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Todn GIAI TICH A4 GV Nguyén Thanh Vi- 2009 Trang 1

CHUONG 1 PHUONG TRINH VI PHAN CAP MOT

1. DINH NGHIA PHUONG TRINH VI PHAN
1.1 Khai niém
— Xét mot phuong trinh ma an 1a ham s6 mot bién y, chang han nhu
y'"-3xy+5y'y =0,
trong d6 c6 chira dao ham cua y. Phuong trinh nay dugc goi 1a phuong trinh vi phan .
Cép cao nhit ciia dao ham trong phuong trinh 13 cap 2, nén phuong trinh nay duoc goi la phuong
trinh vi phén cép 2.
— Phuong trinh  y''=3xy'+ 5y =0 dugc goi la phuong trinh vi phan tuyén tinh cip 2.

— Phuong trinh  3y'+7xy =sinx dugc goi la phuong trinh vi phan tuyén tinh cap 1.
— Phuong trinh  y''-3xy +5y'y =0 1a phuong trinh vi phan nhung khong tuyén tinh.
— Phuong trinh vi phan y' = 2xy-3y” c6 dang y'=f(x,y) va dugc goi la phwong trinh dd gidi ra
doi v6i dao ham.
— Coi phuong trinh vi phan y'=1. Nghiém trén R cua phuong trinh vi phan nay c6 dang y=x+C véi
C 1a hang s6 tiy y. Nguoi ta goi  y=x+C, trong d6 C 14 hing sé tiy v, 13 nghiém tdng quat ( general
solution) ciia phwong trinh vi phan y'=1trén R.
Céac ham s& y=x+1, y=x+2 dugc goi 1 cic nghiém dic biét (particular solution) ctia phuong

trinh vi phén y'=1trén R.
— Puong biéu dién cia nghiém y = y(x) duoc goi 1a dwdng cong nghiém hay dwdng cong tich phin
cua phuong trinh vi phan.

— Xét phuong trinh vi phan yy'=—x . Liy tich phan hai vé ta dugc y’ = —x” + C . Hé thiic

y> =—x"+C duoc goi 1a nghiém an ( implicit solution) ciia phuong trinh vi phan. Khi nao nghiém
¢6 dang y=f(x) thi n6 dugc goi 1a nghi€ém twong minh ( explicit solution).

1.2. Pinh nghia phwong trinh vi phan
— Mot phuong trinh vi phan 12 phuong trinh ham ( mét bién ) c6 chira dao ham ctia ham can tim. Néu
béc cao nhat cta dao ham trong phuong trinh vi phan 1a n, thi phuong trinh nay dugc goi la phuong
trinh vi phan cap n.
— Xét phuong trinh vi phan cip n
F(x,y, ¥, y") =0,
trong do biéu thic F(x, y...., y(n)) thuc sy chira y(n).
Ham s6 y = y(x) duoc goi 1a nghiém ctia phwong trinh vi phan trén khoang I (v6i I < R) néu ham
sO y = y(x) thoa tinh chét
vx e I, F(x, y(x), y'(X), ..., y"(x)) = 0.
Chii thich:
Tinh chét trén bao ham hai tinh chat sau
e Ham s6 y kha vi t6i cap n trén L, tirc cac dao ham y'(x), y"(x).... y(n)(x) t6n tai voimoix € 1.
o Vx € L, (X, y(X),..., y"(x)) thudc mién xéc dinh cua F.

1.2 Pinh nghia nghiém

— Mot h¢ thirc G(x,y)=0 dwoc goi 1a nghiém an trén khoang 1 ctia phuong trinh vi phan néu ton tai
mot ham s0 y vira thoa hé thue G(x,y(x) )=0 vira théa phuong trinh vi phan v4i moi x thude 1.
Vidy: Xét phuong trinh vi phan yy'+ x=0.

2 2

Lay tich phan hai vé ta dugc )/7 + X? =C hay y’ + x* =K v6i K 1a hang s6.

Ta thay hé thicc y* + x* =25 1a mot nghié¢m dn ciia phwong trinh vi phin yy'+ x = 0 trén
khoang 1 =(=5,+5). That vay, ton tai ham s6 y=+/25 — x* xac dinh trén (-5,5) va thoa
y+x=25

- ,Vxel
yy'+ x =258 — 2 4+ x=0 xe

\25-x2
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— Néu biéu thtrc ciia nghiém c6 chira tham s6 va moi nghiém cua phuong trinh déu c6 dang nay
(cac nghiém khac nhau thi ung v6i céac gia tri khac nhau cua tham s0), thi nghiém nay duogc goi la
nghiém tong quat ciia phwong trinh vi phan.

y?+x*=25
; Vxel
Wy x =25 % 2y x=0 " C

\25-x2

2. MOT SO PHUONG PHAP GIAI PHUONG TRINH VI PHAN CAP 1

Trong doan ndy, mot sé phuong phap giai phuong trinh vi phan cap 1 dugc trinh bay. Muyc dich cla
doan nay chi la giéi thi€u phuong phap, do d6 c6 mot s6 chd 1y luan chwa dang nhung ching t6i van
lu6t qua. Ching han, viéc chia hai vé cua phuong trinh cho mot dai lwong ( dai luong nay co thé bang
0) 1a khong dung vé 1y luan. Ching t6i s& bd sung cac chd 1y luan chua ding trong cac doan sau.

2.1. Phwong trinh tich bién

| Phuong trinh sau duoc goi 1a phuong trinh tach bién : h(y)y' = g(x)

Dang nay c6 thé viet dudi cac hinh thirc sau

h(y) % —g(x) ; hy)dy=gr)dx  :h(y)dy + f(x) dx=0.

2.1.1. Phwong phap giai

Lay nguyén ham hai vé, ta dugc I h(y) dy :'[ g(x)dx

H(y) =G(x) +C,
trong d6 H 1a nguyén ham cua h va G 1a nguyén ham cua g.
Phuong trinh trén khéng con chura dao ham cia y, nghiém y ciia phuwong trinh vi phan dugc xac dinh
boi phuong trinh nay.

2.1.2. Thi du. Hay giai phuong trinh  y'= 5x* trén R....

Loi giai : Ly nguyén ham hai vé ta dwoc nghiém tong quat nhusau y = g x2 +C.

2.1.3. Thi du. Hay giai phuong trinh vi phan y y' =x—-5trén R.
Loi gidi.

Lay tich phan hai vé ta duoc J. y2y'dx = j (x - 5)dx

JyZdy =j(x—5)dx

3 2
Y -X bsx+C
3 2

3% 9 1/3
y2(7—15x+30}

Ta thy 3Cla hing sb tiy ¥ vi C 13 hing sb tily ¥, do d6 ta viét hing s6 K thay cho 3C.
Nghi¢m tong quat ciia phuong trinh trén R 1a

3% 9 1/3
y = [T -15x + KJ v6i K 14 hing s6 tuy y.

2.1.4. Thidu Hay giai phuong trinh  xy' = y2 + 1 trén (0,+0).
Loi gidi.
Chuyén vé clia x va y2 + 1 dé dua vé dang phuong trinh tach bién
1 1

¥+l 7 x
Lay tich phan hai vé

I 7 D= I dx

v +1

arctgy = In|x| +C,véi Cla hang sd.
Suy ra y:tg(ln|x|+C)
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2.1.5. Thi du Hiy giai phuong trinh ~ y'= x’y’ trén R.
Loi giai.
Chuyén vé y2 dé dua vé dang phuong trinh tach bién
|
Lzz x? .
r r y
Lay tich phan hai vé

j;—;dx = Ixzdx

1 3 § ,
__=X—+C,vc'ri C la hing so.
y 3
___ 3
Y x*+3C
3 C
y=-— v6i k 1a hang sd. &)
X +

Chu thich
Phuong trinh trén c¢6 dang y’(x)= a(x) b(y) . Phuong trinh ndy c6 mot nghiém dic biét 1a ham hang
y=y,,trongdo y, la s6 thoa b(y,) = 0. Khi chuyén phuong trinh y’(x)= a(x) b(y) qua dang tach

a1 . o
bién my’(x)za(x), nghiém y=y,thudong bi mat.
y
Ham y =0 la m§t nghiém ctia phuong trinh y' = Xzy3 , nhung dang (*) khong chitra ham nay.
Bai tap: Tir bai tap 1 t6i bai tap 25 ( & cudi chuong 1).

2.2. Phuwong trinh vi phan tuvén tinh cép 1
Sau day la dinh 1y vé nghiém cta phuong trinh vi phén tuyén tinh cap 1 thuan nhat.

2.2.1 Dinh Iy
Cho phirong trinh vi phdn tuyén tinh cap 1 thudn nhat
y'+ p)y =0,
trong do p la ham lién tuc trén khodng I c R.
Goi P la mot nguyén ham cua p(x)
Khi d6, nghiém tong qudt ciia phwong trinh vi phén trén khodng I la
— P
y(x)=Ce 7,
trong @6 C la hang s tiy y.

Ching minh
Gia st P 1a mdt nguyén ham cua p.
Nhan hai vé phuong trinh vi phan cho ep(x)), ta duoc
¢"y(x)+ p(x)e’y(x) =0

(¢"v() =0

P(x)

"™ y(x)=C véi C 1a hang s6

Vay y(x)=Ce "

— Chu thich: i . )
Phuong trinh y'+ p(x)y = 0 co dang y’(x)= a(x) b(y) va co thé giai bang phuong phap tach bién
nhu vi du 2.1.5.

2.2.2 Pinh ly
Cho phirong trinh vi phdn vi phan tuyén tinh cap 1
Y tp)y =q(x)
trong do p, q la cdac ham lién tuc theo x trén khodng I.
Goi P la mot ngyén ham cua p(x)
Nghiém tong qudt ciia phirong trinh ndy trén khoang I la

yx)=e [ ()
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Chu thich: Nghiém c6 thé ghi dudi dang sau

y(x)=e"MF(x) véi F(x)= Ie””q(x)dx

hay  y(x)=e " (F(x)+C) v6i F, la mot nguyén ham cua (eP(X)q(x)) :

Chung minh
Gid st P 1a mQt nguyén ham cua p.
Nhén hai vé phuong trinh vi phan cho ¢"™), ta dugc

"My '(x)+ p(x)e”y(x) =e"Vg(x)
hay (") =e"q(x)
ep(x)y(x) = J‘ep(x)q(x)dx
Viy y(x)=e " [ " g(x)dx
Chu thich:

— Hamsé p(x)=e"™ dugc goi la thira sb tich phan. ,

— Dinh 1y 2.2.1 1a truong hop dac biét dinh 1y 2.2.2. Thay vi chimg minh tryc tiép dinh ly 2.2.1, ta
¢6 theé ap dung dinh 1y 2.2.2 d¢ chung minh dinh ly 2.2.1

y(x)=e [ g(x)dx = e [0dx=e".C
2.2.3. Thi du. Hiy tim nghiém tong quat ciia phwong trinh vi phan
y'-xy=x, Vx e R.
] Loi gidi.

Phuong trinh nay c6 dang tuyén tinh  y' + p(x)y = q(x) véi p(x)=-x va q(x)=x.

2

. X

—Tacod jp(x)dx :—dex: —7+ C,.
2

Chon P(x) = —X? thi P 1a mt nguyén ham cua p.

-P(x) _ e 2

X2 X2

—Taco F(x)= Ie'D(X)q(x)dx =Ie_7xdx = —e_7 +C

— Vay nghiém téng quat trén R cua phuong trinh vi phén 1a

X

“Taco fWoe 2 i e

y(x)=e"YF(x)= e? [—ez + CJ= -1+Ce? , v6iCla hﬁng $6.

2.2.4. Thi du. i
Hay tim nghiém tong quat cua phuong trinh vi phan
1 g—2—y—xcosx =0, Vx € (0, +o0).
x dx x2

Loi gidi.
2
Phuong trinh tuong duong la  y'——y = x%cos X, Vx € (0, +o0).
X
Phuong trinh ndy c6 dang tuyén tinh  y'+ p(x)y = q(x).
-2
~Taco [p(x)dx = [—Zdx=-2In|x|+C; .
X
Chon P(x) =—2In | X | =In (sz) thi P 1a mét nguyén ham cua p.
In[x2
~Khido ¢"M=e ( j =x2va e "W < ezln\x\ = x?
— Tacbd F(x)=IeP(X)q(x)dx = J. xx* cos x dx =J cos x dx = sin x + C, v6i C 12 hing sb.

— Vay nghiém téng quat trén R ciia phuong trinh vi phan 1a
y(x)=e"F(x)= x*(sinx+C)= x%sin x + Cx%.
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2.2.5. Pinhly Cho bai toan diéu kién dau nhu sau
y'+p¥y=qx), VxeR
y(Xo) :yo/
trong @6 pva q la cac ham so lién tuc trén R, x, va y, la cdc hang sé6 cho trude tiry y.
Khi do, bai todn c6 mot nghiém y duy nhat.

Chung minh
Gia st P 1a mQt nguyén ham cua p.
Theo dinh 1y 2.2.2, nghiém tong quat ctia phuong trinh vi phdn  y'+ p(x)y=q¢(x) 1a
y(x)=e "™ (E (x)+ C)
v6i F 1a mot nguyén ham cua (eP(x)q(x))
Dua vao diéu kién dau y(x,) = yo, ta xac dinh hang s6 C nhu sau:
Y(x)=e " (F(x,)+C) & C=y(x,)e"™ = F(x,).
Hing s C dugc xac dinh duy nhét nén nghiém y duogc xac dinh duy nhat. Vay bai toan trén luén
ludén c6 mot nghiém duy nhat. )
Bai tap: T bai tap 26 tdi bai 45 ( ¢ cudi chuong 1)

2.3. Phwong trinh vi phdn toan phfin

— Phuong trinh  M(x, y)dx + N(x, y)dy =0
hay Mxy) +Nxy)y’ =0
dugc goi 1a phuong trinh vi phan toan phan néu ton tai ham hai bién F thoa
dF(x,y) = M (x, y)dx + N(x, y)dy.
- Khi d6 phuong trinh vi phén trd thanh
dF(x,y)=0.
F(x,y)=C véi C 14 hang sb.

— Trong 1y thuyét ctia ham hai bién, ta c6 cong thirc

OF OF
dF(X,Y) = & (X’ Y)dx +g (Xa Y) dy

. 6(6Fj G{GFJ
va —|— == —
oy\ ox ) ox\ oy

Tu d9, ta c6 dinh 1y sau

2.3.1 Pinh ly

Cho phuong trinh vi phan  M(x, y)dx + N(x, y)dy = 0.

Gia st cac dao ham riéng cdp 1 cia M va N lién tyc trén mién D cua R’

va %: 8_N

dy Ox
Khi dé:

a) Ton tai ham hai bién F trén D thoa

dF(x, y) = Mdx+ Ndy .
b) Phuong trinh vi phén trén tr¢ thanh
F(x,y)=C v6i C 1 hang s6.

2.2.2 Phwong phap giai
Khi gap phuong trinh  M(X, y)dx + N(x, y)dy= 0,
oM _ ON
oy T oox
ta s& tim biéu thuc cta F dua vao

cod
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F M
ox
F_N
oy

Sau d6 két luan F(x,y)=C.

2.3.3 Thi du. Hiy tim nghiém tong quat trén khoang (a,b) ciia phuong trinh vi phan
y— 3xH+ (x — 1)y’ = 0. Biét rang khoang (a, b) khong chira 1.
Loi giai

Ta c6 (y — 3x%)dx+ (x — 1)dy =0 hay Mdx+Ndy=0,
trong do M=y73x2VéN=x71.

DG thdy N va M c6 cic dao ham riéng cap 1 lién tuc trén R?.

Pong thoi ta co oM _ oN (vicung bang 1).

oy Ox
Do d6 ton tai ham F xé4c dinh trén trén R? thoa
dF(x, y) = (y - 3x)dx+ (x — 1)dy
— Ta xac dinh F nhu sau
Loy @)

Ox

2 —x—1 *k
—=xel ()
(**)= F(xy)=x-Dy+gkx) va F(x,0=gX).
Keét hop voi (*) ta co
, OF 2 3 e ' A
g (x)=a—(X,0)=—3x = g(x) =-—x" tKk, vdi k 1a hang so.
X

Chon k=0, taduge F(x,y)=(x~-1)y-x"

—Véay phuong trinh vi phén ban dau twong duong véi
(x—1y-x>=C.

Bai tap: Tir bai tap 46 t6i bai tap 59 (¢ cudi chuwong 1).

2.4. Phwong trinh vi phin ding cip ( thuin nhit).

Phuong trinh vi phan y'= h(zj , v6i h 1a ham theo mot bién u = A , duoc goi la phuwong trinh vi
X X

phan dang cép.

Chu thich

— Ham f(x,y) dugc goi la ham thudn nhét bac k néu f(tx,ty)= t¢ f(x,y) voi moi s6 thuc t.

Thidy: f(x,y)=3x%—2xy+5y? la ham thudn nhat bac 2.

—7Néu M va N la cac ham s6 thudn nhét co cing bac k thi phuong trinh sau 1a phuong trinh vi phan
dang cap : M(x,y)+N(x,y)y’ =0 .

2.4.1. Phuong phap giai. Phuong phéap giai phuong trinh y'= h(zj nhu sau:
X

Budre 1 ( d6i bién)

Détu=z thiy=uxvay' =ux+u
X

Khi d6, phuong trinh vi phén tr¢ thanh
u'x +u=h(u)
xu'=h(u) —u
Budre 2 (_tach bién)
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j _ Lt du = J. 1 dx.
h()-u X
Phuong trinh s€ c6 dan% sau

H@u)= /n|x| +C
H(Zj =In[x +C.
X
y2 + 2Xy
2.4.2. Thi du. Hay giai phuong trinh vi phdn y'= —
X
Loi giai

Phuong trinh vi phan twong duong la

bat u= Y thi y=uxvay =ux+u
X

Phuong trinh vi phén tr¢ thanh
ux +u=u’+2u
xu'=u’+u
u' 1

u?+u X
1 1
J.u2+u du=I;dx

1 1 1
(5 )au - ox

‘nlul = ¢nlu+1] = ¢nlx| + €n|C|, v6i C 12 hing sb tuy ¥.

enL:£n|Cx|
u+1
L:iCx
u+1
Yk , voi k 1 hing s6 ty §.
u+1

Yy

X —kx
Yoy

X

Y —kx
y+ X
(1—I<x)y=/<X2

kx?

— *
Y 1—kx ©

Chu thich: Két qua (*) chwa hoan chinh
Bai tap: Tu bai tap 60 toi bai tdp 70 (6 cudi chuong 1).

2.5. Pao ham la ham sé theo bién ax + by

trén mién (1,+00).

Xét phuong trinh vi phan c6 dang
. y'=h(ax+by),
trong d6 a va b 1a hang so0 khac 0.

2.5.1. Phuong phap gidi
bat u=ax+by,tacod

u'=a+by' hay y’=%.

Phuong trinh y' = h(ax + by)  trd thanh
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u-a

=h(u
o (w)
_ u'=a+bh(u) )
Dua vé phuong trinh vi phan dang tach bién
u'
- - -1
a + bh(u)
1 qu-nic
a + bh(u)
Hu)=x+C

H(ax+by)=x+C

2.5.2. Thi du. Hay giai phuong trinh vi phdn y'=x-y +1 +

y-x
Loi giai.
bait u=y-x,tacod
u'=y'—1 hay y'=u+1
Phuong trinh vi phan trén tr¢ thanh
u’-1r1=u+1+l
u
. 1
hay u=u+ —
u
2“ u'=1 hay 2” du = dx
u® +1 u®+1
u T¢ 2u
du=|dx hay — du=|dx
J.u2+1 J. 2'l-u2+1 '[
%In‘u2+1‘:x+k, v6i k 14 hiing s6 tity §.

|n(u2 +1)=2x+2l<

2

il = er+2/< _ e2l<82x .

u?+1=Ce?* véi C 1a hing sé duong tity ¥.
(y—x)2 +1=Ce?¥

Bai tap: Tir bai tap 71 t6i bai tap 75 (¢ cudi chwong 1).

2.6. Phwong trinh vi phan Bernoulli

Xét phuong trinh ¢6 dang
y' + Py = QX)y", ,
trong d6 P, Q 1a cac ham so lién tuc trén khoang (a, b) va n 1a so thyec.
Phuong trinh nay duoc goi 1a phuong trinh vi phan Bernoulli.

2.6.1.Phwong phap gidi
e Trudng hop n = 0 hay n = 1: Phuong trinh trén c6 dang 1a phuong trinh vi phan tuyén tinh cép 1.
Phuong phap giai da trinh bay trong doan 2.3.
o Truong hgpn=0van= 1:
Xét y+ Px)y = Qx)y"
VY HPEYTT=Q00 |
bat u=y " thiu'=(1 —n)y y'.Khido, phuong trinh trén trd thanh

u + P(x)u=(1-n)Q(x)
-n

u'+ (1 —n) Pju = (1 -n) Q(x) ) )
Ta da dua vé dang phuong trinh vi phan tuyén tinh cap 1, phuong phap gii cuia phuong trinh nay da
dugc trinh bay trong doan 2.3.
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2.6.2.Thi du. Hay giai phuong trinh vi phan y' — 5y = fg Xy3 trén R.

Loi giai
Chia 2 vé cho y3, ta duoc
yly -5y ’t=- 5x.
2
bit u= y72 thiu' =— 2y73y'. Phuong trinh trén trd thanh

—lu '—5u = —Ex
2 2
u'+10u=>5x
Phuong trinh nay c6 dang phuong trinh vi phan tuyén tinh cép 1, ta tim dugc
u= E—L+CefloX
2 20
L X i + Ce~10x (*).
y2 2 20

Chu thich: y=0 la m6t nghiém cia phuong trinh vi phan nhung (*) khong chua nghiém nay.
Bai tap: Tu bai tap 76 toi bai tdp 80 (& cudi chuong 1).

2.7. Mt dang phwong trinh dwa vé dang ding cip

- . +byy +
Xét phuong trinh vi phan dang y'= AX+T D1y +C
ag9X +boy + g

2.7.1. Phuong phap gidi

o) Truong hop ajby = asb;,
Luc d6 ton tai hing s6 k thoa a; = ka, va by = kbs.
3 k(a,x+b,y)+c,

Do d6 ' =h(a,x+b,y)
a,x+b,y+c,
Ta thay y' 1a ham s theo bién u = ayx + byy, phuong phap giai phuong trinh dang nay da trinh bay
trong doan 2.5.
B) Trudng hop alb; * agbl

e Néu ¢; = ¢, = 0, phuong trinh vi phan trén trd thanh

y
a; +by =
podxtby T

a,x+b,y a2+b2X
X

Phuong trinh nay c6 dang phuong trinh déng cap, phuong phép giai nhu trong doan 2.4.
e Néu ¢ # 0 hay ¢, = 0, goi (h, k) 12 nghiém s cua hé phwong trinh bac nhat
ax+by+c =0
a,x+b,y+c, =0
z ) a1h+b1k+c1 =0 (o =—a1h—b1k
Nhu the, (h,k) théa = .
a2h+b2k+02 =0 C, :—azh—bzk
Khi d¢ ax+by+c ax+by —ah-bk a(x—h)+b(y—k)
ido = = .
a,x+b,y+c, a,x+b,y—a,h+bk a,(x—h)+b,(y—k)
a,(x—h)+b,(y—k) - dY  a;X+bY
a,(x—h)+b,(y—k) dX agX+byY
Phuong trinh ¢6 dang phuong trinh déng cdp , phuong phap giai di dugc trinh bay trong doan 2.4.

bitX=x-hvaY=y-ktadugc '=

2.7.2. Thi du Hiy giai phuong trinh vi phan (x+y+2)y'=3x—y—6 trénR.

Loi giai.
Gia su x+y+2 = 0.
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3x-y—-6=0 x=1

Hé phuong trinh
°P s {x+y+2 =0

c6 nghiém la {
y=-3

bat X=x-1vaY=y+3 thi 3—; = g—y Khi d6, phuong trinh trd thanh
X

, 3x-1D)-(y+3) dY 3X-Y
_ - _

YT x-D+(y+93 dX X+Y
Theo phuong phép giai phuong trinh vi phan dang dang cap, ta dit u 1a ham s6 thoa Y = uX.
T Y=uX, ta suy ra v = du X+u.
i dX dX
Chuyén Y qua u, phuong trinh vi phan tré thanh
du 3-u
X—+u=
dX l1+u
X ﬂ = 3-u —u
dX 1+u
2
xdu _Zu-2u+3 o ong trinh oo dang tich bién).
dX u+1
zu;l du=-Lt ax
u® +2u-3 X
R ENET:
27u* +2u-3 X

%1n|u2 +2u —3| = —In|X]| + Cy, véi C; 1a hing sé.

Inu’+2u—3] =—2In [X| +InC, (v6i C, =*)
In|lu’+2u—-3] =In |C2X72|
Wt 2u-3=+CX72
2
{y—”j c2¥*3 5 o1 (\6iClahingsd)
x-1 x—1 (x —1)2

(y+3 +2x- 1D (y+3)-3x-1)’=C
Bai tdp: Bai tap 81 va bai tép 82 (& cudi chuong 1).

2.8. Phwong trinh c6 thé dwa vé dang vi phin toan phan. )
Phuong phap nay luém thudm, chi nén ap dung khi cac phuong phap khac that bai.

— Xét phuong trinh - M(x, y)dx + N(x, y)dy =0 hay phuong trinh M(x,y)+N(x,y)y’=0 ,

trong do aﬂ (x,y) # 87N
oy Ox

Phuong trinh trén chua 1a phuong trinh vi phén toan phan. Ta sé& bién ddi va dua vé dang phuong
trinh vi phan toan phan nhu trong doan 2.3 .

(x,y) :

Ta sé dung ky hiéu M, thay cho aaﬂ , va dung ky hiéu Ny thay cho i—N .
) X

2.8.1. Phuong phap gidi.
Xét phuong trinh vi phan  M(X, y)dx + N(x, y)dy =0 véi My# N,.
Nhan hai vé ciia phuong trinh cho mdt ham p(x, y) ( luén khac 0 trén mién dang xét), ta duoc
u(x, yM(X, y)dx + p(x, y)N(x, y)dy = 0 . (*)
Ham p dugc chon sao cho (*) co6 dang phuong trinh vi phan toan phan.
Ham p trong phuong phép nay dugc goi la thira sb tich phan.

Sau day la dinh 1y lién quan t6i viéc chon thira s6 tich phén p.
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2.8.2. Pinh Iy
Xét phuong trinh vi phdn  M(x, y)dx + N(x, y)dy = 0 va My # N,. Khi do:

., (M, - N ,
a) Néu (%) lién tuc va chi phu thudc x (khong phu thude y), khi d6 mdt thira s6 tich phan
M, - N
-y X dXJ
N

(hang sb xuét hién khi tinh nguyén ham dugc chon tiy ¥ va thuong dugc chon bang 0).

cua phuong trinh trén la  u(x) = exp [ I

. (N, -M ,
b) Néu (%} lién tuc va chi phy thudc y (khong phu thude x), khi d6 mot thira sb tich phan

Ny -M,
cta phuong trinh trén la u(y) = exp J. M dy

(hang sb xuét hién khi tinh nguyén ham duoc chon tity ¥ va thuong dugc chon bing 0).

Chung minh
Ta thiy pMdx + uNdy 14 vi phan toan phan néu 2 tinh chat sau ding:
i) Cac dao ham riéng phan cép 1 ciia pM, pN lién tuc

i) % (W M) = % (1)

Tinh chit (i) thuong thudng ding. Sau day ta tim cach chon p dya vao tinh chit (ii).
Hg thuc (i) tuong duong voi
HyM + My = N + Ny
uyM — N = p(Nx — My) (**)
Viéc xac dinh p dua vao (*) thuong kho khan, do dé nguoi ta chi xét hai truong hop dac biét nhu sau:
e Truong hop py = 0 ( tirc ham p chi phy thude 1 bién x).
Phuong trinh (**) tr& thanh phuong trinh vi phan v6i ham can tim 1a p
M, - Ny
N
Phuong trinh trén c6 dang phuong trinh vi phan tuyén tinh cap 1, theo két qua trong doan 2.3 thi mot

0-uN=puNx-My) & px=p

‘a , \ NI My - Ny
nghiém ctia phuong trinh nay 1a u(x) = exp J. N dx |.

-N , .
% chi phu thudc bién x ( khong phu thude bién y). Khi d6 ta chon

Gia su
M, - N, .
u(x) = exp -[T dx [, dé thay pu thoa phuong trinh (**).

Tinh chit (a) cta dinh 1y da dugc ching minh.

e Trudng hop p, = 0 (tirc ham p chi phu thuge 1 bién x ). Tir (*) ta co puyM = u(Nx — My)
Phuong trinh (**) tr& thanh phuong trinh vi phan v&i ham can tim 1a p
N, -M,

mM-0=pMNx-My) & uy =u M

Phuong trinh trén c6 dang phuong trinh vi phan tuyén tinh cp 1, theo két qua trong doan 2.2 thi mot

 n , \ \ \ Nx - My
nghiém ctia phuong trinh nay la u(y) = exp I — M dy |.

y

M . .
Gia su TX chi phu thudc bién y ( khong phu thudc bién x). Khi d6 ta chon

N, -M x 2
wy) = eXpU % dyJ , d¢ thay p thdéa phuong trinh (**).

Tinh chit (b) cua dinh 1y di dugc chimg minh.
2.8.3. Thi du Hiy giai phuong trinh vi phan y(1 + xy)— xy’ = 0 trén mién (0,+).
Loi giai
— Phuong trinh vi phan c6 dang M+ Ny’ =0 < Mdx+ Ndy=0, vdi M= y(1 + xy) va N=-x.
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0 2
M, =—(y+xy°)=1+2xy
voooy

Tacod 5
NX = & (—X) =-1

Do My # Ny ménta s€ tim thira s tich phan p .
Ta c6 My— Ny = (1 +2xy) — (- 1) =2 (1 + xy). Chia biéu thirc nay 1an lugt cho M va N, ta thdy viéc
chia cho M cho ra két qua dac biét.
M, -N. 20+ 2 N,-M, _ .
T _2040) 2 Wx =My =2 chira bién y, khong chita x).
M yd+xy) vy M y

Ta co

Chon thira s6 tich phan p(y) = eXpU _y—2 dyJ _ g 2otk _ % (k duoc chon bing 0).
y

— Nhén hai vé ctia phuong trinh ban dau cho iz ta dwoc phuong trinh dang vi phan toan phan
y

Lt xy dx—%dyzo
y y

Duva vao

oF 1+x
Ty =—2
ox

oF X
—(x, )=
)% y?

2
X

ta tim dugc F(x,y)=£+—.
y 2

Phuong trinh vi phan tré thanh
2

dF(x,y) =0 < F(x,y)=C, < Lr%zc1
y

2.8.4. Thi du Hay giai phuong trinh vi phéan (Zx2 +y)dx + (xzy —x)dy =0 trén mién (0,+00).
Loi giai
— Phuong trinh vi phan c6 dang Mdx + Ndy =0 voéi M=2x> + y va N= xzy —X.

. O h2 o _ 1 o 9 2 _
Taco M, :5 2x"+y)=1va Ny :&(x y —X) =2xy — 1.

Do My khac Ny nén ta sé& tim thira s tich phan p.
Taco My — Ny=1- (2xy — 1) = 2(1—xy). Chia biéu thtrc nay 1an lugt cho M va N, ta thdy viéc chia
cho N cho ra két qua dac biét.

My -Ny 20-xy) -2

N x(xy — 1) x

Chon w(x) = exp U -2 dxj = exp(— 2 ln|x|) =x 2.
X

(hang s6 xuét hién khi tinh nguyén ham da duoc chon bang 0).

— Nhan hai vé ciia phuong trinh vi phan ban dau cho % ta dugc phuong trinh dang vi phan toan
X

phan nhu sau: (2 + LJ dx + (y - l} dy =0.
x2 X

oF y
—(x,y)=2+—=
7% oY) 2

Dua vé
ua vao oF 1 5
— x5 y)=y-—
oy X
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2
ta tim dugc F(x,y)= 2x — RS
X

2
Phuong trinh vi phén trd thanh
dF(x,y)=0< F(x,y)=C
2 N 4
o2x - L+ Y = C véi Cl1a hing sb.

X
Bai tap: Bai tap 83 va bai tip 84 (& cubi chuong 1).

3. PHUONG TRINH DA‘GIAI RA POI VOI PAO HAM
3.1 Gidi thidu bai todn diéu kién dau.

Cho (Xo,yo) thudc mét mién D trong R Ham f 13 ham hai bién x4c dinh trén mién D. Bai toan
(P) duogc quan tam trong doan nay la tim nghiém cua phuong trinh vi phan

Y = f) (.1a)
va nghiém nay thda dicu kién dau
y(x,) =y, (3.1.b)

— Nghiém y 1a ham thyc theo bién x va x4c dinh trén mot khoang I nao d6 trong R.
— Y nghia hinh hoc ciia diéu kién dau y(x,)=y, 1a dudng cong tich phan qua diém (x.,y.).

Chii thich: — Mién D trong chuong nay duoc hiéu 1a tap mo lién thong trong R*,

— Phuong trinh (3.1a) dwoc goi 1a phwong trinh di giai ra d6i véi dao ham.

— Bai toan doi hoi dudng biéu dién cta nghiém qua mét diém cho trude nhu trong bai
toan (P) dugc goi 1a bai toan Cauchy.

3.2. Dinh Iy vé sw ton tai duy nhit nghiém
3.2.1 Dinh ly

X¢ét bai toan
{/=f&y) ®
y(xo) =Yo

Gia suir
i) DIa hinh chit nhat [x, —a, Xo +a] x [yo — b, yo + b], v6i a va b 1a céc s6 duong.
i1) Ham hai bién flién tyc trén D.

«aof .
iii) Pao ham riéng 6— ton tai va lién tuc trén D.
y

Khi d6, bai toan trén co nghiém duy nhat y = y(x) trén doan x, — 8 < x < X, + 3,

trong d6 & = min {a, 11\)/1} v6i M 1a mot chan trén cua ftrén D.

3.2.2 Chii thich
Do D 1a tap déng va bi chan trong R?, dong thoi flién tyc trén D nén chin trén M ton tai (hiru
han).
Bai tap: Bai tap 85 ( & cudi chuong 1).
Bai tdp: Baitip 86 tgi 104
Bai tap: Tur bai tap 105 tdi bai tdp 118 chi danh cho sinh vién gioi.

3.3 Y nghia hinh hoc ciia béi todn (P) trong 3.1

Tai mdi diém trong mién D, ton tai mot doan thing nhan diém do 1a trung diém va c6 hé s6 goc 1a
f(x,y). Tap hop tat ca cac doan thang nay duoc goi la trwong hwdng dbi v6i dudng cong tich phan.
Neu dudng cong tich phan qua diém (x,y) thi dao ham tai d6 bang f(x,y), tirc duong cong tich phan
tiép xtic v6i doan thing cua trudng hudng.

Buong cong tich phan img véi bai toan (P) la duong cong qua diém  (x,, y,) va tiép xtc doan thing
clia trudong hudng tai mdi diém ma duong cong nay di qua.
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3.4 Phuwong phap do thi

Xo)=Yo

Phuong phap d6 thi dugc dung dé v& dudng cong tich phan ma khong can giai ra nghiém  y = y(x).
Phuong phap nay gdm cac budc sau:
a) V& cac diém (x, y) phén bb déu trong mién D v&i mat d cang cao cang tot tap hop cac diém nay
dugce goi 1a tap V. Tai moi diém (x, y) ctia tap V, ta vé& mot doan thang ngan c6 hé s0 goc 1a f(x, y),
doan thang nay dic trung cho trudng hudng tai diém (x,y). Cac doan thing nay cho ta hinh anh mot
truong huodng.
b) Tir (Xo,¥o), V& dudng cong lién tuc sao cho tinh chat sau dugc thoa:

Tai cac diém thudc tdp V ma duong cong di qua, duong cong tiép xtc voi doan thing dic trung
cho trudong hudng tai diém do.

Bai tp:
Xét bai toan (P) {

; =f(x, y)
Xét bai toan (P) trén mién D nhu trong doan 3.1: { ( Y
y

y'=x-y
y(0)=1
a) Hay ding phuong phap db thi dé vé dudng cong tich phén cta bao téan trén.
b) Hay giai bai téan nay dya theo dinh ly vé phuong trinh vi phan cap 1 tuyén tinh.
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BAI TAP CHUONG 1
Hiy tim nghiém cua phuong trinh vi phin bang phuong phép tach bién

1 @ _ 2xy Pap sé: y = ke*
dx

2) %=3xze_y, y(0)=2 Dip s6:y = In (x* + %)
X

2
Chii thich: Mién xdc dinh cia nghiém trén la [—63 o+ oo}

3) ﬂ:2)6()12-1-1) Dap sb: y =tg (x* + C)
dx

Chii thich: Ham s6 & ddp s6 khéong xdc dinh khi x* + C = k%

4) (1+x)dy—ydx:0 DPap s6:y=C (1 +x)
5) ﬂ:—_x 1—)2’1ps€:):xz+y2=C2
dx y
dy X o Z 2
6) —=——;y(4)=-3 bapso: y=—25-x";-5<x<5
dx y
4x
n Doy Pip sé: y =20
dx 1—ce™
8) (ezyV —y)cosx% = eysian,y(O) =0 Dap s6: ¢ + ye? + e¥=4 -2cos x
X
2
9) ﬂ=ze’ Dap s6: x =-In e-L
dt 2
10) %4‘ 4y = y(e” + 4) Dap sb: y = cef(gil)
dx 2 . r
11) —=r"(1+x bapso:x=tg| —+C
) o ( ) p g ( 3
2l
12) §+2s:st2;s(0)=l Pap s0: s=e[3J
t
dy > . 3x
13) x*—=+y’=0;y(1)=3 Dap s6: y =
) Xt =) PR TS
14) yy'=¢* Pap sb: y =+/2e* +C
15) e"(x'+1)=1;x(())=l Dap sb: X=ln(1—le_tej
. 4 1
16) d_y: sin 5x bap s6: y =——cos5x+C
dx 5
17) dx+e’*dy =0 Pap s6: y = le_S" +C
3
18) Z_y: e Pap sb: —3e ™ =2 +C
X

3 -1

19) (e* +1) edx+(e* +1) e"dy =0 Dapsé: (e*+1)” +2(e’ +1) =C
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dy _ xy+3x-y-3

20) L = Pap sb: (y+3) e* =c(x+4) ¢
) dx xy—-2x+4y-8 P (y ) ( )
21) ﬂzx 1-y? Dap sd: y = sin £1X2+C]
dx 2
dx T . 3n
22) —=4(x*+1); x| = |=1 Dap so: x =tg| 4t ——
) g e (4) P g( 4)
1
—{1+=
23) ij—yzy—xy;y(—l)z—l Dap s0: xy:e( ")
X
M 1
24) dy _2+sinx (0)=2 Dap s6: y =1+(2x —cosx +2)3

dX 3(y_1)2’y

3
25) y' =2 . y(0)=1 Pip sé: y* —2y> +41n|y|=x* —4x—1
y -y +1
Hay dwa vé dang phwong trinh vi phan tuyén tinh cap 1 vd tim nghi¢m.
26) y’ +3y=3 Dap sb: y = Ce™
27) %z_ZXY;Y(l)=1 Pap sb: y=e'™
X
28)y' =y +x% y(0)=1 Dap s6: y = 3e*-(x*+2x+2)
chii thich sze_"dx = —(x2 +2X + Z)e”‘
29) i—?zx—l;x(O)zl Pap sd: x =1
dy . ST G |
30) ——-7y=x bapso: y=-Ce™* ————
) psosy 749
dy 2 (A x 2
31) ——y=x"+2 bapso: y=Ce" —x"-2x—-4
dx
32) g—3y:6 Pap sb: y =2+ Ce™
dx
dy — y4ax S-S 4. .x 4
33)Xd——4y—xe bap so: y=xe" —x"e” +cx
X
dy . C
2 _ , A, _
34) (X —9)&+X}I—O béap so: y = -
X =9
dy , X -X
35)d—+y:X;y(0):4 Pap sb: y =x—1+5e
X
dy , I, 0<x<l1
36) —+y=1(x) véi f(x)= vay(0)=0
)dx Y () () {0, x>1 y(©)
Do <4 1-e™™; 0<x<1
ap so: y =
Y (e-1)e™; x>1
d 4 1
37)_y+y:e3" Paps6: y=—e™* +ce™*
dx 4
38) X’y'+xy =1 Paps6: y=x"Inx+cx ;x>0

d ) .
39) xd—y—y=x25mx Dap sd: y =cx —xcosXx; x>0
X
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. 1 C
40) X%y’ + x(xH2)y = & Dép s6: y = Fe* +—e ", x>0
X X
41) ydx-4(x+y®)dy = 0 Pap sb: x =2y + cy’, y> 0
dy ) . ) T yis
42)cosx—+(sinx )y =1 Pap s6: y=sinX+ccosX; ——< X <—
) cosx—~ (sinx)y pso:y 5 5
. 22—
43)xy’ +y=¢ey(1)=2 Dépsé:yze—+ e;X>0
X X
d .
44) (X+1)d—y+y =Inx; y(l) =10 Pap so: (x+1)y =xIlnx —x +21;x >0
X

45) Ld—1 +Ri=E, 1(0)=1, v6iL, R, E, i, la cac hang so
t

E E) X
Papsd: i=—+|i,—— |e L
P R ( 0 Rj
Hay tim nghiém ctia mdi phuong trinh vi phan sau néu ¢é dang vi phan toan phan .
46) 2xydx + (x> —1)dy =0 Pap sb x’y—y=0
47) [e® —y cos(xy)]dx +[2xe* —x cos(xy) +2y]dy = 0

Pap sb xe™ —sin(xy)+y  +¢c=0

dy xy’—cosxsinx

48 ,y(0)=2 Pap s6 > —(1-x")—cos’ x=3
)dx -2 ¥(0) psd ¥y~ —( )
49) (2x+2y2)+(4xy+3y2)? =0 Pap sb x> +2xy° +y’ =C
X
50) (2xy + 1)+ (x> +4y)y'=0 Papsé x’y+x+2y° =C
51) 2x +14+2y>) + (4xy +3y?)y'=0,y(0)=—1 Dapsd 2xy’ +y’ +x° +x =—-1
52) 2xy —(4y’> +xy)y'=0 Khong cé dang vi phéan toan phan
dy . x>y’
53) (e"+x)+y—=0 bapso: e +—+=—=
ety g P 2 2
54) (x2 + 4y)y' =2xy+1 Dap s6: Khong c6 dang vi phan toan phan
55) Zd—y:—t Pap sb: ? + 22=C
dx
dy dy , y’
56) (x° —3y’x )= =y’ -3x’y-—y—= Pap sb: X’y —xy’ + 2=
) (X7 =3y’x) =y -3y -y~ psb X'y —xy’+=

57) xcos(xy)dy +[ycos(xy)—2x]dx; y(1)=2  Dép sd: sin (xy) - x> =sin 2 — 1

58) (sint+t2ey —3)3—y+(ycos t+2tey) =0, y(gj()
X

2
Dap sb: y sint + t’e? - 3y = %

d . . \

59) (3'[2X -x’ ) — (t3 + 3X2t)d—y = (0 Dap s0: khong c6 dang vi phan toan phan.
X

Hiy tim nghiém cua mdi phuong trinh sau néu né ¢6 dang phuong trinh vi phan ding cép.

dy _x-y

Pap sb: x> —2xy—y* =C
dx x+y

60)
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dy 2 2 . X 1
61) x> =y’ —xy+x>:y(1)=2 bapso: y=x|1—-————
)X ==y —xy+xhy(l) pso: y ( ln|X|—1J
Huéng dan: (v - 1)_2 dv=x"dx véi v=2
X
62) y’ :(xy—xz)d—y Dap sb: X—ln|y| =C
dx X
Huéng dan X@ - siu=Y
dx u-1 X
1
S t2+8§° : ) 1)
63) S— = :S5(2)=1 DPapso: S(t)=t|In| —| +—
1S = +S0) P (){(2] 4}
X 1 g S
Hudng dan: udu =-dt vai u:?
t
dy dy d s s
64) x—=2y—+x-3 bap so0: Khong c6 dang dang cap
dx dx
cos -1 . . .
65) d_y:ﬂ bép s0: Khong c¢6 dang dang cap
dx Xy
66)t((11—)t(:t+2x Pap sb: x =ct’ — t
67) (x2+y2)dy+2xydx=0 Pap sb: y’ +3yx’ =C
dy _y-6x : 1 4
68) — = ;y(0)=1 Dapso: (y—3x)5(y+2x)5 =1
) 2X_yy() psor (y—3x)s (y+2x)

69) )(23—32—(4)(2 +xy+y2)=0; y(1)=—1

A -1
bapso: y= 2xtg{21n|x| +acrtg (TH

N t-N ,
700 N _ N N0y =2 Piép sé: N” + 2Nt —t* =4
dt  t+N

Hiy tim nghiém cia mdi phuong trinh sau néu c6 dang v’ = h (ax +by) véi a va b 1a cic hing
s0.

dy o 3(1-e™

71)d—X:(—2x+y)2—7;y(0):0 Dap s6: y = 2X + (1+e6" )

72)dy—(x+y+1)2dX:0 Dap sb: y:—x—1+tg(x+C)

73) dy = (2+fy - 2x+3 ) dx Pap s6: 4(y —2x+3)=(x+C)’

74) 3—y =tg’(x+y) Pap sb: 2y — 2x +sin2(x +y) =C
X

dy 2 3 , A A r
75) d_ = (2X + y) +1 bap s6: Khong c6 dang y’ = h(ax = by)
X
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Hay tim nghiém ctia mdi phuong trinh vi phan sau néu n6 c6 dang phuong trinh vi phin
Bernoulli

d . 1
76) X—y+y=X2y2 bapsd: y=—5——
dx -X" +cx
, x dy 1 2 C .
Huong dan: —+—y =Xy~ ¢6 dang Bernoulli véin =2
dx x
d 1 .
7T x L ry=— Pap sb: y* = 1+ ex?
dx y
dy 3 L3 1 3
78) —=y|xy -1 bap so: =X+—+ce’
) o=y(xy' =) psd: y 3
d L
79) tzd—i]+y2 —ty Piap sb: e = ct
dy 4 1 £, -3 9 4.4 &
80) x*— —2xy =3y*: y(1)== Dap so: =——X +—X
) X" —=2xy =3y y(1)=7 pso:y™ =2 5
< Ak . T . axX+bx+c, .
Hay tim nghiém cua moi phuong trinh vi phan sau néu n6 c6 dang y'=—— véia,,
a,x+b,x+c,

a, by, by, €1, > 1a cac hang so.

d 4x -3y +13

(U

dx Xx—y+3

Huédng dan: Pitx =t—4;y =u—1
dt t—u

x+4 R
—7=ln‘c(y—2x—7)‘ voi C:ge 3

81)

y—2x—
d_y_(4x—3)y+1

82)
dx 2x-3y+2

Dap s0: Khong co6 dang nhu dé bai yéu cau.

Hay dung thira sd tich phan dé dua vé dang vi phan toan phan va tim nghiém cua céc
phuong trinh vi phéan sau:
83) (X2 —y2)+2xyy' =0
Huéng dan:
Phuwong trinh c¢6 dang M dx + Ndy = 0
M -N_ 2y-2 2
Tacé: — = Y=<y =——
2xy X
Chon thira sé phdn tich

n(x)= exp(j%dxj = exp(—21n|x| . C) = X—12 (chon C thich hop)

Suy ra %[(xz —y’ )dx + 2xydy] =0

2
y 2y
[1__2de+_dy =0

X X


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

