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Chuwong b sung ] . )
CAC TRUONG SO

¢ Muc tiéu: Sau khi hoc xong phan nay, ngudi hoc nhan dang duoc kién
thitc co ban vé céc truong sd.

1. TAP CAC SO
o Tap s6 tu nhién: N = {1; 2;...}

e Tap sd nguyén: Z= {0; +1;+ 2;...}

e Tapsb hituty: Q= {x sao cho x:B; p,geZ,q ¢O}
q
Mot s6 hitu ty bao gior ciing viét duoc dudi dang mot sd thap phan hitu han hay sé thap phan vo
han tuan hoan.

Vi du: 3

=025 ; —=0,75.
4

=11666... ta co thé viét % =11(6)

== =1,363636... hay E =1,(36)

PP olNME
=

Nguoc lai, cho mot s6 thap phan hitu han hay v6 han tuan hoan thi n6 s& biéu dién mét sd hitu
ty nao do.

Loan n - p a; a, a,

e Sb thap phan hitu han ao,as, @,...an s& biéu thi s6 hitu ty a_ao 10+102 +---+lon

e S6 thap phan vo han tudn hoan  apai@z...an (biba...bm) s& biéu thi s6 hiru ty
p a a & 10" b b, Db,
q ° 10 10° 10" "10" 190 T107 T T 1om

+ Nhan xét: Mot sb thap phan htru han ciling c6 thé duge xem 1a sd thap phan vo han tuan hoan,
. 1 1

chang han: i 0,25000... hay i 0,25(0)

Nhu vay co su Sléng nhat giira tap sb hiru ty va tap cac sO thap phan v0 han tuan hoan. )

Mot so bi’éu dien dugc dudi dang mdt s6 thap phan vé han khong tuan hoan dugc goi 1a s6 vo
ty. Tép cac so vo ty ki hiéu la: I

Vi du:
J2 =1,414213562...

= 3141592653
DuO'ng thang thuc ( truc s6 ): Trén dudng thang Aldy diém O lam gdc va chon vecto don vi

OE =¢.s6x 1 sh thue khi va chi khi ton tai duy nhat mot diém M thudc duong thing Asao cho

Tap s6 thuc R=Qu

OE = Xe; Khi d6 diém M duogc goi la diém biéu dién hinh hoc cua s6 thyuc x trén duong thang A va
duong thang A dugc goi la dudng thang thuc hay truc so.

ll | X;
O E M
Hinh 1.1

2.S0 PHUC
e SO phuc 12 56 ¢6 dang: z=a + ib. Trong d6 a, be R, i 1a don vi 40 véi i® = -
e Ta ky hiéu: a = Rez goi la phan thyuc; b = Imz goi 1 phan ao. C 1a tap hop tat ca céc s6 phic.
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e Sb phirc z=a + ib c6 thé biéu dién hinh hoc 1a mot diém M(a; b) trén mp Oxy.
. S6 phirc z = a—ib dwoc goi 1a sé phirc lién hop cua sb phirc z = a + ib, hai s6 phirc lién hop
doi xung nhau qua Ox

2.1. Phép toan m

Cho 2 s0 phirc z1 = a1 + iby; 22 = a2 + by,

khi d6 ta co: 0 J S M(a; b)
z, +2,=(a, +a,)+i(b, +b,) z=a+ib
2,2, = (a1a2 - blbg) + i(a1b2 + ale) Yo i
T e e RO L a | X
Z2 aQ _I— b? a2 + b2 i

O Rez, = Rez, !

T Imz, = Imz, b ' z=a-ib

Ch0 y: Ta thuc hién cac phép toan theo quy tic chung thuan tién hon.
Vidu: (1-3i)+(-2+7i)=-1+4i
(1-DQ2+i)=2+i-2i-i?=3—i
1 4-i 44—
4+i (4+i)(4-i) 17
2.2. Dang lwong giac ciia s6 phirc
Ta biéu dién sb phtc z = a + ib bdi vecto oM , g0i r=0M =+a” +b* la modun cua )
phuc z, ky hiéu: |Z| .

Goc ¢ = (OX, W) dugc xéc dinh sai khac nhau 2kz; k € Z goi la argumen,
Ky hiéu: Argz. Taco tgo = b
a

Tur y nghia hinh hoc, tacé a=rcose;b=rsing = z= r(COSgo+iSing0).
Vi du: Biéu dién s phtic z = 1 + i duéi dang luong giéc.
Giai

Taco: r=+1% +1° =\/§, tg(0=1:>(p=%:>z=\/§(cosg+ising)
Cho céc sb phirc
z=r(cosc|)+isin¢); zlzrl(cosd)lJrisind)l); zz=r2(cos¢2+isin¢2).

7,2, =T,.Z [COS(d) +¢2)+isin(¢l+¢2ﬂ
‘ ‘_‘ H ‘ Alrg(zl.zz):Argz1 +A1"gz2 + 2km

z—;:i—:[cos(d) - ¢, )+isin(¢1—¢2)}
N H; Arg[z—l] = Argz, — Argz, + 2kn
Z2 ZQ‘ Z2

n
n

z" =r1" [cos nd +isin nd)] = |z

;. Arg (z“) =nArgz + 2kn

Z

Vz=u<ou" =2
Biéu dién u du6i dang u = p(cos @ +isin ).
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Ta co:
u' =z pt (cosne + isinne) = r(cos¢ + isind))

- o=tk
f—

=
no=¢+kom  |g- 9K 0T

= )
n

:>u=3/;(cos¢+k2n+isin¢+k2n} k=0;n-1
n n

20

Vidw  Tinh 1. A =(1+i)

2.u= i‘/l?

Giai: 1. Taco: A = \/E[Cosg +isin EJ = A=2"(cos57z +isin5z)=-2".
2.

4+ k2 4+ k2
22:{‘/«/5[(:054 1 " 4 isin 1 n]

= %[COSR—F k8m +1isin n+116<875j; k = 7)

16

=u=Y1+i c64 giatr:

T T
u 23/5 cos— +isin —
0 16 16)
I1 91
8 . .
u, =42| cos— +1isin—
! \f 16 16}

s 17 . . 17¢m
L12 =\/§ COSE-FISID—

16

s 25m . . 25m

u, = N2| cos— +1sin—
3 \/_ 16 16]

3. KHOANG - LAN CAN
3.1 Dinh nghia i i ) i
Khoang 1a tap hgp cac so thuce ( cac diém ) nam gitta hai s6 thuc ( hay hai diém ) nao do.
Phén loai khoang:
Khoang hitu han:
Khoang dong: [a,b]={x e R\a<x<b}
Khoang mo: (a,b)= {X eR\a<x< b}
Khoang nira dong, nira mo: (a,b]= {X eR\a<x< b}; [a,b)= {Xe Rla<x< b}
Khoang v6 han:
(—w,a)={xeR\x<a}; (~wo,a]={xeR\x<a}
(b,+0)={xeR\x>b}; [b, +0)={x e R\x>b}
3.2 Pinh nghia: Gia st a 1a mot s6 thuc, khoang mo (a-£,a+¢) (voi ¢ > 0) duge goi la
lan can ban kinh & cua a.
)

(
a-¢ a a+e
Hinh 1.3

v
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% Cau héi ciing cb
4.1 Hay dung gian d6 Vence dé biéu dién cac truong sé ma ban da hoc?
4.2 Bai tap ty luan:
4.2.1. Thyc hién cac phép toan sau:

a) 2+1)B—i)+@+2)A+i);  b) B+5)2-+i)—(1—2i)5+3i):
(5+i)(7—6i) (5+1)(3+5i)
¢ G+, g G+DE+5.
+1 2i
&) (2+i) +(2-1)’; f 8*';3,

4.2.2. Tinh:i",i%,i%,i" neZ
4.2.3. Chtrng minh cac dang thuec:

a) @+i)* =2"nez; b) A+i)* =(-D)"2*",ne Z;
4.2.4. Tim nhiing s6 thuc x,y thoa man phuong trinh:
a) (2+1)x+@1+2i)y =1-4i; b) B+2i)x+1+3i)y=4-9i

4.2.5. Tim dang lugng giac cta nhitng sb phic sau:
@ 5 @ -2 (¢ -3 @@ 1+i; () 1-i;
(f) ~3B—i;(9)1—(2+/3)i;
4.2.6. Tinh céc biéu thuc:
(@) (L+i); (b) (L+iv3)™;
© (B+)® (@) (1+£+1)24;

© @=2+)% (f) (1 'f

4.2.7. Hay giai cac phuong trinh sau:
(a) X’=i (b) X*=3-4i (b) X*’=-12i
(c) X*-5X+4+10i=0; (d) X*+QRi-7)X+13-i=0
4.2.8.Néu z € C, hiy chimg minh:
(a)zeR < 2z =z (b) z thudn 4o <z =7
4.2.9. Chimg minh céc tinh chit sau day ctia sé phurc:
@ lz+z,l<lz |+]z, |;
2 (zl-1zDI=<lz £2,]
(3) |z,+2z,|=|z,|+]z,| khi va chi khi cac vécto ban kinh O—Z;,O—Z; dong hudng;
(4) |z,+2,|= (12, |~|z, |)khi va chi khi cic vécto ban kinh Oz,,0z, ngugc huéng.
4.2.10. Chirng minh rang:
(@) Néu |z, | <1 thi |z® —z+i|<3;
(b) Néu |z, | <2 thi 1<|z® -5]<09.
4.2.11. Viét dudi dang lugng giac nhing phén tir clia tap hop sau:
@ i O §&20-D; © L @ V-4
4.2.12. Viét dudi dang luong giac nhing phan tir ciia tap hop sau:

(@) 4-720-i3); () 1+i
© -2 @ 224

3—1

Tai liéu giang day mon: Toan cao cap 5



Chuong I . ) ]
HAM SO - GIOI HAN - LIEN TUC

o Muc tiéu: Sau khi hoc xong bai nay, nguoi hoc giai duoc cac bai tap gidi han
diy sb va day ham mot bién sb.

I. HAM SO
1. Pinh nghia: Cho X <R , mot ham s6 f x4c dinh trén X 1a mot quy tic sao cho tng véi mdi
gia tri cta bién x thudc X c¢6 duy nhat mot gia tri thyc cta bién y.
Ki hiéu y = f(x)
e x duogc goi la bién doc lap, y duoc goi la bién phu thudc.
e X duoc goi 12 mién xé4c dinh cta ham s, ki hiéu 1a Dy .
e TapY = {y e R\y= f(x),xe D, } duogc goi 1a mién gia tri cia ham s, ki hiéu Ry

Vi dy : Khi nu6i mét con bo, quan sat qua trinh tang trong cua bo ta c6 mdi lién hé gitra

thot gian nudi t (ngay) va trong luong m (kg) cua con bo la mot ham s6 m = m(t).
2. Pinh nghia: D thi ctia ham sd y = f(x) 1a tdp hop cac diém M( x, f(x)) trong hé toa do
Descartes.

= {M(x, f(x),x e D}

3. Cac tinh chat
3.1. Ham s6 don diéu
e Ham s y = f(x) duoc goi 1a tang ( hay ting nghiém ngat ) trén tip E = Dt , néu v6i moi x1,
X2 € E, X1 < X2 thi f(x1) < f(x2) (‘hay f(x1) < f(x2).
e Ham sd y = f(x) dugc goi 1a giam ( hay giam nghiém ngat ) trén tap E < Dt , néu v6i moi
X1, X2 € E, X1 <Xz thi f(x1) > f(x2) ( hay f(x1) > f(x2).
e Ham s y = f(x) dugc goi 1a ham s6 don diéu ( hay don diéu nghiém ngit) trén E < Df néu
no tang hodc giam ( hay tang nghiém ngat hodc giam nghiém ngit ) trén E.
Néu ta sir dung thuét ngir tren ma khong nhéc dén tap E thi coi nhu E = Ds.
Vi du: Ham s6 y = f(x) = x? gidm nghiém ngit trén (-0, 0] va ting nghiém ngit trén[0,
+00).
That vay, gia sir x1, X2 e [0, +oo) va X1 < X2 . Khi d6 ta c6
f(x1) — f(x2) = x¢? —xZ = (X1—X2)(X1+X2) <0 = f(x1) <f(x2)
Vay ham s6 y = x? ting nghiém ngat tren [0, +0) .
Ching minh tuong ty ta c6 ham so y = x? giam nghiém ngit trén (-0, 0] .
3.2. Ham s6 chin va ham s6 1é
e Tap X dugc goi 1a tap ddi xtng qua gbc toa dd O néu voi bat ky
xe Xthi—-x € X. Ngum ta thuong goi tat 1a tap d6i xing.
¢ Cho ham sO y = f(x) xac dinh trén tap d6i xtmg X, khi d6 ta co:
+ Ham so y = f(x) 1a ham so chan néu véi moi x thude X thi f(-x) = f(x).
+ Ham s6 y = f(x) 1a ham s 1& néu v&i moi x thude X thi f(-x) = - f(X).
Vi du:
1. Ham s f(x) = x? 1a ham s6 chin trén R.
2. Ham s6 g(x) = x° 1a ham s6 1é trén R.
That vay, véi moi x € R, ta co:
f(-x) = (- X)? = x2 = f(x)
g(-x) = (- x)° = - x* = - f(x)
Chu y: D6 thi ctia ham s6 chin d6i ximg qua truc tung, d6 thi ctia ham sb 1é d6i xung qua
géc toa do.
3.3. Ham s6 bi chin
e Ham sb y = f(x) dugc goi 1a bi chan dudi trén tap X < Dy néu ton tai s a R sao cho f(x)
>a vxeX
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e Ham s6 y = f(x) duoc goi 1a bi chin trén trén tp X = Df néu ton tai s6 b R sao cho f(x)
<b VvxeX
e Ham sd y = f(x) dugc goi la bi chan trén tap X < Ds néu nd vira bi chan trén vira bi chin
dudi, tire 13 t6n tai hai s6 a, be Rsao choa < f(x) < b WxeX.
Chu ¥: D thi ctia ham sb bi chin s& nim giita hai duong thingy =a vay=b.

Vi du: Ham s6 f(x) = 4 bi chin trén tap X=[1, + ).
X
Ar A e A 4 . 4
That vay, voi moi xe X ta ludn co: f(x) = — >0vaf(x) = — <4
X X

Vay ham s6 f(x) = 4 bi chan trén tap X=[1, +0).
X

3.4. Ham s6 tudn hoan
Ham sb y = f(x) duoc goi 13 ham s6 tuan hoan néu ton tai s6 t # 0 sao cho voi moi x € Dy
ta ludn c6 x+t e Dr va f(x + t) = f(x).
S6 dwong T nho nhét (néu c6) trong cac s6 t néi trén duge goi 1a chu ky ciia ham s tuan hoan.
Vi du:
1. Cac ham s6 y=sinx va y = cosx tuan hoan v&ichuky T=27.
2. Cac ham s y =tgx va y = cotgx tudn hoan v&i chuky T = 7.

3. Cac ham s y = sin(ax + b) va y = cos(ax + b) tudn hoan v&i chu ky T = 27

4]
That vy, xét ham s6 f(x) = sin(ax + b).
Gia ton tai s t =0 sao cho f( x +1) = f(x) VxR
< sinfa(x +t) + b] =sin(ax + b) vx e R
< sinfa(x +t) + b] -sin(ax +b) =0 ¥xeR

& 2cos(ax + %t +b)sin%t =0 ¥xeR

<:>sina_t =0
2

@%t =k, ke2\{0}
ot= K7 kezo}
a

S6 T duong nho nhét tng véi k =1 (hodc k=-1), do d6taco T =|%7|’ 1a chu ky ctia ham
sd f(x) = sin(ax + b).
Céac ham s6 con lai ching minh twong tu. ( xem nhu bai tap)
3.5. Ham s6 hop va ham sb nguoc
e Cho hai ham s6 f(x) va g(x) thoa Rf =Dy, khi d6 ham s6 hop cta f(x) va g(x) 1a ham sb
h(x) dugc xac dinh h(x) = g[f(x)] véi moi x € Ds .
Kihi¢uh=gof.
Vi du: Cho hai ham s6 f(x) = x? va g(x) = 2* . Hay xac dinh ham s6 gof va fog.
Giai
gof =g[f(x)] =g(x*) = 2
fog = flg(x)] = f(2°) = (2)* = 2*
e Cho ham s6 y = f(x) thod: v&i moi x1, X2eDfva X1 # X2 ta ludn 6 f(x1)# f(x2). Khi d6
ham sb nguoc cua ham s6 f, ki hiéu £ dugc xac dinh béi: x = £(y)

voly = f(x).
Vi du: Ham s6 y = x® con ham sé ngugc 1a y = x.
+Chay:
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Néu g 1a ham nguoc ctia ham f thi Dg = Rf va Rg = Ds .
D6 thi ctia hai ham sé nguoc nhau d6i xting qua duong thing y = x.
Nieau kiedn fied hasm y = f(x) cou hagm ngodic lag hagm f phadi fidn fiiedu trong miean xalc
fionh cuda nou
3.6. Ham sb so cip
+ Céc ham s6 so cp co ban 13 cic ham s6
e Ham sb luy thira: y=x“ (a €R).
e Hamsémi:y=a* (0<a=1)
e Ham sé logarithm: y =logax (0<a =1)
e Céic ham s6 luong giac: y =sinx, y = cosx , y = tgx , y = cotgx
e Cé&c ham lugng giac ngugc: y = arcsinx, y = arccosx, y = arctgx, y = arccotgx
I. y = arcsinx:

. \ 1 ~ N ci A T Ty A 1s .
y = sinx la ham tang nghiém ngat trén [T ; E] nén cé ham ngugc: x = arcsiny.
. , . -7 T \ . X ., , aks re A .
Ham ngugc clia y = sinx (7 <x< E) la y = arcsinx, do thi ctia né doi xung véi do thi

cta ham y = sinx (% <x< %) qua duong thang y = x.

ii. y =arccosx: y=cosx la ham giam nghiém ngét trén [0; ] nén nd c6 ham ngugc x =
arccosy. Ham nguoc ciia ham y = cosx (0 < X < 1) la y = arccosx, do thi cua né doi xung véi do thi
cua ham s0 y = cosx (0 < x < 1) qua duong thang y = x.

iii. y = arctgx: y = tgx 1a ham ting nghiém ngat trén (%;%) nén nd c6 ham ngugc: x =
arctgy.

\ , \ -7 T\ 13 A1 P gk fr AA 41
Ham nguoc cia ham y = tgx (7 <x< E) la y = arctgx, do thi cua n6 doi xtng vdi do thi

cta ham y = tgx (% <Xx< %) qua duong thang y = x.

iv. y=arccotgx:

y = cotgx gidm nghiém ngat trén (0,7) nén n6 c6 ham ngugc x = arccotgy. Ham nguoc
cta ham y = cotgx (O <x <) lay = arccotgx, do thi ciia né d6i xting véi do thi cia y = cotgx (0 <
X < 1) qua duong thang y=X.

+ Ham s6 so cap 1a nhimg ham s dugc tao thanh boi mot s6 hiru han cac phép toan dai
so thong thudng ( cong, trir, nhén, chia voi mau khac khong) va phép 1y ham hop tir nhitng ham
sO so cap co ban va cac héng sO.

Vidu:

y:cos4x+sin(x+%)+3

y=2"+x"+2

y= 3/x? - lg3x+1
I1. GIOT HAN CUA DAY SO
1. Céc dinh nghia
1.1. Pinh nghia: Cho ham sé f xac dinh trén tap N = {1, 2, 3...., n}, khi d6 cac gia tri cua
ham fung véin=1, 2, 3, .... 1ap thanh mét day so: f(1), (2), f(3),...., f(n) .

Néu ta dat xn = f(n) (n 1,2, 3....) thi day s0 noi trén duoc Viét thanh: x1, X2, X3, ...., Xn.
hay viét gon {xn}. Mdi sb x1, X2, Xs, ... duoc goi 1a s hang cta diy sé {xn}, Xn goi 1 s6 hang
tong quat.

Vidu:

a. {Xn},vOixn=2aVn:a, a,a....
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b. {Xn}, véixn=(-1)":-1,1,-1, 1, ...... , (-1)"
1.2. Pinh nghia
S6 a duoc goi 1a gidi han cta diy sb {xn} néu Ve > 0 cho trudc (bé tuy ¥), ton tai sd tur
nhién N sao cho: Vn>Nthi |x, —a<e.

Ky hiéu: limx, =a hay X, > akhin— oo.

n—o0

1.3. Dinh nghia ) ) .
- Néu day {xn} cO gidi han 1a mdt sO6 hitu han a thi ta nd1 day s6 {xn} hoi tu hay hoi tu vé

a.
- Néu day {xn} khong hoi ty thi ta néi day sd{xn} phan ki.
Vidu: Chéng minh ring limx" = lim —— =1
n—oo n—w 1 4+ 1
e . n 1
Giai. meo1g>0,taxet‘x —1‘:——1: <g=>n>--1
" n—1 n-1 €

Vay Ve >0 (bé tiy ), 3NzF—1]Vn>N:> 2 ql<e
€ n—
A T n
Viy: limx" =lim—— =1
n—o n»oqn 4+ 1

1.4. Dinh nghia
Diy sd {xn} dugc goi 1a diy sd dan téi oo khi n—>c0 néu V M > 0, 1én tuy ¥,
3 N sao cho Vn > N thi ‘xn‘>M

Ky hi¢u: lim x_ = cohay Xn—> 00 khi n— 0.
Vidu: Chimg minh rang lim x" = lim 5" = oo

Giai: Xét x| = 5"

=5">M=n>log)

vM >0, lon tuy y: HN:[loggl]:n>N: 5" >M

Vay: lim 5" = o
2. Cac tinh chat ’
1. Neéuday so {xn} c6 gidi han thi giéi han do 1a duy nhat.
2. Neéu day so {xn} ¢0 limx =a vaa > p (hay a < q) thi ton tai soO duong N sao

n—»oo

chovn >N = x_>p (hay x» <q).
3. Néu diy {xn } co giéi han thi no bi chan, tirc 1a t6n tai s6 M > 0 sao cho
‘Xn‘ <M, Vn.
4. Gia st {xn}, {yn} 1 nhitng day s co6 gi6i han thi:
- Néuxn =ynthi limx, =limy,

n—>oo n—>oo
- Neéuxp2ynthi limx, >limy,
n—oo n—oo

5. Cho ba diy sb {xn}, {yn}, {zn} thod Xn < yn < z» Vn. Khi d6, néu
limx, =limz, =athilimy,6 =a.

6. Gia str {xn}, {yn} 12 cac ddy sb hoi ty, khi d6 ta co :
Day sb {xn+ yn} cling hoi tu va lim(x, +y,) =limx, + limy,

n—»oo n—»oo n—>0

Day sb {xn. Yn} cling hoi tu va lim (x,.y, ) = limx,. limy,
n—»o0 n—»0 n—»co
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Diy s6 {k xn} cling hoi tu va limkx, =klimx,.

n—oo n—»oo

e YH hm YH
yI’l

00
n—»oo n—

) < limx,
Day sb { n} ciinghdi tuva lim=2 =222" | Jim y =0

I11. GIOI HAN HAM CUA HAM SO

1. Cac dinh nghia: Trong phan nay ta lubn gia st f(x) 12 ham sé duogc xac dinh trong 1an cin
diém xo, khong nhat thiét phai xac dinh tai xo.

1.1 Pinh nghia: Ta n6i ham s6 f(x) c6 giéi han 1a L néu véi moi diy s {xn} trong lan can
cua xo thod: Xx, # X,Vn va limx, =x,thi limf(x,)=L.

n—oo n—oo

Kihiéu: lim f(x) =L hay f(x) > L khi X — Xo.

X—)XO
1.2 Pinh nghia: S6 L duoc goi 1a gidi han ciia ham s f(x) khi x — Xo néu véi moi €>0
cho trudc ( bé tuy ¥) ton tai s6 & duwong sao cho véi moi x thod 0 < ‘X—XO‘ <0 tacbh

() -1 <&.

1.3 Pinh nghia: S6 L dugc goi 1a gii han phai ( trai ) ciia ham s6 f(x) khi x — Xo néu véi
moi £€>0 cho truéc ( bé tuy y) ton tai s O duong sao cho véi moi x thod
X, <X <X, +8(X0 -8 <x <X, ) ta co ‘f(x)—L‘ <e.

Ki hi¢u: lim f(x) = L [lim f(x) = L).

1.4. Pinh nghia: S6 L duoc goi 1a gidi han cta ham s6 f(x) khi x — oo néu véi moi € >0
(bé try ) ton tai s0 M >0 (I6n tiy ¥) sao cho v6i moi x thod [x|>M tacod |[f(x)—L|<e.
Ki hiéu: lim f(x) =L hay f(x) > L khi X —> .
Vidu:
1. Chung minh: limsinx =0

x—0

2 —
2. Chtng minh: lim = 9

x=3 x —3

=6

3. Chimg minh: )13{101 =0
Giai: .
1. Vix—> 0taco thé chi rat: ‘X‘<g:>‘sinx‘<‘x‘<8:>‘v’8>0 bé tly ¥
38=6>0:0<[x—0/=|x| <8 = |sinx - 0| = |sinx| <|[x| <&

Vay limsinx =0

x—0
x> -9
2. Khix = 3 = x—3 — 0tacé: 3—6—\x+3—6\=\x—3\<g
.
x> -9
Ve>0;38>e:0<|x-3<d= —6|<e
<
2_
Vay: lim>X—2 ¢
x—3 X—3
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3. xeét |l _g_\H_1 ool véimoie >0 (bétlyy)

X x| |x] &’
1 1

IM==->0:[x|>M=|--0<e-
e X

Ao 1

Vay lim— =0
X*)OOX

2. C4c tinh chit:
Dua vao gidi han cua day s6, dinh nghia gidi han ham s6, ta suy ra cac tinh chét sau
1. Néu f(x) c6 gi6i han thi giéi han d6 13 duy nhat.
2. Néu ham sd f(x) ¢6 gidi han 1a L khi x—>Xxo vd L >a (hay L <a ) thi trong mét lan cén
nao d6 cua xo(khong ké xo) ta co f(x) > a (hay f(x)<a).
3. Néu f(x) < g(x) trong mt 14n cén niao d6 cia diém xo va lim f(x) = a, lim g(x) = b thi

X—> Xy X—)XO

b<a
4. Néu f(x) = C ( C la hang s6) thi lim f(x) = lim f(x) = C

X—)X X—>0

5. Néu f(x) 1a mdt ham 6 so cap xac dinh tai diém xo va & trong lan can xo thi
lim f(x) = f(x,)

6. Gia st f(x), g(x) va h(x) la nhitng ham s6 dugc xéc dinh trong mét lan cén nao do cua
diém xo, khong nhat thiét xac dinh tai xo. Khi d6, néu cac ham s f(x), g(x) va h(x) thoa
man diéu kién : g(x) < f(x) < h(x) va

lim g(x) = lim h(x) = L thi lim f(x) = L

7. Gia sir ham s6 f(x) xac dinh tai moi x duwong 16n tuy ¥, khi d6 néu ham f(x) 1a ham s
don di€u tang yél bi chén trén thi f(x) c6 gidi han khi X = +oo )

8. Gid sir ham s0 f(x) x4c dinh tai moi x a&m 16n tuy y vé gia tri tuyét, khi d6 néu ham f(x)
12 ham s6 don diéu giam va bi chin duéi thi f(x) c6 gidi han khi x — -oo.

9.lim f(x) =L < thilim f(x) = li_)m f(x)=L

X—> X()

10. Néu cac ham sb f(x) va g(x) co gioi han khi x—Xo thi cac ham [f(x) + g(X)], f(x),

g(x), ) cling c6 gidi han va ta co:
8(x)
lim(x, +y,)= lim x, Tlimy,

hm (Xn ¥.) = llm X, lim V.,

n—>o

n __ n—w

limx, (

11. Xétham hgp f(u) vau=u(x), khi do ta co:
Néu Ilm u(x) =u,, f(u) xac dinh trong mét 1an cén cua uo va lim f(u)=L thi

lim fu(x)]=L.

Vi du: Tinh: 1X1H21 2% (X2 +3x — 5)

Giai
bit f(u) —Ju: u(x) = 2X(x%> + 3x — 5), ta co
lim u(x) = lim 2* (x*+3x-5)=2\6
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lim f(u) = lim va = 25

u—20 u—20

Vay lim [2* (x* +3x -5) =25

3. C4c gidi han co ban
sin x ,mln(1+x) B

lim =1 li 1
x=>0 ¥ x—0 X
im® L —1na  Daebiet im &L o1
x—0 X x—0 X
o _ 1 X
limwzl lim(1+ x)x =e hay lim(1+lj =e
x—0 oxX x—0 X—>0 X
Chu ¥: Khi tinh giéi han ctia ham sé ching ta thuong gip cac dang v6 dinh nhu :
o0
9, —, 0o—o00, 17, sau day la mot vai vi du minh hoa.
0 o
Vi du:
2
1. Tinh: lim M+ —1
x—0 X
2
2. Tinh:.lim =~ > *0
x>l x° —3x + 2
3. Tinh: lim 220X
x—0 X
Giai:
Al x+x’ -1 . (Wl+x+x® —D1+x+x" +1)
1) lim = lim
x>0 X X0 x(V1+x+x* +1)
. x° +x . 1+x 1
= lim =lim =
SV x(Wl+x+x2+1) O l+x+x®+1 2
2) lim—(x —D(x=6) = lim—(X —6) =5
ol (x=1)(x—2) =1 (x-2)
3) lim BX iy SBX g SO g
x—0 X x>0 ¥, COS X x—0 X x>0 cOS X

IV. VO CUNG BE VA VO CUNG LON

1. Cac dinh nghia

1.1 Pinh nghia: Him f(x) dugc goi 1a vo ciing bé( hay vo cung 16n) khi x — X, néu
lim f (x) =0 (hay lim [f(x)| = +90) . ( G day xo ¢6 thé hitu han hoge vo han).

X—Xg
Vidu:
1) Khi x — 0 thisinx l[aVCB vi limsinx =0.

x—0

2) Khi X — oo thi 1 la VCB vi liml:O.

X X—>00 X
3) Khix = 0 thi L [aVCL Vi lim || = +o0.
X x—0|x
Nhan xét
e Néu ham f(x) 1a mot VCB khi X — X, va khac O thi — 1a mot VCL khi X — X,

f(x)
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e Néuf(x) lamot VCL khi x — x, thi % 1a mot VCB khi X —> X, .
X
e Mot héqg sb c(),tri tuyét ddi bé dén dau thi cﬁng khong dugc coi la ham VCB, mdt héng sb
du cotri tuyét doi 16n dén dau thi n6 cling chi 1a mdt s6 16n chir khdng phai 1a VCL.
1.2 Pinh nghia: Gia su f(x), g(x) 1a hai VCB khi X — X,. Ta bdo chiing 1a caic VCB(VCL)
, £ A . g . f(X) . s
so sanh dugc néu ton tai gidi han lim (— = c, khi do6:
X—)Xll g X
i. Néuc#=0,c#oothita 1noi rang f(x) va g(x) 1a nhimg VCB(VCL) cung cp.
11 Néu ¢ = 0 thi ta ndi rang f(x) moét VCB cap cao hon (VCL cép thap hon) so véi g(x).
, ] Néu ton tai r > 0 sao cho f(x) cung cap véi [g(x)] thi ta néi rang f(x) 1a VCB (VCL)
capr déi Véi g(x).
Vidu:
Khi x — 0 thi 1 — cos x va x? 1 hai VCB cung cip véi nhau.
2

"

.2 . X
.. l—cosx . 2.sm§ My
Vi hm—Qth—Q:hm — =,

x—0 X x—0 X x—0 X 2 2

2
e Quy tic ngat bo VCB cép cao: Gia sir f(x), g(x) 12 hai VCB khi x — x, , dong thoi
\ 9 . . . 4 f J . . 4 . .
f(x), g(x) déu la tong cua nhicu VCB thi gidi han cua ti sO ) bang gidi han cua ti so gitra hai
g(x
VCB c¢6 cép thip nhat ¢ tir s6 va & miu sd.
2 3
Vidu fjp Xrsmxstex o ox 1
0 3x 4+ 4x° + 5x’ -0 3x 3
1.3 Pinh nghia: Gia st f(x), g(x) la hai VCB khi x — X,. Ta bao chung 1a cac VCB tuong

f(x)

duong khi X — X,. néu lim ) 1. Ki hiéu: f(x) ~ g(x).
XA)X[) g X
Vidu: Khix > 0thisinx~x;e*—1~x;In(1+Xx)~Xx.
Cha y: Néu trong qué trinh ndao d6: ai(X) ~ a,(x) con Pi(X) ~ SB,(x) thi trong qua trinh ay:

o Q.
lim (%) =lim () .
B, (%) B,(x)
Vidu: 1) lim sindx _ . 5% _ 5
x>0gin3x  03x 3
2) lim In(l+2x) _ lim2—X _2
x—0 63X _ 1 x—0 3X 3

1. 2. C4c tinh chét
1) Tong ciia hai VCB 1a mot VCB (khi x — Xo ) .
2) Tich cia mdt VCB v&i mét dai lwong bi chédn la mot VCB (khi x— Xo).
3) )!ED f (X) = L (hiru han)khi va chi khi f(x)-L = a(x) 1a VCB khi x— Xo.

V. HAM SO LIEN TUC
1. Cac dinh nghia )
1.1 Pinh nghia: Cho ham so0 f(x) xac dinh tai xo va ¢ trong lan can xo, khi d6 ham f(x)

dugc goi 1a lién tuc tai Xo n€u lim f(x) = f(x 0):
X=X,
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1.2 Pinh nghia: Cho ham sb f(x) x4c dinh tai xo va & trong lan can xo, khi d6 ham f(x)

duoc goi 12 lién tuc tai xo néu lim Af=0.
Ax—0
Véi AX =X — Xo goi 1a sd gia cua dbi sb x.
Af = f(x) — f(xo0) = f(xo + AX) — f(Xo), goi 14 sb gia cua ham f(x) tmg voi Ax tai
Xo.

1.3 Pinh nghia: Ham f(x) duoc goi 14 lién tuc trai ( phai )tai diém xo néu:

e Ham f(x) x4c dinh tai diém xo va & trong 1an can trai (phai ) diém xo.

o lim () = f(z,) ( lim £69) = I(x,))

1.4 Dinh nghia

- Ham f(x) duoc goi 1a lién tuc trong khoang (a; b) néu f(x) lién tuc tai moi x thudc khoang
(a; b).

- Ham f(x) duoc goi 1a lién tuc trén [a; b] néu f(x) lién tuc trong khoang (a; b) va lién tuc
phai tai x = a va lién tuc trai tai x = b.

1.5 Pinh nghia: Ham $6 f(x) dugc goi 1a gidn doan tai xo néu no khong lién tuc tai xo va Xo
duogc goi 1a diém gian doan cua ham f(x).
Ngudi ta dd chia cac diém gian doan cia f(x) 1am hai loai:

+ Néu xo 1a diém gian doan ciia ham s6 va gidi han trai, phai ciia ham s6 f(x) khi x dan téi
Xo déu 1a hiru han thi xo goi 1a diém gian doan loai mot cia ham sé f(x), con © =

lim f(x)— lim f(x) dugc goi la budc nhdy cua f(x) tai xo.

X—>Xg X=Xy

bic biét: Néu lim f(x) = lim f(x)duoc goi la diém gian doan bo dugc.

+ Céc diém gian doan khong phai 1a diém gian doan loai mdt thi goi 1a diém gian doan loai
hai.
x> khi x>1

Vi du : Xét sy lién tyc trai, phai ciia ham s6 f(x) = tai diém x = 1.
3x+1khix<1

Giai * lim f(x) = limx* =1 = f(1) = f(x) lién tyc phai taix =1 .
x—1"

x—1"

* lim f(x) = lim 3x + 1 = 4 # f(1) = f(x) khong lién tuc trai tai x = 1.
x—1"

x—1"
Chu y: diéu kién can va du dé cho ham f(x) lién tuc tai xo 1a ham f(x) phai lién tuc trai va lién
tuc phai tai xo .
2. Tinh lién tuc cia ham s() so' cAp
- Moi ham s Y cap f(x) néu xac dinh X0 va trong 1an cén tai xo thi f(x) lién tuc tai xo.
- Moi ham so cap f(x) lién tuc tai moi diém trong mién xac dinh ctia né.

Vidu: 1) f(x) = x" (x eN) lién tuc tai VX.
2) f(x) -

3) f(x) = Vx* —1 lién tuc tai moi |X| >leox<-1lvx>1.
3. Céc phép tinh vé ham lién tuc tai cing mot diém
1) Néu f1(x), f2(x) 1a nhitng ham so lién tuc tai di€ém xo thi tong, hi¢u (f1(X) + f2(x));

f,(x)

tich (fi(x) . f2(x)); thwong -——= (%) ( f2(x) # 0) ciling la nhitng ham s lién tyc tai diém xo.
X

lién tuc tai VX # 1.
x—1

2
2) Néu u = u(x) 1a ham s lién tyc tai x = xo, cOn ham f(u) lién tuc tai u = uo thi ham f[u(x)]
cling 1a lién tuc tai Xo.
+Y nghia hinh hoc cua khéi niém lién tuc:
Néu ham s y = f(x) lién tuc trén [a; b] thi dd thi cua n6 1a mot duong cong lién khong bi
ngat quing ndi hai diém A(a, f(a)); B(b, f(b)).
+ Nhing tinh chit quan trong ctia ham f(x) lién tuc trén [a, b]:
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i. Néu ham f(x) lién tuc trén [a, b] thi n6 bi chin trén [a, b].

ii. Néu ham f(x) lién tuc trén [a; b] thi né gia tri nho nht va gia tri 16n nhét.

+» Cau héi cing co:
1 Hay néu dinh nghia ham s lién tyc tai mot diém, , trong khoang, trén doan?
Hay cho biét tinh chat quan trong ctia ham s lién tuc trén mot doan?
2. Bai tap ty luan: Tinh cac gidi han sau:

2.1 Tinh: lim L—S98% 2.2 Tinh: lim —‘“’”‘E
x—0 X2 X—>+00 ?X + 1

1

2.3 Tinh: Xl_i)rPoo(w/X+\/§ —ﬁ) 2.4 Tinh: lig}(1+sinx)§
2
25 Tinh: lim XX —1
x—0 X
2
2.6 Tinh:lim =~ >0 2.7 Tinh: lim 222X
x-1 x* —3x + 2 x—0 X

3.Tinh céc gidi han sau

Xn -1 (m, n nguyén duong) 2. lim Jax—x
x-1 X" =1 x—a  X—a

ifx -1 »\/x+ -1

" ¥l ﬁ/;_l xao W 1
«3/1+ «5f1+ 6. lim X+ X+ VX

0 ) X—>00 fX-Fl

X*)

7.lim(x% +ax+b —x?> +cx+d) 8. 1im(3/x% +3x2 —\x2 —2x)
X 2
9. lim 2 *3 10, im ANX —X+1).
X0 21— 3 len(x +X7+1)
11. lim In(1+3xsin x) 12. lim sm3xtg52x
x—>0 tg X x—0 (X—X )
- : x-1
13.1im sin’ 3x 14. Iimsm(e 1)
! In?(1—2x) 1 Inx
— 3 —
15.Iim|n(1+x 3x* :2x3) 16. Iimcotgx cotga
-0 In(1+3x —4X° +X°) x—a X—a
17 i SiN X~ COSX 18. I'm COS X
19. Imtg;rx 20. Iim 1-cosx
X>=2 X + 2 Hotg x—sin®x
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Chuong 11 R ) )
PAO HAM - VI PHAN - TICH PHAN HAM MOT BIEN SO
Bai 1: PAO HAM — VI PHAN HAM MOT BIEN SO

¢ Muc tiéu: Sau khi hoc xong bai ndy, ngudi hoc c¢6 thé
- Tinh dao ham, vi phan ham mdt bién
- Tinh duoc tich phan tich ham mot bién.

I. Cac dinh nghia ) i i
1.1 Pinh nghia: Gia st y = f(x) 1a ham s6 xac dinh tai diém xo va trong lan can cua diém
Ay f(X0+AX)_f<X0) A LY N g r s 1
Xo. Néu gidi han lim — = lim ton tai hiru han thi giéi han d6 dugc goi 1a dao
Ax—0 Ax  Ax—0 Ax
ham ctia ham s6 f(x) tai diém xo. Ki hiéu: £ (xo) .
Chuy:
e Ta c6 thé ki hiéu dao ham cta ham s duéi cac dang sau:
Cdy L di(x)
dX dx
e Gi4 trj dao ham ctia ham s6 tai diém xo duoc biéu dién nhu sau:
. . d df
foos y], oy )

x=% ' dx Codx
0 X=Xy

1.2 Pinh nghia: Gia sir ham sé y = f(x) x4c dinh tai xo va tai ¥ X >Xo (hay V X < Xo ). Néu
f(x, +AX)—f(X0) f(x, + Ax) —f(x,)

X=X

gidi han lim f'(x,) (hay lim = f'(x,)) ton tai hitu han thi
Ax—0" AxX Ax—0" AX 0
gidi han do6 dugc goi 1a dao ham phai ( hay dao ham tréi ) cua ham f(x) tai diém xo.

1.3 Pinh nghia

e Ham s6 f(x) c¢6 dao ham trén khoang (a , b) néu né c6 dao ham tai moi diém thudc
khoang do.

e Ham sd f(x) c6 dao ham trén doan [a,b] néu né c6 dao ham trén khoang (a , b) va c6 dao
ham phai tai a, c6 dao ham tréi tai b.

Vi du: Dung dinh nghia, tinh dao ham ctia ham sé y = f(x) = ax + b.

Giai:

Taco f(x) = lim o+ Ax) — f(x) = lim [a(x +Ax)+ b] _ (aX ! b) = lim alx _ a.

Ax—0 Ax Ax—0 AX A0 Ax

Dit biét: Néu f(x) = C thi f(x) = 0.
Il. Cac dinh ly

2.1 Pinh ly: Diéu kién can va dii dé ham s y = f(x) c6 dao ham tai x 1a ham s6 f(x) c6 dao
ham trai va dao ham phai bang nhau.

2.2 Pinh ly: Gia str ham sb f(x) xac dinh tai xo va trong 1an can ctia n6. Khi ¢6 néu ham
f(x) c6 dao ham tai xo thi n6 lién tuc tai Xo.

Chuy: Néu ham sb f(x) lién tuc tai x thi chua thé suy ra n6 c¢6 dao ham tai x.

Vi du 2: Ham s6 f(x) = |X| lién tyc tai x = 0 nhung khong c6 dao ham tai day.

I11. Y nghia ctia dao ham

3.1 Y nghia hinh hoc.
Cho ham so y = f(x) ¢6 d0 thi (C), trén (C) 1ay hai diém Mo(Xo, Yo), M(x, y). Vi tri gioi han néu co
ctia cac tuyén MoM khi M — Mo doc theo do thi (C) dugc goi 1a tiép tuyén cua (C) tai diém M.

Vi AX=X—X, ;AY=Y—Y, tacotisd Y 1y hé sb goc ctia cac tuyén MoM.
AX
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Khi M— Mo thi Ax —0 va giéi han néu c6 ciia AY 13 hé sb goc cua tiép tuyén. Theo dinh nghia
AX
ctia dao ham thi f'(xo) hé sb goc cua tiép tuyén véi dd thi ham sb tai diém Mo(Xo, Yo).

A

y /

M

(©)

Mo

inh 2.1

3.2.Y nghia vit ly } i

Xét mot chat diem M chuyén dong trén truc Ox sao cho tai thoi diém t thi S(t) 1a khoang
cach dai s6 OM . Sau khoang thoi gian At tirc 13 tai thoi diém t +At chat diém & vi tri M’ véi
khoang cach dai sd OM = S(t +At), khi d6 quang duong di cia chit diém trong khoang thoi gian
AtlaS(t+ At)—S(t). Do d6 van toc trung binh cta chat diém trong khoang thoi gian At la ti so
S(t+At) - S(t)

At

Bhy gidr gid tri S'(t) = lim S“%:‘S(t) 14 van the tirc thoi cia chét diém tai thoi diém t.

At—0
4. Qui tic tinh dao ham
4.1 Pinh ly: Gia st f(x), g(x) 1a cac ham s6 c6 dao ham tai x, khi d6 cac ham tong, hiéu,
tich, thuong cia ching cling c6 dao ham tai x va:

(100 £ 8(x) | = (0 ()
[£(x)-8(x) | = £(x).80) + £(x).£ (%)
f(x f(x).g(x) - f(x).g(x
[()}: CEOROF (0 20
8(x) g (x)
4.2 Pinh ly: Néu ham s6 u = u(x) ¢6 dao ham tai xo, ham f(u) xé4c dinh trong khoéng chira
diém uo = u(Xo) va ham f(u) c6 dao ham tai di€m uo thi ham hop
h(x) = flu(x)] c6 dao ham tai diém xo va h'(Xo) = h'(Uo).u’(Xo).
4.3 Pinh ly: Gia str ham y = f(x) c6 ham nguoc 1a £ (x). Néu ham f(x) c6 dao ham tai xo

va f(x,) # 0 thi f(x) c6 dao ham tai yo =f(xo) va (f 1) (y,) = f,(l 3
XO

Tai liéu gidng day mén: Toan cao cip 17



BANG PAO HAM CUA CAC HAM SO SO CAP

f(x) f'(x)
Xa. un axa—l n urun—l
a*; a" a*lna; ua'lna
e’; e e*lne=¢e*; Ue’Ine=u'e"
1 1
) ) —, 1#a>0,—, x>0; 12u>0):;
log, x; Inx; log, u xIna X ulogu( )
sinx, sinu cos X, u'cosu
COs X, cosu —sinx, —u’sinu
tanx, tanu L . u
cos? X cos’ x
cotanx, cotanu - _12 U
SIn“ X sin’ x
) ) 1 u
arcsinx, arcsinu X
J1-2& N 12
1 u
arccosx, arccosu - -
J1-x2 J1-u?
arctanx, arctanu 1 ; u .
1+x% 1+u
1 u
arccotanx, arccotanu | _— _
1+x*° 1+u?

5. Pao ham cip cao

Gid st ham s6 y = f(x) c6 dao ham y = f(x) trong khoang (a, b), ta goi f'(x) 1a dao ham
cap lctia ham f(x). Ban than f (x) cling 13 ham s6 nén né co thé c6 dao ham, néu ham f'(x) c6 dao
ham tai x thudc khoang (a, b) thi ta goi dao ham ctia ham f(x) 1a dao ham cip 2 ctia ham f(x) va ki

hieu y = (X) = W) d—Qf

dx*  dx’
Tong quat: Pao ham cip n ciia ham f(x) 1a dao ham cta dao ham cap (n — 1) ctia nd.
Ki hiéu: y(n) = f(n)(x) = d_(}’) = d_f
dXIl dXIl

% Cau héi ciing cb
1. Hay trinh bay dinh nghia dao ham, cic dinh 1y, ¥ nghia hinh hoc ciia dao ham bing so
dd truc quan?
2. Bai tap ty luan:
2.1. Dung dinh nghia ctia dao ham, tim dao ham ctia ham s6 f dinh boi: f(x) = - cotgx — X
2
2.2. Tim dao ham cua ham séy = z° (x> 0).
2.3. Chimg minh rang phuong trinh 16x* - 64x + 31 = 0 khong thé c6 hai nghiém phéan
biét nam trong khoang (0, 1.
2.4. Chung minh rang trén cung AB cua parabol y = 2x — X2, voi A(1, 1), B(3, -3), ton tai
mot diém M sao cho tiép tuyén tai M cua parabol song song véi day cung AB. Xac dinh diém M

Tai liéu gidng day mén: Toan cao cip 18



I1. VI PHAN

1. Pinh nghia vi phan

+ Cho ham sb f(x) xac dinh tai xo va trong lan can ctia n6. Cho x mot sb gia Ax tuy ¥, néu
tai xo s0 gia cta ham s& Ay = f(xo + AX) — f(Xo) viét dwoc dudi dang:

Ay = AAX + a(AX)
trong d6 A la dai lugng khong phu thdc vao Ax va a(Ax) la vo cung bé bac cao hon Ax ( nghia
la a(AX) >0 khiAx—0 ) thi ta néi ham sé f(x) kha vi tai diém xo va dai luong AAx dugc
goi 12 vi phan cua ham s tai diém xo. Ki hiéu: dy=AAX .

Nhin xét: Tir dinh nghia ta suy ra Ay =dy +a(Ax) hay Ay—dy = a(Ax). Viy néu f(x)
kha vi thi sb gia cia ham sb sai khac vi phan mot luong vo cing bé khong dang ké. Do d6 ta co:
Ay =~ dy khi Ax —> 0.

+ Vi phén cap hai ctia ham f(x) 14 vi phan cta vi phan cip mot, ki hiéu: d?f(x). Vi phan cip
n ctia ham f(x) 14 vi phan ctia vi phan cdp n - 1 cua ham f(x), ki hiéu: d"f(x).

Ta co:
d"f(x) = fM(x).dx"

2. Mé6i quan h¢ gira dao ham va vi phan

+ Piéu kién can va du dé ham s6 y = f(x) kha vi tai diém xo 14 f(x) c6 dao ham hiru han tai
diém xo.

Cha y: Vi phan cta ham f(x) thudng dugc viét dudi dang df = f'(xo) Ax

3. Qui tic tinh vi phin

+ Gia st f(x), g(x) 1a cac ham s6 kha vi, khi d6 ta cé:
d(f+g) =df +£dg
d(fg) = gdf + fdg

d(i]zgdf;fdg (% 0)

g g

+ Gia str y =f(u) va u = u(x) 1 nhitng ham s kha vi, khi d6 ta c6
dffu(x)] = f [u()] = f(u).u (x).dx = '(u).du

4. Cong thire tinh xap xi

Theo nhan xét sau dinh nghia 2.4: Néu f(x) kha vi tai diém xo va f(x,)#0 thi
Ay ~ f (x,)Ax hay

f(x, + Ax) = f(x,) + f (x,)Ax

Vi du: Tinh gan dung 328
Giai:

. 1 1
Taco 28 =327 1+— | =331+ —
{2 \/ ( 27} \" 27

) , 1 1
Xét ham s f(x) = /X = f'(X)=———, Chonxo=1va Ax = —.

Khi d6 4p dung cong thirc tinh gan ding ta c: f(x, + Ax) ~ f(x,) + f'(x,)Ax

= f(1+i)~ f@)+ f'(1)i C>1§/1+i ~l+1 3
277" 27 27 327
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Vay ¥28 ~31+2 L )23+ L <304
3 27 27

5. Cac dinh ly co béan cua phép tinh vi phan

+ Ham sb f(x) dat cuc dai ( hay cuc tiéu) tai diém xoe (a, b) = D néu ton tai mot 1an can
ctia diém Xo sao cho v&i moi x thudce 1an can do ta cé:

f(x) < f(XO) ( hay f(x) > f(xo) )

Diérp X0 goi la diém cuc dai ,( hay cuc tiéu) ctia ham sb, diwém cuc dai hay cuc tiéu goi
chungﬂ la diém cyec tri. Gia tri ham so tai diém cuc dai ( hay cuc tiéu) goi 1a gia tri cuc dai ( hay
cuc tiéu) va goi chung la gia tri cuec tri.

5.1. Dinh ly: (Fermat) i 9

Neéu ham s6 f(x) xac dinh trong khoang (a, b), dat cuc dai hay cuc ti€u tai diém
Xo €(a, b) vaton tai f'(x,) thi f'(x,)=0.

5.2. Dinh ly: (Rolle) .

Néu ham s6 f(x) lién tyc trén doan [a, b] va kha vi trén khoang (a, b) va  f(a) = f(b) thi ton
tai it nhat mot diém c e (a, b) sao cho f(c) = 0.

5.3 Pinh ly: (Lagrange) ‘ )

Neéu ham s6 f(x) lién tuc trén doan [a, b] va kha vi trong khoang (a, b) thi ton tai it nhat
mot diém ce (a, b) sao cho f'(c) = w

—a
5.4 Dinh ly: (Cauchy)
Néu cac ham so f(x), g(x) lién tuc trén doan [a, b], kha vi trén khoing (a, b) va

g (x) # 0 Vx € (a,b) thi ton tai it nhat mot diém c e (a, b) sao cho f(c) _ f(b) ~f(a) .
gc) ab)-gl)

5.5 Pinh ly: (Taylor)
Néu ham s6 f(x) kha vi dén cp (n +1) trong lan can A clia diém xo thi VX € A, X # X, ton
tai s6 ¢ nam trong khoang giira x va xo sao cho
f (x,)

f(x) = f(xo) + T(X - XU) +

f(n)
(XO) (x — x,)' +R, (x)

2
! (x—x,) +...+ -

Trong d6 sai s6 Rn(x) goi 1a phan du Lagrange xéac dinh boi :
£ (n+1) (C)

R (x) = (x —x,)"" (v6i c ndm gitta x va xo).
" (n+1)!
o . S0
Khi d6 cong thire trén dugce viét lai f(x) = Z—‘(x -x,)" +R, (x).

= k!

Cong thtre nay goi la cong thurc Taylor.

n f
Da thiic P (x) = Z% (x —x,)“ goila da thirc Taylor.
k=0 .

(k)
. = f
Khi xo = 0 thi cong thic Taylor ¢6 dang f(x) = Z&

k=0

x“+R_(x)

R O

(n+1)!
5.6. Mt s6 cong thire khai trién Maclaurin
1. f(x) =a~

( Bay gid phan du 1a: R,(X) = ), goi la cong thirc Maclaurin.
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