CAC BAI TOAN HINH KHONG GIAN

CAC BAI TOAN VE THE TICH CHOP
CAU 1) Cho hinh chép S.ABCc6 AB=AC=a, BC= % , SA=a+/3, SAB=SAC=30".
Goi M la trung diém SA , chimg minh SA 1L (MBC). TinhV,..

GIAI
Cho hinh chép S.ABC c6 AB=AC =a, BC = % , SA=aV3,
SAB =SAC=30°. 7
Goi M 1a trung diém SA , chiing minh SA L (MBC). "
Tinh Vg, ec
Theo dinh li c6sin ta c6:
SB’ =SA’ + AB> —2SA.AB.cos SAB =3a” +a° —2.a+/3.a.cos 30" =a’ A ¢
NI
Suy ra SB=a. Tuong ty ta cling c6 SC = a. R

Goi M 1 trung diém cta SA , do hai tam gidc SAB va SAC la

hai tam giac cdn nén MB L SA, MC L SA. Suy ra SA 1 (MBC).

Hai tam giac SAB va SAC c6 ba cip canh twong tmg bang nhau nén chung bing nhau. Do d6 MB =
MC hay tam giac MBC can tai M. Goi N 1a trung diém ciia BC suy ra MN L BC. Tuong tu ta ciing co
MN L SA.
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MN? = AN”* —AM? = AB* -BN* - AM®* =a’ _Gj _[_ MN =

Do d6 V, e == SM. S MN.BC _lafBaBa_& (dvtt)
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CAU 2) Cho tir dién SABC ¢6 tam giac ABC vuong can dinh B, AB = a; cac canh
SA=3SB=5C = 3a (a>0). Trén canh SA, SB lan luot ldy dlem M, N sao cho SM = BN =
a. Tinh thé tich khéi chép C. ABNM theo a.
GIAI

* Chan duong cao cua tr dién ha tir dinh S 1a trung diém H cta canh AC

a’\34
12

2
* CM duoc Vg e = 5'\/S.ABC

3
:>Vc ABNM — ! Vs ABC — 73 x/_
' 9 108

cau V. (1.0 diém) , i
Cho tt dién ABCD biét AB=CD =a, AD =BC =b, AC = BD = c¢. Tinh thé tich cua t& dién ABCD
GIAI

* Tinh duoc Vg ppc =

Qua B, C, D lan luot dung cic duong thang
Song song véi CD, BD, BC cit nhau tai M, N, P
Tacé MN =2BD, MP = 2CD, NP = 2BC

tir do ta c6 cac tam giac AMN, APM, ANP
vuong tai A bat x =AM, y=AN, AP=ztaco



2(a% +c? —b?), y = [2(b* +¢* —a?)
=2(a® +b* —c?)

Vay V = % J2(a? +c? —b?)(b? +¢? —a®)(a? +b’ —c?)
CAU 3) Cho hinh chép tir giac déu S.ABCD c6 tit ca cac canh déu biang a. Tinh theo a thé tich
khoi chép S.ABCD va tinh ban kinh mat cau tiép xuc véi tat ca cac mat ctia hinh chép do.
G

Goi O 1a giao diém AC va BD = SO L (ABCD)

Ta co: SO =+/SA? —OA? =, |a? -Zi:ﬂ.

2
Saaco =8 = Vs agco :Eaa\/?-

Goi M, N 1a trung diém AB va CD va | 1a tdm duong tron ndi tiép
tam gidc SMN. Ta chung minh I cach déu cac mét cua hinh chép

2a2\2 a\ﬁ(\ﬁ—l)
4(a+aﬁ) -

CAU 4) Cho hinh chép S.ABCD c6 day ABCD la hinh thoi ; hai dwong chéo AC = 2./3a,
BD = 2a va cat nhau tai O; hai mat phang (SAC) va (SBD) cung vudng goc véi mat

Sixsun = Pr=r= 1a ban kinh can tim.

phing (ABCD). Biét khoang cach tir diém O dén miit phing (SAB) bing #, tinh thé

tich khoi chép S.ABCD theo a.

GIAI
Tir gia thiét AC = 2a+/3; BD = 2a va AC ,BD vudng goc véi nhau tai trung diém O cua mdi dudng
chéo.Ta c6 tam gidc ABO vudng tai O va AO = a3; BO=a, do d6 ABD =60°
Hay tam giac ABD déu.
Tir gia thiét hai mét phing (SAC) va (SBD) cung vudng goc
v6i mat phang (ABCD) nén giao tuyén ciia chtng 1a SO L
(ABCD).

Do tam gidc ABD déu nén v6i H 1a trung diém cua AB, K 1a
trung diém ctia HB ta c6 DH L AB va DH = a/3; OK //

1 3

DH va OK =~ DH _a

Goi I 14 hinh chiéu cua o 1én SK ta ¢c6 Ol 1 SK: AB L Ol
= Ol L (SAB), hay OI 12 khoang cach tir O dén mit phang
(SAB).

— OK L AB = AB L (SOK)

Tam gidc SOK vudng tai O, OI 1a duong cao = 12 _ 1 >+ ! > = S0 = a
Ol OK® SO 2

Dién tich day S,uc;, =4S 0 = 2.0A0B = 24/3a7;
duodng cao cua hinh chép SO = a

Thé tich khdi chép S.ABCD:



1 J3a’
3

VS.ABCD = 5 SABCD'SO =

CAU 5) Cho tir dién déu ABCD c6 canh bing 1. Goi M, N 1a cac diém lan lwot di dong trén cac
canh AB, AC sao cho (DMN)_L(ABC). Diit AM = x, AN = y. Tinh thé tich tir di¢n DAMN theo x
va y. Chirng minh ring: x+y =3xy.

GIAI

Dung DH L MN =H
Do (DMN)_L(ABC)=DH L (ABC) ma D.ABC la

tir dién déu nén H 13 tAm tam giac déu ABC.

Trong tam giac vudng DHA: DH = DA? — AH? , ﬁ D
Dién tich tam giac AMN 1a S,,,, = ; AM.AN.sin 60° = 4 Xy . .

Thé tich tir dién D.AMN laV ==S,,,, .DH =~=xy e
3 12

Tacld: S, =Sawn + Sawm <:>%xy.sin 60° =%x.AH.sin30°+%y.AH.sin30° A
<& X+ y =3Xxy.
o s s (x+y)3 L. )
Trude hét ta co: x> +y ZT(blén doi twong duong) < ... (x—y) (x+y)=0

bat x +y+z =a.Khido
(x+ y)3+64z3 (a—z)3+64z3
a’ - a’

4P > = (1-t)’ +64t°

Xét ham s6 f(t) = (1 —t)° + 64t° véi te[0;1]. C

f'(t):3[64t2_(1—t)] f(t) = 0<:>t—% [0:1]

Lap bang bién thién

:Minf(t)—g: GTNNcuaPlag—datdu:ockhlx—y 47 > 0

te[0:1]
CAU 6) Cho hinh chép S.ABC cé chian dwdng cao la H trung véi tAim ciia dwong tron ndi tiép
tam giac ABC va AB = AC =5a, BC = 6a . Géc giira mit bén (SBC) véi mit day 1a 60°.Tinh
theo a thé tich va dién tich xung quanh cia khoi chép S.ABC.

GIAI

Goi M 1a trung diém BC —A , M, H thing hang
BC 1L AM — BC 1L SM — /SMH =60°.



AM=4a —>S,,. =12a%; p=8a—>r=ec _ 32 o\

p 2

—SH = %—)VS_ABC —6a°/3.

Ha HN , HP vudng goc vo1 AB va AC —-AB 1L SN; AC L SP
HM = HN = HP —SM =SN =SP =3a —S,, =3ap = 24a°.

CAU 7) Cho hinh chép S.ABC c6 SA=SB=SC= a\/_ Day 1a tam giac ABC can BAC = 1200, canh BC=2a
Tinh thé tich ciia khdi chép S.ABC.Goi M la trung diém ciia SA Tinh khoang cach tir M dén mit phang (SBC).

*  Ap dung dinh li cosin trong AABC c6 AB = AC = %

azx/§ . \ 1 . A 5 A _ _
3 Goi H 1a hinh chiéu cta S 1én (ABC), theo gt: SA =SB =

_1 . 0_
= SAABC = EAB.AC.SIHlZO =

SC > HA=HB =HC ,
= H Ia tdm duong tron ngoai tiép A ABC.

* Theo dinh If sin trong AABC ta c6: 2= = 2R = R = 22 = HA
sin A 3
~ . — 2 2 —_ a%
A SHA vudng tai H = SH = {/SA’ —HA? = 3
_1 _a\2
= Vs apc = 3 9AABC SH= =5
* Goi ha, hy 1an lugt 13 khoang cach tir A, M téi mp(SBC)
oM SM_L1 =1y
hy, SA 2 M 2A
. — A2
ASBC vudng tai S = SASBC =a
. 1 3V a2
* . - = — S.ABC —
Lai co: VS.ABC 3 SASBC'hA = ha - 3

Vay hy = d(M;(SBC)) = %

CAU 8)  Cho hinh chép S.ABC c6 day ABC la tam gidc vuéng cin dinh A, AB= av2. Goi I 1a trung diém
ciia

BC, hinh chiéu vuéng géc H ciia S 1én mit day (ABC) théa min: IA=-2IH, géc giira SC va mit day

(ABC) bing 60°.Hay tinh thé tich khéi chép S.ABC va khoang cich tir trung diém K ciia SB t6i (SAH).

*Ta c6 1A=—21H = H thudc tia dbi ctia tia IA va IA = 2IH
1A a
BC=AB+2 =2a :Al=a;IH= = > 75
AH:AI+IH:3?a
a5

*Ta c6 HC? = AC? + AH? —2AC.AH cos 45° = HC =



Vi SH L (ABC) = (SC:(ABC)) = SCH = 60°

SH = HC tan 60° =£

1 11 avl5 a*+vi15
*Vs asc :§SAABC'SH 255( \/5)2 2 = 5
Bl 1 AH
. — Bl 1 (SAH)
Bl L SH

Taco J(K(SAH)) _ SK zljd(K;(SAH)) =£d(B;(SAH) _lg -2

d(B:(SAH)) SB 2 2 2 2
CAU 9) Cho hinh chép S.ABCD cé diay ABCD la hinh thoi ; hai dwong chéo AC = 2/3a, BD =
2a va cit nhau tai O; hai mit phiang (SAC) va (SBD) cung vuéng géc véi mit phiang (ABCD).
Biét khoang cach tir diém O dén mit phang (SAB) bang #, tinh thé tich khoi chép S.ABCD
theo a. Q
Tir gia thiét AC = 2a+/3; BD = 2a va AC ,BD vudng goc
v6i nhau tai trung diém O ctia mdi duong chéo.Ta ¢ tam
giac ABO vuong tai O va AO = ay/3; BO=a, do do
ABD = 60° ‘
Hay tam giac ABD deéu.
Tur gia thiét hai mat phang (SAC) va (SBD) cung vudng
gdc véi mat phang (ABCD) nén giao tuyén cua chiing 1a
SO L (ABCD).
Do tam giac ABD déu nén véi H 1a trung diém ctua AB,
K 1a trung diém ctia HB taco DH 1 AB vaDH = a/3;

OK // DH va OK:%DH =a—23 — OK L AB = AB 1 (SOK)

Goi I'la hinh ghiéu cua Olén SK taco OI L SK; AB L Ol = Ol L (SAB), hay OI 1a khoang cach tur
O dén mat phang (SAB).
Tam giac SOK vuong tai O, Ol 1a dudong cao =

L1, L1 2 s0-2
o7~ OK? ' SO 2

Dién tich day S,qc;, = 4Ss0 = 2.0A0B = 24/38%;

dudng cao cua hinh chép SO = %.

Thé tich khdi chép S.ABCD:
1 J3a°
3

VS.ABCD = é SABCD'SO =




CAU 10) Cho hinh chép SABCD cé day ABCD la hinh vudng tim O, SA vudng géc voi day
hinh chép.Cho AB = a, SA = a+/2. Goi H va K l4n lwot 1 hinh chiéu vuéng géc ciia A 1én SB,
SD. Chirng minh SC L (AHK) va tinh thé tich khéi chop OAHK.

+BC vuong gboc voi (SAB)
= BC vuong goc véi AH ma AH vudng voi SB
= AH vuong goc voi (SBC) = AH vubng goc SC (1)
+ Tuong tu AK vudng goc SC (2)
(1) va (2) = SC vudng goc véi (AHK )

SB?> = AB> +SA? =3a> =SB =a\3

AH.SB = SA.AB :AH—a‘/_ SH_2a3f :SKzza;E

(do 2 tam gidc SAB va SAD bang nhau va cing vudng tai A)

Ta c6 HK song song véi BD nén % _SH = HK = 222 :

SB

ké OE// SC = OE L (AHK)(doSC L (AHK)) suy ra OE la duong cao cua hinh chép OAHK va OE=1/2
IC=1/4SC = a/2
Goi AM la duong cao cua tam giac cdn AHK ta c6

2
AM® = AH? —HM® =2 _am=22
9 3
1 la 1 N
VOAHK ZEOESAHK ZEEEHKAM: 27 (tht)

S

CAU 11) Cho hinh chép S.ABCD c¢6 diay ABCD la hinh thang vuéng tai A va D; AB = AD = 2a, CD = a; géc
giira hai mat phang (SBC) va (ABCD) bang 60°. Goi I1a trung diém cia canh AD. Biét hai mat phang (SBI) va
(SCI) cung vuong géc voi mat phang (ABCD), tinh thé tich khoi chop S.ABCD theo a.
Gidi:

Vi (SBI)va (SCI)vuong géc voi (ABCD) nén Sl L (ABCD).
Ta co 1B=a/5;BC =a5;IC =a/2;

3a5 .
5 1

Ha IH 1 BC tinh dugc IH=

3a\/1_5
e

Trong tam giac vudng SIH cé SI=IH tan60° =

Spscp = Saccp +Senc = 282 +a2 =3a%(E 1a trung diém ciia AB).

1 1, 315  3a°+15

V:§SABCDS|:3 5 = 5




cau V. (1.0 diém)
. pAU 12) Cho hinh chép S.ABCD diy ABCD la hinh thoi. SA =x (0 <x < \/§ ) cac canh con lai
déu bang 1. Tinh theé tich ctia hinh chép S.ABCD theo x

Taco ASBD =ADCB (c.cc) = SO=CO
Tuong tu ta c6 SO = OA
vay tam giac SCA vuong tai S.

= CA=+1+%*

Mit khac ta c6 AC? +BD? = AB® + BC? +CD? + AD?

— BD=+/3-x? (do 0<x<+/3)
= S ,500 :%\/1+ x?\[3-x?

Goi H 1a hinh chiéu cta S xudng (CAB)
Vi SB =SD nén HB = HD

= H e CO
o1 1 1 X
Ma = + =SH =
SH? SC? GSA? a/;LJF G

Vay V = %x«/3— x? (dvtt)

CAU 13) Cho hinh chép S.ABCD c¢6 day ABCD Ia hinh chir nhit véi AB=a, AD =2a. Canh
SA vudng géc voi mit phing day , canh bén SB tao véi mit phing day mot géc 60° .Trén canh
SA liy diém M sao cho AM = \3/?

chép S.BCNM
Tinh the tich hinh chép SBCMN ) )
( BCM)// AD nén mat phang nay cat mp( SAD) theo giao tuyén MN // AD

, |BC LAB .
Taco: { A — BC L BM . Tur giac BCMN 1la hinh thang vudng c6 BM la duong cao

, mit phing ( BCM) ciit canh SD tai N .Tinh thé tich khoi

Taco SA = AB tan60° = a+/3 |

f
MN _SM _ MN _ a3 - 2
& ==
AD  SA  2a a\ﬁ 3
suyraMN= %% BM=2%  Dien tich hinh
3 3
thang BCMN Ia :
2a+4—a
g = BC+MN . 3 [2a _10a’
2 2 «/5 3«/§ - ~

Ha AH LBM .Tac6SHL1BMvaBC L(SAB) = BC L SH. Vay SH L (BCNM)
= SH Ia duong cao cua khoi chép SBCNM

Trong tam giac SBA tacd SB = 2a, AB_AM _ 1 :

SB MS 2
Vay BM la phan giac cua goc SBA = SBH =30" = SH =SB.sin30° = a



10x/§a3
27

, 1
Goi V la thé tich chop SBCNM taco V = ESH (dtBCNM) =

CAU 14)Cho hinh chop S.ABC ¢6 AB = AC = a. BC = g SA=ay3,

SAB = SAC =30°. Tinh thé tich khoi chop S.ABC.
av3 3 a_a

Theo dinh 1i c6sin ta c6: SB* = SA® + AB* —2SA.AB.cosSAB =3a” +a° —2.a+/3.a.cos 30" = a’
Suy ra SB=a. Tuong tyu ta cling c6 SC = a.

Goi M la trung di€ém cia SA , do hai tam gidc SAB va SAC la hai tam

giac can nén MB L SA, MC L SA. Suy ra SA L (MBC).

Tacod Vg, = Voume + Varpe = %MA.SMBC +%SA.SMBC = %SA.SMBC

Hai tam giac SAB va SAC c6 ba cip canh twong (mg bang nhau nén
ching bang nhau. Do d6 MB = MC hay tam giac MBC can tai M. Goi
N la trung diém cua BC suy ra MN L BC. Tuong tu ta cling c6 MN L
SA.

2
MN? = AN? —AM?> =AB> -BN? -AM?’ =a’ - _ a‘/— _3a”
4 2 16

:MN—a;{_

Cau 14 ) Cho hai hinh chép S.ABCD va S’.ABCD c6 chung day la hinh vuong ABCD canh a. Hai
dinh S va S’ nidm vé ciing mdt phia ddi véi mit phing (ABCD), ¢6 hinh chiéu vudng géc 1én day lan lwot
13 trung diém H ciia AD va trung diém K ciia BC. Tinh thé tich phin chung ciia hai hinh chép, biét
rang SH = S’K =h.

SABS’ va SDCS’ 14 hinh binh hanh => M, N 1a trung diém SB,
S ’D V VS ABCD VS.AMND

VS AMND VS.AMD +VS.MND ;

VSAMD _%_E.VS.MND _% %_1
Viweo SB 2'Vigp SB SC 4°
1
VS.ABD :VS.ACD :_VS.ABCD ;VS.AMND :§VS.ABCD =V = §VS.ABCD
=V =£a2h
24

Céau 15 ) Cho hinh chép SABCD c6 day ABCD la hinh vudng canh a, tim O. Canh bén SA vudng géc
voi mp (ABCD) va SA = a; M 1a trung diém canh SD.

a) Mit phing (o) di qua OM va vudng goc véi mit phing (ABCD) cit hinh chép SABCD theo thiét dién
13 hinh gi? Tinh dién tich thiét di¢n theo a.



b) Goi H 1a trung diém ciia CM; I 1a diém thay ddi trén SD. Chirng minh OH L (SCD); va hinh chiéu

ciia O trén CI thudc duwdng tron cb dinh. <

a. K¢ MQ//SA => MQ L (ABCD) = (a) =(MQO)
Thiét dién 14 hinh thang vuong MNPQ (MN//PQ)
_ (MN+PQ).MQ 3a’

S, = > 5 (avdo
b

AAMC :OH //AM, AM L SD, AM LCD = AM L (SCD) = OH L (5GD) ,

Goi K 1& hinh chifu cia O tén  CI

= OK LCI,OH LCl =CI L (OKH)=CI L HK

Trong mp(SCD) : H, K ¢6 dinh, gbc HKC vuéng => K thugc °
duong tron dg kinh HC P ¢

Céau 16) Cho tir dién ABCD c6 ba canh AB, BC, CD d6i mot vuong goc véi nhau va AB=BC =CD =a.
Goi CO va DO 1an luot 12 hinh chiéu cia diém B trén AC va AD. Tinh thé tich tich tit diéen ABCDC.

CAU 4. Vi CD L BC,CD L AB nén CD L mp(ABC) va do d6
mp(ABC) L mp(ACD).Vi BC'L ACnén BC L mp(ACD).

5 . 1 Tall 1
Suy ranéu V la thé tich tt dien ABC’D’ thi V = §dt(AC D").BC'.

av2
Vi tam gidc ABC vuong can nén AC'=CC'=BC'= —

Tacé AD? = AB? + BD? = AB? + BC? + CD? =3a? néen AD =a+/3. Vi BD’ I dudng cao cua tam gidc vuong

%. Taco
2 2 3
dt(AC'D") = = AC" AD'sin CAD = * Ac'.AD" £P _laV2a/s 1 _a'V2 vayV =22 a2 &
2 2 AD 2 2 3 J3 12 312 2 |36
Cau 17 ) Trén dwong thang vudng goc tai A v6i mit phang cia hinh vuéng ABCD canh a ta
lay diém S v6i SA = 2a . Goi B’, D’ 1a hinh chiéu vudng géc ciia A 1én SB va SD. Miit phing
(AB’D’) cat SC tai C’. Tinh thé tich khéi da dién 4ABCDD’ C’ B’.

ABD nén AD'.AD = AB?, Vay AD'=

+ Trong tam giac SAB ha AB' 1 SC.

Trong tam giac SAD ha AD' L SD.

D¢ c6: BC L SA, BC L BA= BC 1 (SAB)
Suyra: AB'LBC,ma AB' L SB. Turdo co
AB' 1 (SAC)= AB' L SC(1).

Tuong tu ta cd: AD' L SC(2). Tu (1) va (2)
suyra: SC L (AB'D)=B'D'LSC.

Twr d6 suyra: SC' L (AB'C'D")

1 1,1 ZZT\Ea

+ Ta c0: -=——+——>= AB'
AB* SA® BA




= SB'=+/SA’ - AB"” :‘/4a2—ga2 :ﬁa, SB =+/SA% + AB? =+/5a.

. SB' 4
Suyra: —=—;
SB 5
Lai co B’D’// BD (cung thuoc mp(SBD) va cung vuong goc véi SC) nén

B'D'L AC' (vi dé c6BD L (SAC) nén BD L AC").

Xét hai tam giac dong dang SB’D’ va SBD suy ra: BD'_SB'_4
BD SB 5
L1 11 2\3a 26
Ta co: = + = AC'="""=SC'=ySA’-AC?="—a
AC? SA® AC? 3 3
. 1 11 16
+Taco: V, soep ==Srpep.SC'==.=B'D'.AC'SC'=—a’.
S.AB'C'D 3 AB'C'D 3 2 45
Vs asco :%SABCD.SAzéaS. Suy ra thé tich da dién can tim la:
VvV 14

— cp ———a .
S.ABCD ~ VS.AB'C'D
45

Cau 18) Cho hinh chép S.ABCD c¢é day ABCD la hinh thoi ; hai dwdmg chéo AC = 2/3a, BD = 2a va cit
nhau tai O; hai mit phang (SAC) va (SBD) cing vudng géc véi mit phiang (ABCD). Biét khoang cach tir diém O

. . . av3 2 .
dén mat phang (SAB) bang Tf , tinh thé tich khoi chép S.ABCD theo a.

Tir gia thiét AC = 2a/3; BD = 2a va AC ,BD vudng gdc voi nhau tai trung diém O ciia mdi dudng

chéo.Ta c6 tam giac ABO vudng tai O va AO = ay3; BO =a, do d6 ABD = 60°

Hay tam giac ABD déu.

Tur gia thi€t hai mét phang (SAC) va (SBD) cung vuong goc véi mdt phang (ABCD) nén giao tuyén
cua ching la SO L (ABCD). 7 9

Do tam giac ABD déu nén véi H 1a trung diém ctia AB, K 1a trung diém ctia HB ta c6 DH L AB va
DH = ay3; OK // DH va OK:%DH =""—23 — OK | AB = AB | (SOK)

Goi I'a hinh ghiéu cua Olén SK taco OI L SK; AB L Ol = Ol L (SAB), hay OI 1a khoang céach tur
O dén mat phang (SAB).
-t 1 50-2
Ol OK* SO 2
Dién tich ddy S,q.p, =4S g0 = 2.0A0B = 24/3a°; N

Tam giac SOK vuong tai O, OI 1a dudong cao =

duong cao cua hinh chép SO = %.

Thé tich khéi chép S.ABCD:

1 J3a°
3

VS.ABCD = é SABCD'SO =






