Phan1: Mot s6 bai toan hinh hoc phang va tinh chat ctia nd

Phanl: M@t sd bai toan hinh hec phang va tinh chat caa n6
CAC BAI TOAN CO BAN VA MQT SO PINH LI QUEN THUQC

Trong muc nay, chdng ta quan tam xét nhizng bai
co bdn va nhitng dinh 1i don gian nhat cuia bé mén
hinh hec.Dya vao ching, ching ta cé thé dé dang
gidi mét so bai toan kho; Bén canh d6 ching con
gilp ching ta cé thé tw suy ra mét sé tinh chat ap
dung duwroc cho nhiéu bai toan.

1. (Pinh Ii Menelaus). Trén ba canh (tinh ludn phan kéo dai) BC, CA, AB cua
tam giac ABC ta lay lan lwet cac diém M, N, P. Chéng minh riang ba diém

M, N, P thang hang khi va chi khi: ﬁ N=C i—l(*).
MC NA PB

BAI G[AI i

° Chiéu thuan: giase M, N, P thang hang; Ta
A Q chttng minh (*). 7 ’
Tur A ké duong thang song song véi BC cat

MNP tai Q.
P Theo dinh Ii Talet, ta co:
PA_QA
PB MB

NC _MC )
NA OA

—(1)

Nhan tirng vé dang thac (1) va (2) ta duoc:

PANC_MC, MB NC PA_ . ancm)

‘ PENA MB ’MC NA PB 7
° Chieu nghich: gia st da cd (*). Ta di chung minh M, N, P thang hang.
That vay: gia st duong thang NP cat BC tai M, theo chiéu thuan ta co:

MB NC PA ..
M'C NA PB
Tir (%) va (=) = MB MB MB M'B — MB—M'B

MC M C BC BC

= M=M. q

Vay M, N, P thang hang. . )
2. (Pinh Ii Ceva). Trén ba canh BC, CA, AB cua tam giac ABC ta lan lwet lay cac
diem M, N, P. Chl’rng minh rang ba dwong thang AM, BN, CP dong quy khi va chi
khi: MB NC PA_

‘ ~ BAIGIAI

°Chiéu thuan: gia s AM, BN, CQ dong quy tai O.
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Theo dinh Ii Talet, ta c6:

MB_BA.,
E Cc D MC CD
NC B EC @)
NA BA
Bén canh dé:
PA_OP 7B
CD OC EC
A B PA CD
=>==-=3)
o . PB E
Nhan tirng vé dang thac (1) (2) va (3)ta duoc dicu phai chirng minh.
°Chiéu nghich:giast @N=Ci —1(*). Ta phai chang minh AM, BN, CP d6ng quy.
MC NA PB

That vay: AM giao BN tai O. Qua O ké OC cat AB tai P’.
Theo chiéu thuén ta co:

MB NC P'A_ ) (en)
MC NA P'B
T () va (= D A_PA L p_pr
P'B PB

Vay AM, BN, CP dong quy tai O (dpcm).

O trén 1a hai d@inh Ii quan trong va duwoc si dung nhiéu trong hinh hoc phang. Nho
ching ta cd the ching minh duoc tap hop diém thugc mot dwong thang (sw thang

hang), su d‘ong quy cia cac dirong thang, diém cé dinh, cac ti s6 bang nhau va mét sé
bai toan veé tdp hop dlem

Sau day ta sé xét mét s¢ bai toan dang trén.
3. Gia sir cac cap canh AB va CD, BC va AD, AC va BD cia tir giac ABCD lan lwot
cit nhau tai M, P, Q. Goi Q la giao diém cisa MP va AD.
Chirng minh rang: QA ﬁ
QD ND
BAI GIAI

M Dung dinh i Menelaus ta co:

QA PD MB _

A _QA_PB MA_
QD PD MB
NA CD BM

Vi 0 ADM ta cO: —
ND CM BA
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NA_CM BA_, o PB CD AM _,

=== = me— i ——=
ND CD AM f PD CM AB
(theo dinh li Menelaus trong | BDM)
QA NA

4. Trén cac canh cha tam giac ABC ta liy cac diém A;, B; va C; sao cho
BA _ p,CBl =q, AC Goi giao diém cia AA; véi CCy, BBy lan lwot 12 P va
AC "'BA "CB

Q.Goi giao diém ciia BB; va CC; 1a R. Hay tinh: SUPQR.
SIABC
BAI GIAI
Xét tam giac ABE va cét tuyén CRF ta c6:
CB,CARB_,_RB_CACB r+ll
CA C,B RB, RB, CB, CA r q

- RB _ (q+2).r+1
BB, q.r
N SUBRC _ SUBRC SUBBC _ BR CB
SOABC SOBBC SIOABC BB, CA
_@+D)r+1 r  (q+Dr+1
ogr r+1 q(r+d)

Tuong tu, ta co:

SUABQ (r+1).q+1 va SOUACP (p+1).g9+1
SOUABC  (p+D.r SUABC (g+2).p
Viy SLPQr =1_(SDBRC +SDACP +S [ABQ )=
S[TJABC SOABC S[ABC STABC
_1_[(p+1).q +1+(p+1).r+1+(r +1).p+1
p.(q+2) g.(r+1) r.(p+2

5.Cho tia Ax va mét diém E khac A (E € Ax). Tir E, vé tia Ey. Hai diém C vaD phan

bigt, khac diém E, cho truéc trén tia Ey. Mgt diém B chay trén tia Ex. Cac dwong

thang AC va BD cit nhau ¢ M, AD va BC cit nhau & N.

a) Chitng minh ring dwong thang Mn ludn cit tia Ey tai mét diém F ¢ dinh.

b) Hay xac dinh mét vi tri cia diém B trén tia Ex sao cho cac tam giac MCD va

NCD twong #ng c6 dién tich bang nhau.
BAI GIAI
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a) Dung dinh li Menelaus cho tam giac CDA ta cé:

FC ND MA

FD NA 'MC

FD ND.MA
Vi tam gidc CDM ta co:

EC BD AM 1 EC BM.AC

ED BM AC ED BD.AM
a _ NAMC.BD _ NA BD CM

=£>0

Nén =1(theo dinh Ii Menelaus trong tam gidc ADM)
,B BM.AC.AD AD BM CA
EC FC
Do do hay —— = — = F ¢6 dinh (dpcm
a=phay —o=ro 0 dinh (dpcm).

b) Khi AE = BE thi MN song song v&i AB. That vay, néu MN cit AB ¢ P. Ap dung dinh
li Xeva va trong tam giac ABD vai cat tuyén PNM ta co:

EA MB ND . MB ND PA

EAMB ND_,_MB ND PA
EBMD NA ~ MD NA PB

EA i pa-PB maEA 1= PA=PB (O I
EB EB

Vay MN // AB = FM =FN = S.I MCD = S/ NCD.
Vay mot vi tri thich hop cua B 1a EB = EA.

6. Gia sir ba dwong thing AA’, BB’, CC’ ddng quy tai diém O trong tam giac ABC

(A’c BC, B’ € CA, C’ € AB). Chitng minh rang: OA_B A ¢ A.
OA' B'C C B
) BAI GIAl
Ap dung dinh Ii Menelaus vao | ABA ta co:
OCACACB_,
OA' CB C'A
o_A CA' C'A M
~“0ACB CB
Tuwong tu ta co:
OA BA' B'A
——=— (2
OA' BC B'C

Cong ting vé cac dang thuc (1) va (2), ta
co:u
OA (CA+A'B) B'A C'A OA BA'_B'A
OA' CB B'C C'B OA' BC B'C
a_NAMCBD _NA BD CM _,_ OA _B'A C'A
,8 BM.AC.AD AD BM CA OA'" B'C CB

(dpcm).
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Bay gio, chlng ta tlep tuc xét Ve dwong tron, méi lién hé giira dwong tron va tam giac.
Khi d& duwot hoc cac kién thic vé dwong tron (goc néi tiép; tam giac ngi tlep, ngogi tiép;
tir giac noi tlep, ngoqi tiép; ...) thi viéc gidi mét lép céc bai toan tro nén dé dang. Con
néu chua hoc vé chiing thi cac bai toan nhue véy ¢ gidi quyét diroc khdng? Ching ta hay
kiém chitng diéu d6 qua cac bai toan sau.

7. Chitng minh riang mét tir giac 16gi c6 hai goc d6i bu nhau khi va chi khi tén tai
mot diém cach déu bén dinh cia tir giac. (PG chinh la mat ti gi4c nai tiép).
BAI GIAI
a) Gia st tr giac ABCD ¢c6 L A+~/C= /B+ /D =180°
Khong mat inh tong quét gia s B> A.
Néu «B> ZAthi £C> /D, ta lay
o diem M sao cho £ MAB = ZA,
ZMCD = «D, céc tia BM va CM cat
AD lan luot tai P va N, suy ra £ MBC =
2 MCB nén tam giac MBC cén tai M.
Tu cac tam giac can BMC, ABP,
CDN suy ra cac trung truc cua tam giac
AB, BC, CD chinh la cac duong phéan
giac cua tam giac MNP nén ching déng
N quy tai O va rd rang OA = OB = OC =
OD.

Truong hop diém M tring véi N va P
thi c6 MA = MB = MC = MD. Néu /B =/Athi ZC= /D, t& gidc ABCD Ia hinh
thang can, két luan hién nhién dung.

b) Nguoc lai, néu tir giac ABCD c6 diém O thoa

méan OA = OB = OC = OD. Gia sir O nam trong tir
B /—\ giac(cac truong hop con lai chung minh tuong tu)i
Khi @6 ta co:

2/ 0BA=90°- ZAOB/2
2/ 0BC=90°- ZBOC/2
~20DC=90°- ~COD/2

A ZODA =90°— ~DOA/2
Nén:
B+ /D =360° — ZAOB + /BOC + ZCOD + /DOA

2
=360°-180°=180°= LA +~C.

8. Chitng minh riang mét tir giac 16i ¢ tong hai canh d60i bang nhau khi va chi khi
ton tai mgt diém cach deu bon canh cia ti giac . ( d6 chinh la tir giac ngoai tiep).

BAI GIAI
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a) Gia st tr giac ABCD co:u
AB+CD=AD +BC
B Khéng mét tinh tong quat, gia su
C AB> BC. o
Néu AB > CD thi AD > CD, lay diém
M trén AD sa cho BM = BC, N thudc
canh AD sao cho DN = DC, suy ra AM
= AN. Tur cac tam giac can AMN, BMC,
DCN suy ra phén giac cac géc A, B, D la
cac trung truc cua tam giac CMN nén
A ching dong quy tai 1. RS rang | cach déu
bén canh cua ttr gi4c.Truong hop AB =
BC, AD = CD thi | I giao diém caa BD

va phan giac goc A.

b) Nguoc lai, néu tir giac ABCD c6 diém | cach déu bbn canh cua tir giac thi d& thay | 13
giao diém cua bon duong phan giac. Do d6 viéc chang minh AB + CD = AD + BC hoan
toan don gian.

9. Cho ti giac 16i ABCD. Chirng minh rang tir giac ¢ hai goc déi bu nhau khi va chi
khi ~ACB= ZADB.
BAI GIAI
Truong hop BC song song véi AD dé thay hai
diéu kién trén tuong duong véi ttr giac ABCD la
hinh thang can, nén diéu chitng minh cang hién
B nhién ddng.
Gia sir hai duong thang BC va CD cit nhau tai
O sao cho B nam giira O va C.
0 Ta cd goc ABC bu vsi ADC < OBA = ADC
< Tam giac: OAB ~ OCD (g-9)
< OA/OC =0B/OD < Tam giac OAC OBD « Goc: ACB = ADB.
* Chu y:ttr ACD = ABD ta d¢ dang suy ra dugc £« BAC = #BDC, £CBD = ZCAD,
ZABD = ZACD.

10. (Pinh Ii Ptdlémé) Chirng minh ring néu tir giac ABCD c6 hai goc d6i bu nhau
thi: AB.CD + AD.BC = AC.BD.
BAI GIAI
Theo bai toan 9 ta c6: £~ BAC = ZBDC,
va ZBCA = ZBDA.
Trén AC lay diém K sao cho: £ ABK = ~DBC c

— 1/ ABK ~ LI DBC (g-g) o

_ AB_AK L AB.CD=AKBD (1)
~BD CD

Tuong tu ta cting co:
L' ABD ~ 1/ KBC (g-g) A
— AD.BC = BD.CK (2).

Cong (1) va (2) theo tirng vé ta c6 dugc diéu phai
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chung minh.

11. Cho ti giac ABCD c6 hai gc ddi bt nhau. Ha DM, DN, DP theo thi tw vudng
g6c véi BC, CA, AB. Chitng minh riang ba diém M, N, P thiang hang (dwong thing
Simson).
BAI GIAI
Néu P = A va M = C thi két luan Ia hién

B
nhién. Néu P thudc doan AB va cac diém duoc
bd tri nhu hinh v& (véi cac truong hop khac
P chirng minh twong tu). ﬁ
Ta nhan thay A, N, M thang hangva hai doan
A N \C NP, NM nam vé hai phia khac nhau cia doan

AC. Vi vay dé chang minh M, N, P thing hang
thi chi can chang minh hai géc ANP va CNM
bang nhau.

Xét tir giac DNCM, c6:

ZDNC + 2 CMD =90° + 90° = 180°
=> T gi4c noi tiép => £ MNC = £ CDM (theo két qua bai 7 va 9)
Tuong tu vai tar giac APND tacd £ ANP = 2 ADP.
Bén canh d6: £« DCM = £ DAP (cung bu véi goc DCB)
Z/DMC = ZPDA=90°

= Hai tam giac DMC va DPA bang nhau (g-g)
= /ZADB= ZCDM=> ZMNC = ZCDM = ZADP = ZANP = ZANP = ZCNM
= Piéu phai chiing minh.

O phia trén 1a mét sou bai tap vé dwong tron ma ching ta co thé giai ching chura can
dén kién thirc vé dwong tron.Trong @6 ching ta ¢ nhac dén hai céng cu dwoc sir dung
nhiéu trong hinh hoc, d6 1a dinh 1i Ptlémé va dwong thang Simson. Ptolémé thi duwoc it
dung dé ching minh cac bat dang thizc hinh hoc, con Simson ding dé ching minh si
thang hang.Dra vao ching, ta cd thé dé dang suy ra mét sé tinh chadt sau:

A °Cho tam giac ABC noi tiép duong tron tm O. Pudng
cao AH (H € BC). Tac6 ZBAH = « OAC.
Bay gio ta s€ di chung minh né ma chi st dung nhitng
tinh chat vé duong tron ma ching ta da biét o trén.
Chang minh: Dung duong kinh AF va diém E 14 trung
y diém AC.
\)/ Xét tam giac AFC, ta co:

ZOAC = ZOCA va £OCF = ZOFC (vi OA = OC =
OF)

Ma £ OAC +~/ OCA + ZOCF + /OFC = /OAB
+ / ACF + 2 OFC = 180°

180°

Vay ZLACF= ZACO + £ZOCF = =90°

Ma OE // FC = £ AOE = ZACF=90° (1) va ZAOE = ZAFC (2) (d¢ong vi)
Bén canh d6 £ ABC = ZAFC (3)
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Tir (1), (2) va (3) = UBAH = UOAE = ~BAH = £ OAC (dpcm).

°Cho tam giac ABC ndi tiép duong tron tam O.

Goi H 1 tryc tdm caa tam giac vaM, N, P l1an luot
la giao cia AH, BH, CH vai duong tron tam O. Ta
dé dang ching minh duoc HD = DM thdng qua tam
giac HCM cén tai C. Tuong tu HE = EN, HF =
FP.Tir d6 ta c6 thé suy ra mot sb tinh chat sau:

* H |4 giao diém ba duong phan gi4c cua tam giac
MNP.

*HA =PA =NA, HB =PB = MB, HC = NC = MC.

* OA vudng goc vai PN, tuong tu véi OB vaPM, OC
va MN...

Trong hinh hoc so cdp con cé mét hé thic rat dep, d6 1a hé thic Ole d> = R* — 4Rr
(trong @6 d 1a khodng cach tir tam O duwong tron ngogi tiép dén tam | dwong tron néi tiéep
tam giac ABC va R, r twrong 1ng 1a ban kinh cac dwong tron ay). Twong tu, ta ciing c6 hé
thic d? = R? + 2Rr’(trong d6 d’ 1a khodng cach tir O dén tam |’ dwong tron bang tiép
goc A va r’la ban kinh dwong tron nay.

Pé chirng minh hé thirc trén, ngodi viéc sir dung hé thirc luong trong dwong tron (tinh
phuwong tich cia | va 1’ véi duong tron (0)), ta con dung dén tinh chat sau:

° Tinh chat 1: duong tron tm O di qua trung diém doan I,l.

Chtng minh: ta xét ca ba duong tron bang tiép cua tam giac ABC ta thay ngay | chinh
la truc tam cua tam giac lLlple, con LA, 1B,
I.C la cac duong cao cua tam giac ay. Vi
vay, duong tron (O) ngoai tiép tam giac Abc
chinh 1a duong tron chin diém Cle caa tam
giac l,lyle. Buong tron nay di qua céc trung
diém caa l4l, Ipl, Icl dong thoi di qua trung
diém cua laly, lplc va Il .

Goi J 1a diém d6i xting cua | qua O, khi d6
J 1a thm duong tron ngoai tiép tam giac
llple. Mat khéc, vi | la truc tam va A, 1B,
I.C la cac duong cao cua tam giac lylplc, nén
dé chang minh:

IA- IB IC r r r

+ + =l=—+—+—=1
I,A I,B 1C [ A

° Tinh chét 2: l+£+£:1
A A A

a C
Str dung tinh chat cua cac ta giac ndi tiép 1BI,C, ICI,A, 1AIB ta co:
I A , ,
r.a_1nl =tgZAl,1tg«Cl,I . Do d6 ta co:
L LA LALA

a
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° Tinh chat 3: trong tam giac ABC, ta co: r_ tg E.tg % .

r, 2

r A C r A B
Twongty > —=tg—tg— , —=tg—.tg—.
gt r 9292 rc 9292

Thay vao tinh chit 2 ta duoc hé qua sau:
A B B, C C, A
tg—tg—+tg—tg—+tg—1tg—=1.
g2 gz gz g2 g2 g2

° Tinh chat 4: M la mdit diém bt ki trén canh BC ciia tam giac ABC. Goir, ry, 1, 1a
ban kinh dwong tron ndi tiép va p, p1, p2 1a ban kinh dwong tron bang tiép goc A
cia tam giac ABC, ABM va ACM. Chirng minh hé thikc: r/p = ri/p; . ra/p..
Chuang minh:
A vi AMB + AMC = 180° = AMB/2 + AMC/2 = 90°
— tgAMB/2 = cotg AMC/2 = tgAMB/2 . tgAMC/2 = 1
Nén ri/py . ra/p; = tgB . tgAMB/2 . tgAMC/2 . tgC/2 =
tgB/2 . tgC/2 =rlp.

B 12. (binh Ii Macxoen). Bén trong tam giac ABC ldy mot

diém P bat ki va ndi n6 véi cac dinh cia tam giac. Chieng minh riang, néu dwng mét
tam giac véi cac canh song song véi cac doan thang @6 va qua cac dinh ciaa n6 dung
cac dwong thiang song song véi cac canh cia tam giac ABC thi cac dwong thang dé
dong quy tai mot diém.

BAI GIAI

RO rang thay cho tam gidc c6 cac canh song
song véi cac doan thang AP, BP va CP, ta c6 thé
xét mot tam gidc nao d6 cb cac canh vudng géc
Vi cac doan thang do, con qua cac dinh cua né ké
qua cac dinh cua né ké cac duong thang khéng
phai song song, ma vuéng goc vadi cac canh cua ta
giac ABC. Mot tam giac nhu vay c6 thé 1a tam
gidc DEF véi cac dinh la tdm cua cac duong tron
ngoai tiép cac tam giac ABP, BCP va CAP. Khi d6
cac duong thang di qua cac dinh cua tam giac DEF
la duong trung truc cta cac canh tam giac ABC va
vubng goc véi ching, do d6 ching déng quy tai mot diém.

13. (Pinh li Moocley) Bang céc tia xuat phat tir cac dinh ciia tam giac ABC, mdi goc
ciia tam gi4c bi chia thanh ba phan bang nhau. Hai tia xuat phat tir cac dinh B va C
va gan véi canh BC cit nhau tai diém A;, twong tw nhw vy ta xac dinh cac dinh B,
va C1. Chieng minh ring tam giac A;B;C; la tam giac déu.(h.1)
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BAI GIAI

hinh 1 hinh 2

Gia str trong tam giac ban dau co cac £ A=3a, ZB =38, £C =3y. Talay mot
tam giac déu A,B,C,. Dung trén cac canh caa nd vé phia ngoai nhu trén cac day tam giac
can A;B;R, B,C,P va C,AQ véi cac day tuong tng bang 60° - v, 60° - «, 60°— . Kéo
dai cac canh bén cua tam giac d6 vé phia A, B, C, va ki hiéu cac giao diém caa duong
thing RB, va RA,, QA, va PB, tuong tng la As, Bs, Cs. Ké qua B, duong thang
songsong Vi A;B; cat cac duong thang QA; va QCs tuong wng tai M vaN (h.2). B,Q la
duong cao cua tam giac can QMN, nén B, la trung diém cua doan MN. Tinh cac goc cua
tam glac BzC3N va BzAgM: Z CngN =/PBM=~/2C,BM—- LZC,B,P=a; £ BzNC3
=180° - L C,AQ =120°+ p,tirc la £ A3B,M =180° - ¢ - (120° + R) = y. Tuong tu

Z AsBoM = v, ZByAsM = . Suy ra : I B,C3N — L AsBoM. Tu do %=ﬂ; Vi
B,A, B,M
_ N - 3 » . CB, CN ., .
BoM = B,;N va tam gidc C3B,As3 bang tam giac C3NB,, nén ——==—— tic la:
B,A, B,N

LI C3B2A3 — L1 C3NBy, suy ra £ BAzAz = v. Tuong tu = v, tac la £ A,CsB3 = y, tac la
Z A3B3Cs =3y = £C va C3B,, C3A; la cac duong chia goc C; caa tam giac AzBsCs
thanh ba phan bang nhau. Lap luan twong ty cho céc dinh A; va B; ta duoc tam gidc ABC
dong dang vai tam giac AsBsCs, tir d6 suy ra diéu phai ching minh.

TAP HQP PIEM TRONG MAT PHANG
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