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. . Chuong 1 . )
DAO HAM VA VI PHAN CUA HAM MOT BIEN

¢ Muc tiéu hoc tip: Sau khi hoc xong bai nay, nguoi hoc co thé:
- Tim gidi han, xét tinh lién tuc cua ham so.
- Tinh dao ham, vi phan cua ham.

1.1. Ham s6

1.1.1. Khai niém ham s6
Cho DcRR.Anhxa f:D—R dugc goi la mot ham sb xac dinh trén D
Tap D goi 12 mién xé4c dinh cua f.

T :{ f(x)|xe D} goi 1a mién gia tri cua f.

G ={(x, f(x))|x e D} goi 1a dd thi cua ham s.

Vi du: Ham sb

f:R>R
XY= f(x)=x2+1

Téap x4c dinh D=R, tip gia trj T =[1;+0).
1.1.2. Tinh chit

Cho c4c ham s6 y=f(x), y=g(x) va y=F(x).

a/ f =g khiva chi khi f,gc6 ciing mién xac dinh D va Vx € D: f(x)=g(x) .

b/ f>g khi va chi khi f,gco cung mién xac dinh D va vx € D:f(x) > g(X).

¢/ F=f+g < Vx e D1a mién xéc dinh cta Fthi F(X)=f(x)+g(x) .

d/ Hiéu, tich, thuong cua f,g dugc dinh nghia tuong tu.

e/ Ham s6 y=Ff(x) goi 1a ting hay dong bién <> Vx,,X, € D:x;<x, = f(x,)<f(x,)

f/ Ham s y=Ff(x) goi 1a giam hay nghich bién < V¥x; X, € D:x;<x, = f(x,)>f(X,)

g/ Ham s6 y=f(x) goi 1a bi chin (hay giéi noi) trong D néu Elk>0:|f(x)| <k,vxeD.

h/ Ham s6 y=f(x) goi 1a ham s chan trén mién ddi xtng (-a;a) néu Vxe(-a;a):
f(-x)=f(x) .

i/ Haim s6 y=f(x) goi 1a ham sb 1¢ trén mién d6i xing (-a;a) néu Vxe(-aa):

f(-x)=-F(x) .
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j/ Ham s6 y=f(x) co tap xac dinh D = R, ham s6 f goi 12 ham s6 tudn hoan néu ton tai sb
| £0 sao cho néu xe D thi x+leD va f(x+)=f(x), s6 duong bé nhat trong cac sb | trén
goi 1a chu ky ctia ham s tuan hoan y=f(x).

Vi du: Ham sb y=sinx, y=cosx tuan hoan voi chu ky 27 . Ham s6 y=tanx, y=cotx tuin
hoan véi chu ky .

1.1.3. Ham s6 hop.
1.1.3.1. Khai niém

Chohamsd: f:X ->Yva g:Y >Z.Hamsb h: X —Z goi 1a ham s6 hop cua f,g ky
hi¢u:h= f og xac dinh boi (fog)(x)=f(g(x))
1.1.3.1. Vidu 1

Cho f(x)=x*+1 g(x)=sin2x thi

(fog)(x) =f(g(x)=(g(x))*+1=sin’2x+1.
(go )(x) =g(f(x))=sin2(f (x)) =sin 2(x* +1) :sin(2x2 +1).
1.1.4. Ham sb nguoc
Chohamsd f:X —Y,néu f lamot song anh thi f1:Y > X laham séngu’qc cua f.

Vi du: Him s§ y = 2x— 2, ham s6 nguoc cta nd 1a X=%2(hoéc y=%2).

1.1.5. Mt s6 ham s6 so cap co ban

¢ Him sé y = X“, & € R, mién x4c dinh ctia n6 phy thudc vao « .

-Néu e eN thi D=R.

-Néu o eZ thi D:R\{O}.

-Néu ¢ Q" thi D=R".

-Néu ¢ Q™ thi D=R"\{0}.

¢+ Ham s6 y=a*,a>0,a#1, xic dinh ¥xeR"\{0}, ham s6 ting khi a>1, giam khi
O<ax<l.

+ Ham sd y = log, x,a>0,a #1, 1a ham s6 nguoc cua y =a* xac dinh khi x>0, ham s
tang khi a>1, giam khi O<a<1.

¢ Ham s6 luong giac:

- y=sinx, y =cosx mién xac dinh1a R .
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- y =tan x, x4c dinh khi x¢(2k+1)%,kez.

- y=cotx, xac dinh khi x=kz,keZ.

+ Ham s luong giéc:

- y =arcsin x 1a ham sb nguoc cua y =sinx.

- y=arccos x 1a ham sé ngugc ciia y = COS X.
- y =arctanx 1a ham s nguoc cua y =tanx.
- y=arccot x 1a ham sé nguoc cia y =cot x.
+ Ham s6 hyperbol

X

el —eg7*

- shx =

(sin hyperbol)

X —X
e’ +e
- chx =

(cosin hyperbol)
shx

- thx =—— (tan hyperbol)
chx

- cothx = chx (cotan hyperbol)
shx

Ta c6 céc cong thuc:

ch®x—sh?x=1 sh2x = 2shx.chx
ch2x = ch®x+ sh?x sh(x+y)= shx.chy +chx.shy
ch(x+y)=chx.chy +shx.shy sh(x—y)=shx.chy —chx.shy

ch(x—y)=chx.chy—shxshy ;...
1.2. Day s6 va giéi han cia day s6
1.2.1. Khai niém

+ Pinh nghia 1. Him s6 u: N" — R (N 1a tip cac sé nguyén dwong). Nhiing gi4 tri ciia
ham s6 tng voi N=1,2,3,...,n,... goi la mot day sb.

Pit u, =u(),u, =u(2),..,u, =u(n),..., diy sé6 dugc viét dudi dang {un} hoac
Uy, Uy, Ug oy U ey

Céc sb U, goi la cac s6 hang ctia dy, U, goi la sb hang téng quét ctia day.

ladaysé: 2, -0
23 n+l

n

* Vi du: Day {u”}:{n+1
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+ Pinh nghia 2. SO a dugc goi 14 gidi han cua diy sb {un} khi n—oo, ky hiéu
limu, =a hay u, —a khi n—>o0,néu Ve>0,3N eN>0:vn>N thi ju,—a/<e.

Diy s6 c6 gidi han thi goi la diy sb hoi tu, nguoc lai goi 1 dy phan ky.

Vi du: Chimg minh ring lim Ll —1. Thit vy,
n—oo n +

Ve>0 bétuy y, taco thé chon mdt sb rat bé cu thé nao do, chéng han & =

10"

Muén cho |un - a| <e=

n o <i4:>i<i4:n>104—1. Thi ta phai chon
n+1 10 n+1 10

N =10°-1, luc ndy tas& c6 |u, —1<e.
* Pinh nghia 3. Day {u,} dan dén v6 cing khi n tién dén v6 cing néu véi M >0 16n
tly ¥, c¢6 sb nguyén duong N sao cho véi moi n>N, ta ludn c6 |u,|>M . Ky hiéu:

limu, =o.

n—oo

¢ Vi du: Ching minh ring lim+v/n =, That vay: néu chon M =10°, mudn cho

n—oo

\\/ﬁ\ >10° = n>10" thi ta chon N =10%°. Lic nay Vn >10% :\\/ﬁ\ S>M.

+ Dinh nghia 4. Ddy {u,} goi 1a v6 ciing 1én néu lim|u,|=oo; day {u,} goi 1a vo cling bé
n—oo

A H roox A \ AN 7 N 1 A AN z A .
néu ||m|un| =0. Luu y rang néu {u,} 1 v6 ctng 16n thi {— la vO cung bé va nguoc lai.
n—o u

n

1.2.2. Cac dinh 1y vé giéi han cia day
1.2.2.1. Céc tinh chat
- Néu day {un} c6 gidi han 1a a va a> p(a< p) thi ton tai N sao cho v&i moi
n>N=u,>p (u,<p).
- Néu ddy {u,} c6 gidihanla a va u, < p (u, > p),vn thi a< p(a> p).
- Néu ddy {u,} c6 gioi han1a a thi a 1a duy nhat.
- Néu day {u, } c6 giéi han thi n6 bj chan, tirc 1a 3k > 0:|u | <k, Vn.
1.2.2.2. Cac dinh ly

¢+ Pinh ly 1. Cho limu, =a, limv, =b

n—o0 nN—o0

-Néu u, =v_,vn thi a=b
-Néu u, >v_,vn thi a>b
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¢ Dinh Iy 2. Néu u, <v, <w, va limu, =limw, =a thi limv, =a.

. 1 1 1 1
Vidu: Tinh I =lim( + 4.t )
> n2 41 n?+2n?+3 Jn2+4n
1 1 1 1
DatV L4+
Jn? +1 Jn +2 Jn +3 Jn? +n
Va n <v <
N
n
Mait khac lim ——— _I|m—=1
n—oo n—oo I

Theo dinh ly trén thi limv, =1.

1.2.2.3. Céc phép tinh ciia giéi han day sé
Néu cac day {u, },{v,} héi tu thi

-Day {u, £V, } ciing hoi tu va lim{u, +v, }=limu, +limv, .

n—oo n—oo n—oo

-Day {u, v, } ciing hoi tu va lim{u,.v, } = limu,.limv, . Hon nita lim{kv, }=k.limv,
n—o0

n—oo n—o0 n—oo n—oo

u | limu,
- Ddy < —‘cinghditu va lim<— =222 limv, #0.
n n— Vn lim Vn n—o
n—oo

* Mot s6 cong thire gidi han day s6 thuong gap:

o {0 O<a<l
a. lima" =

n—oo

+0 a>1"'

b. lim%a=1a>0,

n—oo

C. IimQ/ﬁ=1,

n—oo

d. lim(1+ ) =e.

n—oo

1.3. Gi6i han ctia ham s6
1.3.1. Khai niém

+ Pinh nghia 1. Cho ham s f xac dinh trén tap D. S6 L duoc goi 1a gidi han ciia ham s
y=f(x) khi x dan vé x, néu: Ve>0, 35>0: [x—xy|<5= |[f(X)-L|<e&. Ky hiéu

lim =L.
X—)XO
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. x?—4
¢ Vi du: Ching minh rang lim =4,

x—>2 X —2

Ta chon mgt ¢ bé tuy y cu thé, chéng han ¢ = % .

. x> —4 1 1 1
Muon cho —4<—-=|x-2 /<= thi ta chon §=&=—". Lic ndy ta s& co
— 10 10 10
2 2
X4 gt vaimX 4oy,
X—2 10 x=2 X —2

+ Pinh nghia 2. Ta goi L 14 gii han cua y=f(x) khi x = néu Ve >0, JA> O:|X| >A
=|f(x)—L|<e.Kyhiéu: lim f(x)=L.
X—>0

bac biét:

+ lim f(x)=a<Ve>0,3A>0:x>A=|f(x)-a|<¢.
X—>+00

+ lim f(x)=aeVe>0, IA>0:x<-A=|f(x)-a|<e.
X—>—00

Vi du: Ching minh rang: lim X 1
x—>+0 X +1

Vi Vx>0, |f(X)—]4:1<g. Ta chon A 1a sd dwong 1én hon 1 thi ‘v’X>A>£
X £ £

=[f()-1U<e. Vay leox%lzl.

¢ Pinh nghia 3. Ta ndi ham sé y=f(x) c6 gidi han biang vo cung khi X=X, néu:
VM >0, 35 >i|x|> 5 =|f(x)|>M . Ky hiéu lim f(x)=oo.
bac biét;

+1lim f(x) =+0 < VM >0,35 > 0:|x =X | <5 =|f (X)|>M .

X—>Xg

+1im f(X) =—0 < VM >0,35>0:[x— x| <5 =|f (X)) <M .

X—>Xo

Vi du: Iimi:oo.
x->1]—X

+ Pinh nghia 4. Ta néi ham sb y=f(x) c6 giéi han bang vo cing khi X — oo néu:
VM >0,3A>1[x|> A=|f(X)| > M. Ky hiéu lim f (x) =o.

bac biét:
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+ lim f(x)=+0< VM >0,3A>0:x> A=|f(X)|>M.

X—>+00

+ lim f(x) =40 VM >0,3A>0:x<-A=|f(X)|>M .

X—>—00

+ lim f(x) =—0< VM >0,3A>0:x<-A=|f (X)|<-M.

X—>—0

+ lim f(X)=—0< VM >0,3A>0:x> A= |f (X)|<-M .

X—>+00

Vidu: lim InX=+o0.

X—>+00

1.3.2. Mt s6 cong thirc giéi han:

a lim>MX _q b. lim "X _q
x=0 X x—0 X

o fim&csinx _, d lim&rctanx _
x—0 X x—>0 X

e. lim2 _1=Ina,a>0 f lim < _1=1
x=0 X x>0 X

9. lim &1 hlim N@+%) _4
x—0 X x=0 X

: 1

L Iim@+x)*=e j lim@l+=)"=e

x—0 X—>00 X

1.3.3. Gi6i han mgt phia
+ Pinh nghia: S6 a dugc goi 1a gi6i han phai (tréi) ctia ham s6 f (x) tai x, khi x tién vé

bén phai (trai) X,. Ky hiéu: lim f(x)=a(lim f(x)=a)

X—>Xg
¢ Vidu:
x oz o 1 s i L
a. Dé thay lim —=+400 va lim ==-o0.
x—0t X x—0~ X
T £ sinx . ,
b. Xét ham so f(X):W tai x=0, ta co:
X
. sinx .. sinx . .. Ssinx .. sinx
lim ——=lim ——==1va lim = lim =-1
x—0" X| x—=0" X x—0" |X| x—=0" — X

+ Pinh ly: Piéu kién can va da dé I lim f(x) la:

X—Xg

+31im f(x), 3 lim f(x)

X—Xg X—>Xg

+1lim f(x)=lim f(x).

+
X—Xg X—Xg
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1.3.4. Cac dinh 1y va tinh chét vé giéi han ciia ham s6
1.3.4.1. Tinh chit

a/ Néu f(x)=C thi lim f(x)=C.

b/ Giéi han a néu c6 ctia ham sb 1a duy nhat.
1.3.4.2. Céc dinh 1y vé phép tinh gi6i han

Giastr lim f(x)=C, Iirrx1O g(x) =B thi:

X—>Xg

al lim (f(x)%g(x))=C+B
b/ lim (f(x).9(x)) = C.B

o tim( € g o
T

* Hé qua:
a/ limk.f(x)=k.C

b/ lim (Z f.(x)) = Z lim f.(x)
X=Xy 47 i X%

c/ lim (f,(x).f,(x). f3(X).....F, (X)) = lim f,(X). lim f,(x).lim f;(X).....lim f_(X)

bac biét: lim (f (x))" = (lim f(x))".
1.3.4.3. Cac tiéu chuin ton tai giéi han

+ Tiéu chuin Cauchy ( Tiéu chuin 1). Diéu kién can va du dé ton tai giéi han cia f (X)
khi x —>X, l&: Ve>0,35>0 sao cho Vx;, X, théa 0<|x —X|<d, 0<|x,—%|<& thi
[f(x) - f(x)<e.

¢ Tiéu chuin 2. Cho f(x) xé4c dinh ¥x>0. Néu f(x) don diéu ting va f(X) bi chin

trén thi 3lim f(x).

. , f(x)<h(x)<g(x)
+Tiéu chuan 3. Néu ||m f (X) —lim g(X) a thi xll—mo h(X) =a
Vi du: Tinh IImsm—(nX)
X—>00 X
' ) I
Taco 0<w — va lim 12—0,suyra Iimsm—(zn'x):o.
X X X—0 X X—® X

Tai liéu giang day Mon Vi tich phan 8



1.3.5. Vo cung bé va v6 cung lén
1.3.5.1. Vb cung bé
+ Khai niém. Ham s6 f (x) goi 1a vo cing bé (VCB) khi x — X, néu lim f(x)=0.

X—>Xg
¢ Vidu:

a. Iingsinx=0:> f(x) =sinx la VCB.

b. Iingtanx=0:> f(x)=tanx la VCB.
C. Iim1:0:> f(x)=1 la VCB.
X~>00X X

* Pinh ly. 3lim f(X)=a< f(x)—a laVCB khi x > x,, hay la f(x)=a+a(X), a(x)

la VCB khi x — X,.

* Tinh chét:

a. VCB.C=VCB

b. VCB+VCB=VCB

c. VCB.BC=VCB

d. VCB.HT=VCB

Trong d6 C- hang s, BC- dai luong bi chan, HT- dai luong héi tu.

Vidu: lim sinx = lim l.sin X =0 vai sinx la dai lugng bi chan.

x—0 X XX

+ So sanh cac vo cing bé. Cho f(x), g(x) la hai VCB khix — x,. Gia su ton tai
lim m:A, 0< A<+, Khi do
x=% g(X)

a. Néu A=0 thitan6i f(x) 1a VCB bac cao hon g(x) hay g(x) 1a VCB bac thap hon
f (x), khi d6 ta ky hidu f (x) = O(g(x)).

b. Néu 0< A<+oo thi tandi f(x)va g(x) 1a hai VCB cung hay cung cip, dic biét khi
A=1tanoi f(x) va g(x) la hai VCB tuong duong, khi d6 ta ky hiéu f(x) ~ g(x).

c. Néu A=+ thi ta néi g(x) 1a VCB bac cao hon f(x) hay f(x) 1a VCB bac thip
hon g(x), khi d6 ta ky hieu g(x) = O(f (x)).

Nguoc lai néu giéi han trén khong ton tai thi ta noéi g(x) va f (x) khong so sanh duoc.

+ Pinh ly.

a. Néu f(x)~g(x), h(x)~t(x) trong d6 f(x), g(x) la hai VCB khi x—x, thi

Tai liéu giang day Mon Vi tich phan 9



lim L) _ jim 930
=% h(X)  x>x% t(x)

bGlaSlIf(X)g(X)l Ln;j= 1m|acacVCBkh|x—>xo Khi d6

m 00+ 00+ + 1y (%) = lim —=—— fi, () . Trong d6 f; (x)1a VCB béc thip nhat trong
% 91 (X) + 9o (X) +...+ g (X)  xo% g (X
cac f(x)va g; (x) la VCB bac thap nht trong cac g;(x).
¢ Vidu:
a. Khi x—0 thi cic VCB sau la tuong duong: sinx~X, tanx~ X, arcsinx-~ X,
arctan x ~ X, In(x+1) ~x,e* -1~ x,(1+x)? -1~ ax,a* -1~ xlIna.

b. Tinh ImSInSX

x—0 e

Taco khi x — 0 thi sin5x ~5x, e** -1~ 2x.

sin5x 5x 5
y lim =lim =

x—>0e2x -1 x—>02x 2

_In(1+2x) 2x 2
c. lim——~2=1im =
x>0 e3X_1 x—0 3X 3

1.3.5.2. V6 cung lém

+ Khai niém. Ham s6 f(x) goi 1a v cung 16n (VCL) khi x — Xo néu lim |f (X)| = 400

¢ Vidu:

a. limtanx =0 = f(x)=tanx la VCL.

s
X—=
2

b. limcotx=00= f(x)=cotx laVCL.
x—0

C. |Im1—OO:> f(x)_ la VCL.

x—0 X
*Tinh chét
a. VCL.VCL=VCL.
b. VCL+BC=VCL.
c. VCL+HT=VCL.
d. Téng hai VCL c6 thé khong 1a VCL, nhung tong hai VCL cung dau 1a VCL.

e. L =VCB, 1 =VCL.
VCL 'VCB

Trong do BC- dai lugng bi chan, HT- dai luong hoi tu.
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* S0 sanh cac vo cung lé6m. Cho f(x), g(x) l1a hai VCL khix — x,. Gia sir ton tai

lim ﬂ:A, 0< A<+o0. Khi d6
x=% g(X)

a. Néu A=0 thitandi f(x) la VCL bac thip hon g(x) hay g(x) 1a VCL bac cao hon
f(x).

b. Néu 0< A<+oo thitandi f(x) va g(x) 1a hai VCL cung hay cing cip, dic biét khi
A=1tanoi f(x) va g(x) la hai VCL twong duong, khi d6 ta ky hiéu f(x) ~g(x).

c. Néu A=+oo thitandi f(x) 1a VCL bac cao hon g(x) hay g(x) 1a VCL béc thap hon
f(x).

Nguoc lai néu giéi han trén khong ton tai thi ta noéi g(x) va f (x) khong so sanh dugc.

* Pinh Iy.
a. Néu f(x)~g(x), h(x)~t(x) trong d6 f(x), g(x) la hai VCL khi x—x, thi
lim m: lim 9()

x-% h(X)  x-% t(x)
b. Gid str f;(x), gj(x),i=Ln;j=1m lacac VCL khi x — X;. Khi d6
B+ 0+ + f () _ fi (X)

x% 0y (X)+ Gy (X) +.+ G (X)) X5% g, (%)
trong cac f,(x) va g, (x) 1a VCL béc cao nhét trong cac g;(X).

. Trong d6 f,_(x) 1a VCL bic cao nhét

0.0, c0—00

oo

818

Luu y: Trong qua trinh gidi cac bai tap ta s€ gap cac dang vo dinh:

0°%,°,0”,1”. Khi d6 ta phai khtr cac dang vo dinh.
1.4. Ham sé lién tuc
1.4.1. Khai niém
¢ Pinh nghia. Cho ham s6 y = f(x) xéc dinh trén mién D, X, € D. Ham s6 y=f(x)

dugc goi 1a lién tuc tai X =X, néu lim f(x) = f(x,).
Néu y = f(x) khong lién tyc tai x = X, tanoi ham s y = f(x) gian doan tai x = X -

sinx <%0
¢ Vidy: Xéthamso f(x)={ x '

1 x=0

Taco |ing%:1: £(0). Vay f(x) lién tuc tai x=0.
X—> X
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* Pinh nghia. Cho ham s6 y= f(x) xac dinh trén mién D, X, e D. Khi d6 ham s

y = f(x) dugc goi la lién tuc trai (phai) tai X = X, néu: lim f(x)=f(x) (lim f(x)="f(x,")).

%, %,
Ham sé y= f(x) duoc goi 1a lién tuc trong (a;b) néu y= f(x) lién tuc tai moi diém
cua (a;b).
1.4.2. Cac tinh chét va dinh ly
* Pinh Iy. Ham s6 y= f(x) lién tuc tai X=X, khi va chi khi y= f(x) lién tuc trai va

lién tyc phai tai X =X, .

sinx
] — x=0
Vi du: Xét ham s6 y =4 ||
1L x=0

Taco
£(0°) = lim 2™ _ jim 2™ _1 _ £ (0)

x—0" |X| x—0" X
£07) = lim 22— _jim 2™ _ 14 (o)

x—0" |X| x—=0" X

Vay f(x) lién tuc phai tai X =0, nhung khong lién tuc trai tai Xx=0.

¢+ Pinh nghia. Cho ham s6 y=f(x) xac dinh trén D. Khi d6 tdp hop cac diém
M (x, (f (X)) trong mit phang toa do Oxy, khi x thay ddi trong D duogc goi 1a dd thi cua
ham sé y = f(x) trén D.

¢ Pinh ly. 6 thi cta ham s lién tuc 13 mot duong lién nét.

¢ Pinh ly. Néu y = f(x) lién tuc trén doan [a;b] thi y = f(x) bi chan trén [a;b], tirc 1a
M >0:|f(x)|<M,vxeD.

¢ Pinh ly. Néu y = f(x) lién tuc trén doan [a;b] thi y = f(x) dat gia tri 16n nhét va gia

. . f(x)=f(x),vxeD
tri nho nhat trén [a;b] ,tire 1a 3, X, -
f(x,)< f(x),vxeD
¢ Dinh ly. Néu y = f(x) lién tuc trén doan [a;b] thi y = f(x) nhén moi gi4 tri trung
gian gitra f(a) va f(b).
¢ Pinh ly. Néu y = f(x) lién tuc trén doan [a;b] va f(a).f(b) <0 thi cd ce(ab) dé

f(c) =0, néi cach khac phuong trinh f(x)=0 c6 it nhit mot nghiém trong (a;b).
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Vi dy: Chimg minh rang phuong trinh x° —3x* +1=0 c6 it nhit mot nghiém trong (0;1).
1.4.3. Phan loai diém gian doan:

Cho ham s y = f(x). Diém x,la diém gian doan ctia y = f (x) khi:

a. y = f(x) khong xac dinh tai x,

b. Khong ton tai gidi han ctia y = f (x) khi x — X,

c. Ton tai gi6i han cta y = f(x) khi x — X,, nhung gi6i han nay khac f (%) -

Nhu vay ta c¢6 thé phan loai cac diém gian doan nhu sau:

+ Diém X, la diém gian doan loai 1 khi 3f (%), T(xy) . Pac biét khi f(x;)= f(x;)thita
noi x, la diém gian doan c6 thé bo duoc.

+ Cac truong hop khac goi 1a diém gian doan loai 2.
1.5. Pao ham
1.5.1. Khai niém
1.5.1.1. Bai todn mé diu

Xét duong cong (C):y = f(x), mot diém M,(X,,Y,) co dinh trén (C) va mot cat tuyén
MM, . Néu M(x,y) chay trén duong cong (C) dén diém M (X, Y,) ma cit tuyén MM dan
téi mot vi tri t6i han TM,, thi duong thang TM, goi 1a tiép tuyén ctia duong cong (C) tai
diém M,(X,,Y,). Vay khi nao thi (C):y= f(x) c6 tiép tuyén tai M (X,,Y,) va hé sd goc

cuia tiép tuyén d6 duoc tinh nhu thé nao?

Dit

{ AX =X — X,
Ay =y—Yo=F(X)= T (%)= T(x+ax) - f(x)

thi hé s6 goc cuia cat tuyén MM, 1a tan B = % i +AAX) — (%) .
X X
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Cho diém M,(,,Y,) tién dan dén M doc theo dudong cong (C), khi d6 Ax — 0, néu ti

A A A I A s r. ’ . 1 ~ A A A r , . \ ~ \
SO A_y dan té1 mot gidi han xac dinh thi £ ciing dan dén mdt goc xac dinh 1a o, nghia la
X

cat tuyén MM, dan t6i vi trf téi han TM, va tao v61 OX mot goc o .

Ay

T d6, néu ti sb ™ dan t6i mot gidi han xac dinh khi Ax—0 thi duong cong
X

(C):y= f(x) cotiép tuyén tai diém M, (x,,Y,) va hé s goc cuia tiép tuyén la:

tana = lim tan g = lim Ay _ lim f (% +AAX>)(_ f (%)

Ax—0 MAX—>0 AX  Ax—0

1.5.1.2. Dinh nghia

Cho ham s6 y= f(x) xac dinh trén mién D, x,eD. Cho bién x sb gia AX thoa

X, + Ax € D . Xét s6 gia ham s6: Af = f (X, +Ax)— f(X,). Ta goi giéi han Iim£:I (néu

Ax—0 AX
ton tai hitu han) 1a dao ham cta y = f(X) tai x,va ta cling néi y = f (x) c6 dao ham tai x,.

K i (0= fm 5% = L0 )

Nhan xét: néu ddt x = X, + Ax thi f/(x,) = lim

X—>Xg

f(X)—f(Xo)=|
X — X, '

Vi du: Tinh dao ham cua ham s6 y = x* bang dinh nghia y = x*:

Gidi
t(xp) = lim Y _ i TG0+ A0 - T0%)
Ax—0 AX  Ax—>0 AX
2 2
_ Ax.(2xg + A
_jim (0T AP0 A o) LAk 2%,

AX—0 AX AX—0 AX AX—0
1.5.1.3. Pao ham m¢{t phia
Cho ham s6 y = f(x) xac dinh trén mién D, X, €D.

Ta goi gidi han lim ATy ( lim ATy ) ( néu ton tai hitu han) 13 dao ham phai (trai)
ax—0" AX ax—0" AX

cua y= f(x)tai x,.
Ky hi¢u: + Pao ham phai | = f/(x,)

+ Dao ham trai | = f/(x,)
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3f, (%), 3 (%)
£ (%)= (%)
1.5.2. Cac quy tic tinh dao ham

*Pinh ly. 3f'(x,) @{

(c) =0 (utv) =u' £V
(cu)’ =c(u)’ (uv) =u' v+uy
u, uwv-uyv

(;)/ = V—Z(V #0)

1.5.3. Pao ham ham hg¢p, ham nguoc:
1.5.3.1. Pao ham ham hop

Gia st ham sb u=u(x) c6 dao ham u’(x,) tai X,Va U, =u(xX,). Tai u, =u(x,) ham
y = y(u) c6 dao ham y'(u,) ddi v6i bién u. Khi do tai x, ham sd y = y(u(x)) c6 dao ham

/

Y, (%) theo bién x va v, (%)) = yi (o) UL (%) hay vy, =y .uL.

1.5.3.2. Pao ham ham ngugc
Gia sur cac dieu kién sau dugc thoa:

a/ Him s6 y = f(x) c6 dao ham y'(x,) # 0 tai X,
b/ Ham sb y = f(x) 1a don anh .
¢/ Ham ngugc x = g(y) lién tuc tai y, = f(X,)

Khi d6 ham sé ngugc cia ham s6 y=f(x) s& c6 dao ham Xé(yo) tai y, va

1
Xy (Yo) = —— -
e y>/<(xo)
Ta thuong ky hiéu ham nguoc 1a g(y) 1a f*(x) vakhido (f ) =%.
1.5.3. Cac cong thirc dao ham co ban
(C)/ — 0 (Xn)/ — an—l
(€)' =¢* (@) =a*lna
(logX)’ -t (sinx)’ = cos x
xIna
(cosx)' =—sinx (tan x)’ = 12 =1+tan® X
cos
/ 1 2 H /
(cotx)’ =————=—(1+cot" x) (arcsinx)’ =
sin® x 1_x2
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1
/
(arccotanx)’ =— 5

(arccos x)' =—
1—x 1+x

1
arctan x)’ =
( ) 1+ x?

Vi du:
a. (X +4)°) =5.(x*+4)".3x?

b. (sin(Inx))' = 4sin*(In x).%

1.5.3. Pinh 1y (Tinh c6 dao ham cta ham ctia ham sb so cép)
Ham s6 so cdp c6 dao ham trén mién xac dinh cia no.
1.5.4. Pinh ly
Néu ham s6 y = f(x) c6 dao ham tai x =x, thi f(x) lién tuc tai X =X, .
1.6. Vi phéan
1.6.1. Khai niém
Cho ham s6 y= f(x) xac dinh trén mién D, x,eD. Cho bién x s gia Ax thoa

X, +AX € D . Xét s gia ham sé:
Af = f(x, +AX) — f(X,) .

Néu Af biéu dién duge dudi dang:
Af = f/(X).Ax+ a(X)
trong d6 a(X) 1a vo cung bé bac cao hon Ax khi Ax — 0 thi y= f(X) dugc goi la kha vi tai
X = X, va biéu thirc f'(x).Ax goi la vi phan ciia y = f(x) tai x=X,. Ky hi¢u: df = f’(x)dx

df

=10,

vai dx = AXx hay
1.6.2. Pinh ly

Ham sb so cép kha vi trén mién xac dinh cua no. Nghia la n6 c6 dao ham trén mién xéac
dinh cua no.

1.6.3. Cac quy tic tinh vi phan.

d(utv)=du+dv dC=0

d(Cv) =Cdv d(uv) =vdu + udv
u, vdu-—udv

d()=——
v v

Vidu: Tinh vi phan cua cic ham so:

a. y=sinx
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Ta c0: dy=d(sinx)=(sinx)’dx=cosxdx.

b. yzxﬁ

dy:d(&)z(&)’dx:%dx.

1.6.4. Ung dung vi phan d¢ tinh gin ding:

Néu y=f(x) kha vi tai x=x, thi Af = f/(x).Ax+a(X). Vi vay khi Ax kha bé ta c6
cong thirc xap xi nhu sau: f (X, +AX) = f/(%,).Ax+ f(X,).

Vi du: Tinh gin ding biéu thic A=4[15,8

Xét ham sb y:f’/;.

Taco y’:lx4 = i

4
Chon Xg =16 = AXx=Xx—Xy=15,8-16=-0,2.
Ap dung cong thire f (X, +Ax) = f/(x,).Ax+ f(X,)

A=316-0,2 1— 02+ 16 =

e

1.7. Pao ham va vi phan cép cao

319

(-0,2)+2=—-.
( )+ 160

1
8

N

1.7.1. Pao ham cép cao

+ Pinh nghia. Goi dao ham ctia y= f(x) 1a f'(x) thi f/(x) 1a mot ham sb theo bién
x. Néu f’(x) ciing c6 dao ham thi dao ham dé goi 1a dao ham cap hai ciia y = f(x). Ky
hieu /(x)=(f'(x)) .

Tuong tu ta ciing dinh nghia dugc dao ham cép ba ciia y = f(x) va f”(x)=(f"(x))’.

Pao ham cua dao ham cép (n—l) cia y= f(x) duoc goi la dao ham cép n cua f (X)
Ky higu: ™ (x)=(f"?(x)) .

¢ Vi du: Tinh dao ham cap n cua cac ham so6:

a.y =sinx b.y==.

. . T
a. y=sinx = y'=cosx =sin (X+Ej
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¢+ Cong thire Lepnit:

Néuu, v I cic ham kha vin tn thi: (uv)(" =" chul "),

Vi du: Cho ham sé y = x%.€X. Tinh y(2o) (0).
Giai

2

bitu=x"=u =2x=u"=2=u"=0.

veeX v =X = () _eX,

20
v (0)= > chu) (0)") (0) =3 2.1=380.
k=0

1.7.2. Vi phan cép cao
+ Pinh nghia. Ta ciing Iy luan twong tu nhu trén va néu df = f/(x)dx 1a vi phan cap mot
cia y=f(x) thi d?f =f"(x)d?x 1a vi phan cdp hai cia y=f(x). Hon nita, ky hiéu
d"f = f™(x)d"x 1a vi phan cép ncia f(X).
I
Vi du: a. d"sinx:sin(x+n%)d”x b d" 2= (-1r M gy,
X X

1.8. Cac dinh 1y co ban vé ham kha vi
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