Chuong 4:

Tich phan

GV. Phan Trung Hiéu
§1. Nguyén ham
§2. Tich phan xac dinh
§3. Cac phwong phap tinh tich phian

I. Nguyén ham:

Pinh nghia 1.1. Cho ham s /' xac dinh trén
khoang D.

Ham s F dugc goi 1a nguyén ham cia ftrén D
& F'(x) = f(x), Vx e D.

Vidu 1.1:

* x2 1a nguyén ham ctia 2x, vi (x*)" = 2x.

* x2 + 3 la nguyén ham cua 2x, vi (x> +3)' = 2x.
« x2+ C (C 1a mot hang sd) 12 nguyén ham cia
2x, vi(x* +C) =2x.
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Il. Tich phan bat dinh:

Pinh nghia 2.1. Tich phin bét dinh cia ham
s6 f trén D 1a biéu thirc dién ta tong quat cia tat
ca cac nguyén ham cuia ftrén D.

Tich phén bat dinh (Ho nguyén ham) cua f dugc
ky hiéu la If(x)dx ,

trong dé _[ : dAu tich phan.
x: bién 14y tich phan.
f(X): ham 1y tich phan.
f(x)dx : biéu thirc du6i diu tich phan.
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Dinh 1y 1.2. Véi C la mdt hang s6 tiy ¥, néu
F(x) la mot nguyén ham cua f(x) trén D thi
F(x) + C ciing la mot nguyén ham cua f(x) trén
D. Nguoc lai, moi nguyén ham cia f(x) trén D
déu c6 dang F(x) + C.
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Nhu vy, nguyén ham va tich phan bét dinh 1a 2
thuét ngit chi cing mdt ndi dung, ta co6

j f(x)dx=F(x)+C < F'(x)= f(x)

Vidy 1.2 [2xdx=x"+C vi (") =2x.




B Tin ohat |

0 j k.f(x)dx = kj F(x)dx v6i k 13 hang sé khac 0.
@ [/ g(0)]Jdr = [ f(0)dxt [ g(x)dx.

® [ f(x)dx = f(x)+C.

® ([ rwar) = rw.

nr

® [rear=o

@ —Ef(X)dx = ij(X)dx

® Tk. f(x)dx = k.f f(x)dx v6i k1a hing s
® Ij[ f(x)£g(x) |dx = j fdx f g(x)dx

b c b N
® [fOodx={fx)dx+[forde Vv6icnam gittaa va b

® f(x)20 trén [a.b] = | f(dx >0,
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IV. Bang tich phan co ban:

Xem Bang 4.

I. Cong thirc Newton-Leibniz:

Pinh ly 1.1 (Céng thirc Newton-Leibniz).
Néu ham s6 fx) lién tuc trén [a,b] va F(x) la
mot nguyén ham cua f(x) trén [a,b] thi tich
phén xdc dinh cia f tira dén b la

[fGdx=Fx)[ = F(b)- F(a)




et

Tinh tich phan bang cdch ding cdc céng thire
tich phan co ban, cong thirc Newton-Leibniz.
Vidu 3.1. Tinh

a)fxsdx b)j(2x+ 1)" dx
C)'E% d)i 1 jb;x

®Csc tinh chat cua tich phan bat dinh va xéac
dinh.

©Hing ding thuc.

®Bién d6i lwong giac.

@Nhan, chia lugng lién hiép.

Dang 3: Phwong phap déi bién sé loai 1

*Y twong chinh: Dit ¢ = biéu thic thich hop
sao cho biéu thac con lai trong ham $6.
Néu chua dat duoc thi ta tim cach bién doi
ham sé. ¢ =
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oz

Tinh tich phin bang cdach bién doi ham duéi
dau tich phdn, dua vé tich phan co ban. Cac
phép bien doi hay dung la

O Tich—>nhan phan phoi > Tong.

e’ +b_a b

+ =
Cc c cC

x X
Vi du 3.2. Tinh :
a)J(7x2 X4 12 )dx b)_..(x2 +D/xdx
5 cos'x 0
(1+e")2 3 X
C)Ide d)£2cos25dx
7
dx
2 —_—
e)jtan xdx f).!m+m
g)J-\/x2+1+ 1-x° e 0 j" dx
1-x* 77+ 37 +2

©Tich phan dang: |7 = [ [u(x)]u'(x)dx

Buwéc 1 (d6i bién): Dit 1 =u(x) = dr =u'(x)dx
Budc 2 (thay vao tich phan):
I[=[f@dt=F()+C=F[u(x)]+C




@Tich phéan

dang: |/ = ’j S [u(x)]u' (x)dx

Budre 1 (d6i bién): Dat 1 = u(x) = dt =u'(x)dx

Budre 2 (dbi can):

x‘a‘b

Budce 3 (thay vao tich phan):

u(b)

I= j f()at

u(a)
(cdn méi, bién méi).

t | ua) | u(b)
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*Déu hiéu ddi bién thwong gip:

cotan x va

Dang bat
1

cos’ x

t = tanx

. L1
cocotxva —

Sin- x

1= cotx

cO arcsinx va >

1

1-—x

¢t = arcsinx

cO arccosx va

1

1—x

2

t = arccosx
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Co bat
(u(x))" t=u(x)
can t=can
e +a t=e"+a, a = const
Inxva - t=Inx
X
1 1
- va — t=—
X X x
20
Dang bat
. 1
co arctanx va i ¢t = arctanx
cO arccotx va 5 t = arccotx
1+x
_[ f(sin x)cosx dx t=sinx
If(cos x)sinx dx t=cosx
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Dang

J. f(sin x,cos x)dx

sinx — —sinx
Thay
cosx > —cosx |t

£ khong dbi dau

=tanx

Thay sinx — —sinx

f d6i dau

t=cosx

Thay cosx — —cosx

f dbi dau

t=sinx

Téng quat

X
t=tan—
2
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Vidu 3.3. Tinh
a) Ix(l - 2)"dz

arccos x
9l dx

V1-x*

1
b)jx3\/1 —xdx
0
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rsin’x cos® x
l)-[cos(’xdx k)-[ sin® x dx
3 dx %
l)_[ : m) J. cos x cos 2xdz
o l+sinx o
dx sin x + cos
472 — 47 +5 sinx — cosx
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Dang 4: Phwong phap d6i bién s loai 2

Phwong phap (d6i bién):
bat x =u(t) = dx=u/(t)dt
% Déu hiéu dit thong thuong:

C6 pit
Je =) u(x)=asint, t [—” E}
22
e | s T3
W u(x)= atantte[ j

% Chu y: Khi tinh tich phan ham chira can, ta wu tién
dit ¢ = cin hodc nhan lién hiép trude. Néu khong dugc
thi ta méi nghi dén ddi bién loai 2.

Vi du 3.4. Tinh

a)Jx2V4—x2dx b)jx\/2—x2 dx
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Dang 5: Tinh tich phan ham hiru ti

J.gix; dx, P(x), O(x) 1a cac da thuc.

Phwong phap:

@ Bic tir > bdc mdu: chia da thirc.

@®Bic tir < bic mdu: Thir doi bién dat t =
mot biéu thie & mau. Néu khong duoc thi ta
lam nhu sau
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OMau co(ax+b)": Pit t=ax+b.
@®Mau 1a tam thirc bac hai ax® + bx + c:

*V6 nghiém va tich phéan c6 dang J.T ta
ax” +bx+c

bién d6i ax’ +bx+c=a’ +u’(x) , rdi dat
u(x)=atant.

(px+q)dx

ax® +bx+c

*Vo nghlem va tich phan c6 dang I ta tim

hé so A4, B sao cho
px+q  A(Ma"u) N B
ax*+bx+c ax*+bx+c ax*+bx+c
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C6 nghi¢m kép x,,  ta phan tich

ax’ +bx+c=a(x-x,)’
P(x) _ P(x)
ax* +bx+c a(x—x,)""
*C6 2 nghiém phan biét x; va x,, ta phan tich

ax’ +bx+c=a(x—x)(x—x,).
Tim hé sb A4, B sao cho
P(x) 4 N B
at(x—xl)(x—xz)_x—x1 x—x,

30
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®Mau 13 da thic bac 16n hon 2: Ta phan tich P(x) __4 B Cx+D
mau thanh rich dang liy thira cua nhi thirc hay (x—x,) (@’ +bx+c) x-x, (x—x,)° ax’+bx+c
iy thira clia cac tam thirc vo nghiém va tim cac P() 4 BetC DetE
A A = +
hé s0 nhu sau (x—x)(@x’ +bx+c) x-x, a’+bx+c (ax’ +bx+c)
P(x) A B C
= + + 5 12 — 0 v6 nohia
(x—x)(x—x,)(x-x) x-x x-x, x—x, trong d6 ax” + bx + ¢ =0 vo nghiém.
*Pic diém:
P) _ 4,8, C _Miu 14 liiy thira ciia nhj thirc (x - xp): T 14 dng.

2 2 <
(x—x)(x-x,) x-x x-x, (¥-x) -Mau 12 Ity thira cua tam thirc ax” + bx + ¢ v6 nghiém: Tt

P(x) A Bx+C 1a nhi thirc. ] ) .
= + * Cach tim cdc hé s6: Co bao nhiéu hé s6 thi 1an lugt cho
x nhan bay nhiéu gia tri thuoc TXD dé 1ap hé phuong
trong d6 ax* + bx + ¢ = 0 v0 nghiém. trinh. Tir d6, ta giai tim cac hé sb.
31 32

(x—-x,)(ax* +bx+c) x—-x, ax’+bx+c

Vidu 3.5. Tinh — —n .
.3 1 Dang 6: Phwong phap tich phan tirng phan
sin” x 4x+3 d . —
“ J2+Cosxdx )l‘ el x *Dau hiéu: co sy xuat hién cua 18 (In, l.og);
da (da thuc, phan thuc); lwgng (luong giéc);
) J- xdx (x+1)dx mii (e**?) 1ién hé v4i nhau bai phép nhan.
Q2x+1)° .[ 3y 42 * Phuong phap:
e)_[ (x*+1) f)I (x+2) Bl: Dit {u:f(x) :{du:f(x)dx
¥ 3% —4x—12 dv=g(x)dx  |v=Nguyén ham cua g(x)
) bat "y—d" theo thh tu vu tién la
2x°+3x+11 R \ , ~ 39
Imdx Nhat 16 nhi da tam lwgng t& mii
(dibng trudc thi dat u, dung sau thi dat dv).
B2: Dung cong thuc tich phén timg phan Vidu 3.6 Tinh
I
j”d" suv-— J.vdu a)jxcos xdx b)sze"dx
hodc | 0
b b nx 5
_[udv = ”Vr; _ _[vdu. c)f—dx d)J.x arccos xdx

e)I sin2xIn(2+cosx)dx f) j e’ sin zdx
0
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BANG 4. TICH PHAN CO BAN

) | [oax=C
@ | [dx=x+C Véi A#0:
. a+l . a+l
3) | [x*dx=2 -+ C (Ax+B)“dx:l-@+c (a#-1)
’ a+ ’ a+
e dx dx 1
@) | |—=Injx+C (x#0) y Bzzln‘Ax+B‘+C (Ax+B#0)
* X Y AX+
cdx -1 ¢ dx 1 -1
5 | [Z-"4C S S +C
)\ a=t Y(ax+ By A[Ax+BJ
cd -1 - 1 -1
(6) —f=—_1+ & ol —+C
X" (n-1)x" J(Ax+B)" A (n—-1)(Ax+B)"
- dx e % dk 2
7 T:zdhc (x>0) ——~ _-=JAx+B+C (Ax+B>0)
“x "JAx+B A
3 [4/x" dx = f Vx™" +C .”(Ax+B)mdx:%- " Y(Ax+B)"™" +C
* n+m c n+m
9) 1 dx=—" Vx"™™ +C ';dx:l- " Y(Ax+B)"™ +C
T4 xm n—m “Y(Ax+B)" A n-m
1 ax+b|
10 = In +C
(10) I(ax+b)(wc+d) ad —bc cx+d‘
11 ..exdx =e"+C [ o(4+8) g = %e(A“B) +C
. ax . 1 a(Ax+B)
12) | |a"dx= +C a Py =—. +C (O<a=#l)
. Ina . A Ina
(13) .'cos xdx =sinx+C [ cos(Ax + B)dx = %sin(Ax +B)+C
(14) ..sin xdx=—cosx+C .sin(Ax + B)dx = i}cos(Ax +B)+C
(15) | [ cotxdx =In[sina| +C cot( -+ B)ds =—lnsin(Ax + B) + C
(16) : tan xdx = —In|cos x|+ C [ tan(Ax + B)dx = _j}ln\cos(Ax +B)|+C
17 =tanx+C ' dx —ltan(Ax+B)+C
an || costx Y cos’(Ax+B) A4
. dx * dx _1
— _cotx+C T cot(Ax+B)+C
1s) | sintx O Jsin*(Ax+B) 4 cot(Ax+ B)
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