh nghia 2: S6 a dugc goi 1a gidi han cua diy s6 {x,} néu Ve > 0 cho trudc (bé tiy
X,—a|<¢.

¥), ton tai s6 ty nhién N sao cho: v n > N thi
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Ky hiéu: r111_1}010)(11 =a hay x, > akhin - .
Dinh nghia 3:

- Néu day {x,} c6 giéi han 1a mot s6 hiru han a thi ta n6i diy s6 {x,} hoi tu hay
hoi tu vé a.

- Néu diy {x,} khong hoi tu thi ta n6i ddy sd{x,} phan ki.

Vi du 2: Ching minh rang hm 0 Xy = lim —— =1

0 en+l1
e . 1 1
Véimoi & >0, taxet‘ —1‘ ——l=—<e=>n>--1
n+1 n+1 €
Vay Ve >0(bétuyy), IN = [——1]saoch0Vn>N:> | 1‘<8
n+
n
Vay lim xp = lim ——=1
n—>oon+1

Pinh nghia 4: Diy s6 {x,} duoc goi 1a diy s6 dan téioo khi n—o0 néu VM > 0, 16n
tuy y, INsaocho Vn > N thi |x

Ky higu: %1_{1010 Xp =0 hay X,— o khi n— o0,

Vi du 3: Ching minh rang rlli_r>roloxn = lim 5" =0

n— o

Xet ‘SH‘ 5" >M=n> loglsvI
v _ M;. n
VM >0, 16n tuy y: EIN—[log5 ].n>N:>‘5 >M .
Vay: lim 5" =
n — oo

2.2.2. Céc tinh chit
1. Néu day s6 {x,} c6 gi6i han thi giéi han d6 1a duy nhat.

2. Néu day so {x,} cO Illl_r)rolO Xp =a vaa>p (hay a < q) thi ton tai s6 dwong N sao
cho Vn>N=x_ >p(hay X, <Q).

3. Néu day {x,} c6 giéi han thi né bi chin, tirc 1a t6n tai s6 M > 0 sao cho
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X,|<M,Vn.

4. Cho ba diy sé {x.}, {yn}, {z.} thda x, <y, < z, Vn.
Khi do, néu lim xp, = lim z,, =athi lim y, =a.

5. Gid sit {xn}, {Yn} 12 cac day s6 hoi ty, khi d6 ta co:
3V O + u O1 a 11 + =1 + hi
Day s0 {x, £ Yy} cling hdi tu va &L)no})(xn tyn) %g}oloxn + nhm Yn-

Diy sb {x cing hdituva Iim x_.yv_ =lim x,.lim vy, .
y {n yn} ghottt nyn n—0 l’ln_>OOYH
n — oo
Day s {x, .Yy} clinghditu va lim x_.y_ = lim x,.lim y,,.
y 8O {Xn . Yn} g ho1ty nyn n_nonn_)ooYH
n—oo

Day so {k.xp} ciing hoi tu va h_r)n kxn = kr}1_r>r010xn.
n [e¢]

lim
520 Climy 2 0)

X X
Diy s6 {—1L ciing hoi tuy va h_r)n -n_ ‘i,_’
n—oo 1m n—oo
yn Yn n—)ooyn

< Bai tap ciing co:
1) Chirng minh rang khi n — oo day:
3,2+ % 2+ %,2+ 1 .2+, c6gidihanbing2.
n

2) Chitng minh rang lim x_ = 0 véi:

n+l

D7 pyx,= 2 1 ¢) X, = (-1).0,099".
_+_

a) Xp =

14
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Bai 3: GIOI HAN CUA HAM SO

% Muc tiéu hoc tap: Sau khi hoc xong bai nay, nguoi hoc cé thé:
Nam dugc mot cach ¢ hé thong vé gidi han ham s6 dé ing dung vé sau.

Lam duogc cac bai tap vé €161 han b?mg cach tinh truc tiép hoac sur dung gidi han
co ban.

3.1. Cac dinh nghia

Trong’phﬁq nay ta ludn gia sir f(x) 1a ham sé duoc xac dinh trong l4n can diém
Xo, khong nhat thiét phai xac dinh tai x,.
Pinh nghia 1: Ta n6i ham s6 f(x) c6 gi6i han 1a L néu véi moi day s6 {x,} trong lan
cén cua xg thBa: X, # X, VN va &1_930 Xp =X, thi &1_{510 f(xy)=L.

Kihi¢u: lim f(x)=L hay f(x) —» L khi x - Xq.

X —>X
0

Pinh nghia 2: S6 L duoc goi 14 gidi han ciia ham s6 f(x) khi x — Xo néu véi moi €>0
cho trudce (bé tiy y) ton tai sO 6 duong sao cho vdi moi x thoa:

O<‘x—x <8 taco [f(x)-L|<e.

0

Pinh nghia 3: SO L dugc goi 1a gidi han phai (tri) ciia ham sb f(x) khi x — X néu voi
moi €>0 cho trudc (bé tuy y) ton tai sO O duong sao cho vGéi moi x thoa
X <X<Xy+3 (X0—5<X<XO) taco [f(x)-L|<e.

Kihiéu: lim f(x)=L ( lim f(x)=L).
+

X —> XO X —> Xg
Pinh nghia 4: S6 L duoc goi 12 gidi han ctia ham s6 f(x) khi x — % néu vi moi € >0
(bé tay y) ton tai s6 M >0 (Ién tuy ¥) sao cho véi moi x thda [x|>M ta co
fx)-Lj<e.
Kihiéu: lim f(x)=L hay f(x) > L khix —» 0.

X — ©
Ménh aé: limf(x) =L < limf(x) =limf(x) =L
) X—a x—a* x—a~
Tuong tu, ta ¢ cac dinh nghia gi61 han vo tan
Vidu 1:

a) Ching minh: lim sinx=0.
x>0
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Vix — 0 ta ¢6 thé chi rat: |x| < g =|sinx| <[x| <& = Ve >0, bé tly y:

35=8>020<|X—0|=|X|<5:>|SinX—O|=|SinX|S|X|<8

Vay lim sinx=0

x—>0
2
b) Chéng minh: [im = _9:6.
Xx—3 x=3
. . X2—9
Khix - 3 = x-3 — 0taco: ; —6/=|x+3)-6|=|x-3|<e
X_
X2—9
Ve>0,38>¢e:0<[x-3[<d=|———6|<e.
x—3
2_
vay: lim =2 =6
Xx—3 Xx—=3

c) Chirng minh: lim 1_ 0.

X—>0 X

1

__0‘:1

X

:l<g<:>|x|>l, véimoi ¢ >0 (bé tuy y),
£

Xét:
[X]

X

EIM=1>O:|x|>M:>‘l—O <Eg.
£ X
Viy lim L =0

ay X0 x

Qua céc vi du trén. Ta thdy viéc tim gidi han theo dinh nghia kha phtc tap.
Thong thuong ta s€ sir dung cac quy tac tim gioi han va dua trén cac gidi han da biet dé
tinh gidi han.

3.2. Cac tinh chat
Duya vao giéi han cua day s6, dinh nghia gidi han cua ham sb, ta suy ra cac tinh
chat sau:

1. Néu f(x) c6 gi6i han thi gii han d6 1a duy nhat.

2. Néu ham s6 f(x) ¢6 gioi han 1a L khi x — X va L >a (hay L <a) thi trong mot
lan cén nao do cua xq (khong ké x,) ta co f(x) > a (hay f(x) < a).

3. Néu f(x) < g(x) trong mot 1an can nao do6 cua diém x, va
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lim f(x)=a, lim g(x)=b thi b<a.

X —>X X —>X
0 0

4. Néu f(x) = C (v6i C la hang s6) thi lim f(x)= lim f(x)=C.

X —>X X — ©
0

5. Néu f(x) la mot ham s6 so cap xac dinh tai diém X va ¢ trong 1an can xg thi

lim f(x)= f(xo) .

X —>X
0

6. Gia su f(x), g(x) va h(x) la nhiing ham s6 dugc xac dinh trong mot lan cén nao
d6 cua diém x,, khong nhit thiét xac dinh tai xo. Khi d6, néu cac ham sb f(x), g(x) va
h(x) thoa man diéu kién: g(x) < f(x) < h(x) va

lim g(x)= lim h(x)=L thi lim f(x)=L.

X —>X X —=>X X —>X
0 0 0

7. Gia sir ham s6 f(x) x4c dinh tai moi x duong 16n tiy ¥, khi d6 néu ham f(x) 1a
ham s6 don di¢u tdng va bi chan trén thi f(x) c6 gidi han khi x — +00

8. Gia st ham s6 f(x) xac dinh tai moi x 4m 10n tuy ¥ vé gia tri tuyét dbi, khi do
néu ham f(x) 1a ham s6 don di€u gidm va bi chan dudi thi f(x) c6 gidi han khi x — -00.

9. Imf(x)=L < hm f(x)=L = lim f(x)=L.
’ X — X X —> X
0 0
10. Néu cac ham sb f(x) va g(x) c6 gidi han khi x—Xo thi cac ham [f(x) £ g(x)],

f(x)

f(x).9(x), —= cling c6 gidi han va ta co:

g(x)
lim [f(X) £ g(X)] = lim f(x) = lim g(x).
lim [f(x).9(x)] = lim f(x).lim g(x).

f(x)  limf(x) .

ex)  limg(x) 'y 'meo 909 =0

11. Xét ham hop f(u) va u = u(x), khi doé ta co:

lim

Néu limu(x) =u,, f(u) xac dinh trong mot 1an can cua ug vVa lim f(u) =L thi
X—=>Xg U—Ug
lim flu(x)]=L.
X—Xg

Vidu 2: Tinh: Tim 2% (x2 +3x—5)

X —>2

pat f(u)=u ;u(x) = 2%+ 3x — 5), ta c6
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lim u(x) = lim 2X(x2 +3x—5) =20

X —>2 X —>2
lim f(u)= lim Ju=+20=2J5
u—20 u—20

Vay lim {2X(x2 +3x—5) =245

X —2
3.3. Cac gidi han co ban
. sinx
Iim
x—0 X

lim In(1+x)
x—0 X

=1.

=1.

X X

—Ina. bt biét 1im S -1
x—0 X x—0 X

=1.

) 1
X — : X _
)1(1m0(1+ X)* =e hay }1moo(1+;) =e

Cha y: Khi tinh gi6i han cua ham sé ching ta thudng gip cic dang vo dinh nhu :
0 o

02 00 —00, 17, sau day la mot vai vi dy minh hoa.
Vidu 3:
a). Tinh: hn% 1+X+X2 _1
Co: lim\/1+x+x m 1)(@“)

X0 X = x(V1+x+x2 +1)

2

X“+X 1+x 1
—hm —hm =—
x(\/1+x+X2+1) \/1+x+x2+1
2
b). Tinh: lim %’”6
x>l 3x +2
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2 _
Coé: hm¢Jr6 hm(X Dx=6) _ 6

>

BT R2TH) -5
x—l 2 —3x 42 x>l (x=1)(x—-2) xlgx 2
tgx
c). Tinh: lim =
x—=>0 X
tgx .. sinXx sin x 1
co: lm — J = lim =lim——.1lim——=1.1=1
x—0 X x—0 XCOSX x—0 X x—0 COSX
) . 1-—cosx
d). Tinh: lim ——
x—0 X
2sin® = sin =
. 1-cosx .. : 2.2 1
Cé: I)E)% W2 ]XJ{)% 2 :%}L% X )'521/2
2
e). Tinh: 1im VXX
=10 Jx+1
1+i
Co6: lim X4_\/;: ﬁ:l
X—>+00 xX+1 X—>+00 1
I+
X
f). Tinh: lim (VX ++/X —vX).
X—>+00
06: Tim (x VX —vX) = lim VX mo L 1
*/_J”/_ X_HOO 1+i+l
Jx

1

g). Tinh:  lim (1+sin x) 2%,
Xx—0

1

1 sin x 1

Co: lim (1+sinx)?* = lim [(1+sinx)s"*] 2 =e2 = e .
x—0 x—>0
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< Bai tap ciing co:

1). Tim cac gidi han:

2

X242 X _(x+1Y (n—1)(n—2)(n—3)
lim _ lim lim li
a1 )R —x 9 X%(ZX—J dm 3n°
"m(,n2+1+2n)2 f Iim—(n+1)! Iim(i+£+i+ +n—1j
®) nte2 ) n—e (N +1)-n! D T T T )
1 1 1
_ 1+—+—+...+? A2 4 X +1
hy Iim—=7— T D) lim—P—— M X +2x — VX2 - 2x)
Tl T o X+ X+ X
3 9 3"
2). Tim cac gidi han:
3 2
. X7+ 3X° +2X ! 1 3 . — Jx—
a) lim — ) Ilm( - 3), c) Ilmﬁ Ja+x 2.
x->-2 X —X—0 x->1l1—Xx 1-X x—a /XZ_aZ
4 lim \J9+2x -5 lim V1+x -1 o lim V1+x-1 "mr{‘/;—l
el 3fx—2 e)x—>o3/1+x_1' )30 X 9) Xl n/x —1
3). Tim céc gidi han:
a). lim (\/x2+2x—2\/x2+x+x)_ b) lim (?&/x3+3x2—\/x2—2x)_

X—>+00

4). Tim cac gidi han:

cos(a+ x) —cos(a— x)

\/E—'\/l-i- COS X
5 )
X

o) lim S ) lim
Y —gj . In(cos x . cotgx—cotga
) hmsme_ sin 3x o) lim ( ! ) lim SOt g
x—0 SIN X X—0 X X—a X—a
lim 2arcsin X  lim 1 (%)
_— im(—— —co
g) x—0 3)( ) x—0"8in X x
5). Tim cac gidi han:
x2—2x+1) 2
lim| =—=2"— lim(cos x)*’ lim (1 + x2)ete™
a) x—m(xz_4x_|_2) ' b) x—>0( ) . 0 X%O( ) '

1+tgx — X 4+ 2 3x+4
Ilm sinXx Iim
9 HO[1+sin Xj ' ©) Hw(x —3)
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