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Puoc sy ddng vién manh mé culia cac dong nghiép trong cac Khoa Toan-Co-Tin
hoc, Cong nghé Théng tin vaVat ly (Trwong Bai hoc Khoa hoc-Bai hoc Hué), cac Khoa
Toan vaTin hoc (Truvong Pai hoc Sy pham-bai hoc Hué) vadac biét do nhu cau hoc tap
clla c&c sinh vién trong Pai hoc Hué & cac Khoa néi trén va céc hoc vién cao hoc nganh
Phuong phap gidng day Toan, ching to6i manh dan viét giao trinh Toan roi rac trong khi
trén thi truong sach cé kha nhiéu tai liéu lién quan dén Toan roi rac. Biéu ma ching toi
mong mudn la cac kién thirc ctia hoc phan nay phai dwoc dwa vao day da, cd dong,
chinh xé&c, cap nhat, bam sat theo yéu cau dao tao sinh vién cac nganh Cong nghé Thong
tin, Toan-Tin, Vat ly-Tin va mdt s6 nganh k¥ thuat khac clia cac truong dai hoc va cao
dang.

Vi s n6 lwc hét minh clia ban than, ching t6i thiét nght day s& latai liéu tham
khao tot cho cac gido vién giang day hoc phan toan roi rac, cac hoc vién cao hoc nganh
Phuong phap giang day Toan, cac thi sinh thi vao cao hoc nganh céng nghé thong tin,
cac sinh vién thudc cac nganh dwgc dé cap & trén va cac hoc sinh thudc khéi chuyén
Toan, chuyén Tin.

Noi dung cla tai liéu nay duoc bd tri trong 4 phan, khéng ké 1oi ndi dau, muc luc,
tai liéu tham khao vaphan phu luc:

-- Phan 1 duoc danh cho Chwong | dé cap dén Thuat toan;

-- Phan 2 duoc danh cho Cheong 1l néi dén bai toan dém;

-- Phan 3, day la phan chiém nhiéu trang nhat trong giao trinh, ban vé Ly thuyét do thi va
cac ng dung gém 5 chuwong: D6 thi, B0 thi Euler va do thi Hamilton, Mot s6 bai toan
t6i wu trén do thi, Cay, Do thi phdng va té mau do thi;

-- Phan 4 duoc danh cho Cheong 8, chwong cubi cung, dé cap dén Pai s Boole.

Trong moi chwong, cac chitng minh cta cac dinh ly, ménh dé dwoc trinh bay chi tiét,
ngoai trir mot s6 dinh ly cé phan chirng minh qua phtrc tap thi dwoc chdng téi bd qua.
Trong c&c phan ctia mdi chuvong c6 nhiéu vi du cu thé minh hoa cho nhitng khai niém
cling nhw nhitng két quéa ctia ching. Cudi ctia moi chuong |a nhitng bai tap dwoc chon
loc tir dé dén kho, bam theo ndi dung clia chuong do.

Ching t6i xin chan thanh cam on cac dong nghiép da dong vién va gép y cho
codng viéc Vviét giao trinh Toan roi rac nay va loi cam on dac biét xin danh cho Khoa
Cdng nghé Thong tin vé sy gilp do quy bau vatao diéu kién thuan lgi cho viéc xuat ban
giao trinh nay.

Téac gia mong nhan dwoc sw chi gido clia cac dong nghiép va doc gia vé nhirng
thiéu sot khd tranh khéi clia cudn sach.

Mua Thu nam 2003
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CHUONG I:
THUAT TOAN

1.1. KHAI NIEM THUAT TOAN.
1.1.1. M& dau:

C6 nhiéu 16p bai todn téng quat xuét hién trong toan hoc roi rac. Chang han, cho
mot day cac sb nguyén, tim s 16n nhéat; cho mot tap hop, liét ké cac tap con cla no; cho
tap hop céac s6 nguyén, xép chlng theo thir tv tang dan; cho mét mang, tim dwong di
ngan nhét gitta hai dinh clia n6. Khi duoc giao cho mot bai toan nhw vay thi viéc dau
tién phai [am la xay dwng mét md hinh dich bai toan do thanh nglr canh toan hoc. Cac
cau truc roi rac dwgc dung trong cac md hinh nay latap hop, day, ham, hoan vi, quan hé,
cung voi cac cau trac khac nhw do thi, cy, mang - nhirng khai niém sé duoc nghién ctru
& cac chuong sau.

Lap dwgc mot moé hinh todn hoc thich hop chi la mot phan cla qua trinh giai. Dé
hoan tat quatrinh giai, con can phai cé mét phrong phap diing mo hinh dé giai bai toan
tong quat. N6i mot cach ly twdng, cai dwoc doi hoi la mot tha tuc, do la day céc budc
dan t¢i dap s6 mong mudn. Mot day cac budc nhw vay, duoc goi 1amot thuat toan.

Khi thiét ké va cai dat mot phan mém tin hoc cho mét van dé nao do, ta can phai
dua ra phwong phap giadi quyét mathuc chat do la thuat toan giai quyét van dé nay. RO
rang rang, néu khong tim dugoc mot phuong phap gidi quyét thi khéng thé 1ap trinh
duwoc. Chinh vi thé, thuat toan la khd niém nén tang cla hau hét cac linh vuc cua tin
hoc.

1.1.2. Binh nghfa: Thuat toan 1a mdt bang liét ké cac chi dan (hay quy tac) cén thuc
hién theo tirng buéc xac dinh nham giai mot bai toan da cho.

Thuat ngtr “Algorithm” (thuat toan) 1a xudt phét tir tén nha todn hoc A Rap Al-
Khowarizmi. Ban dau, tir algorism dwoc ding dé chi cac quy tic thuc hién cac phép tinh
sO hoc trén céc sO thap phan. Sau dd, algorism chuyén thanh algorithm vao thé ky 19.
Vi sv quan tdm ngay cang tang déi véi cac may tinh, kha niém thuat toan da dwoc cho
mot y nghia chung hon, bao ham ca céc thi tuc xac dinh dé gidi cac bai toan, chir khong
phai chi lathd tuc dé thuc hién cac phép tinh so hoc.

Co6 nhiéu cach trinh bay thuat toan: dung ngén ngir tw nhién, ngbn ngii lvu do (so
do khdi), ngdn nglr 1ap trinh. Tuy nhién, mét khi ding ngdn ng 1ap trinh thi chi nhitng
|énh dwoc phép trong ngdn nglr d6 méi cé thé dung dwoc va diéu nay thuong lam cho sy
m0 t& cac thuat toan tré nén réi ram va khé hiéu. Hon nita, vi nhiéu ngén ngi 1ap trinh
déu duoc dung rong rai, nén chon mot ngdn ngir dac biét nao dé la diéu nguoi ta khdng
muén. Vi vay & day céc thuat toan ngodi viéc duoc trinh bay bang ngdn ngl tv nhién
cung v&i nhitng Ky hiéu toan hoc quen thudc con ding mot dang gia ma dé mo ta thuat
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todn. Gia ma tao ra budc trung gian gitta s md t& mot thuat toan bang ngdn ngir thong
thuong va su thie hién thuat todn dé trong ngdn ngir 1ap trinh. Cac bwéc cla thuat toan
duoc chi rd bang cach ding céc 1énh giéng nhu trong cac ngdn ngir 1ap trinh.
Thi du 1: M0 ta thuat toan tim phan t&r I&¢n nhat trong mot day hiru han cac s6 nguyén.
a) Dung ngon ngtr t nhién dé mod ta cac bwdc can phai thuc hién:

1. Dat gia tri cuc dai tam thoi bang s6 nguyén dau tién trong day. (Cuc dai tam
thoi sé lasd nguyén |én nhat da dwoc kiém tra & mot giai doan nao doé cla thd tuc.)

2. So sanh s6 nguyén ti€p sau voi gia tri cuc dai tam thoi, néu n6 16n hon gia tri
curc dai tam thoi thi dat cuc dai tam thoi bang s6 nguyén do.

3. Lap lai buéc trvdc néu con cac sd nguyén trong day.

4. Dlirng khi khéng con sd nguyén nao nira trong dady. Cuc dai tam thoi & diém
nay chinh [a sd nguyén Ién nhat clia day.
b) Dung doan gia ma:
procedure max (ay, a, ..., &, integers)

max:= &

for iz=2ton

if max <ag then max:= g

{max laphan t& 16n nhat}

Thuat toan nay trwdc hét gan s6 hang dau tién a, ctia day cho bién max. \Vong lap
“for” dwoc dung dé kiém tra lan luot cac s6 hang clia ddy. Néu mot so hang Ién hon gia
tri hién thoi cla max thi né duoc gan lam gia tri méi clia max.
1.1.3. Céac dac trwng cla thuat toan:
-- Bau vao (Input): M6t thuat toan c6 cac gia tri dau vao tr mot tap da duoc chi ro.
-- Pau ra (Output): Tir moi tap cac gia tri dau vao, thut toan sé tao ra cac gia tri dau ra.
Céc giatri dau ra chinh langhiém cla bai toan.
-- Tinh dirng: Sau mot s6 hitu han buéc thuat toan phai dirng.
-- Tinh xé&c dinh: O mbi budc, cac budc thao tac phai hét strc rd rang, khdng gay nén su
nhap nhang. N6i ré hon, trong cing mot diéu kién hai bd xt 1y cung thuc hién mot budc
clia thuat toan phai cho nhitng két qua nhu nhau.
-- Tinh hiéu qua: Trudc hét thuat toan can dung dan, nghia la sau khi dwa dit liéu vao
thuat toan hoat dong va dua ra két qua nhv y mudn.
-- Tinh pho dung: Thuat toan c6 thé giai bat ky mot bai todn nao trong |6p cac bai toan.
Cu thé lathuat toan cé thé co cac dau vao la cic bd dir lieu khac nhau trong mét mién
xac dinh.
1.2. THUAT TOAN TIM KIEM.
1.2.1. Bai toan tim ki€ém: Bai toan xac dinh vi tri cia mot phan t&r trong mot bang liét
ké sip thi ty thwong gap trong nhiéu truong hop khac nhau. Chang han chuong trinh
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ki€ém tra chinh t& cla cac tlr, tim kiém cac tir nay trong mot cuon tlr dién, ma tlr dién
chéng qua cling 1a mdt bang liét ké sip thi tw cla céc tlr. Cac bai toan thudc loai nay
duoc goi la cac bai toan tim kiém.

Bai toan tim kiém tong quat dwoc md ta nhw sau: xac dinh vi tri cla phan tir x
trong mot bang liét ké cac phan ti phan biét a, &, ..., a, hodc xac dinh rang n6 khdng co
madt trong bang liét ké d6. Loi gidi clia bai toan trén lavi tri clia s6 hang cla bang liét ké
cO giatri bang x (tirc lai s& 1anghiém néu x=a; vala 0 néu x khong c6 mét trong bang
liét ké).
1.2.2. Thuat toan tim kiém tuyén tinh: Tim kiém tuyén tinh hay tim kiém tuan tv la
bt dau bang viéc so sanh x vGi a;; khi x=a,, nghiém lavi tri a,, tiec 1a 1; khi x#a,, so
sanh x voi a,. Néu x=a,, nghiém lavi tri clia a,, tirc 1a 2. Khi xa,, so sanh x vGi as. Tiép
tuc qua trinh ndy bang céach tuan tw so sanh x v&i moi s6 hang cla bang liét ké cho tdi
khi tim dwoc s6 hang bang x, khi d6 nghiém lavi tri ctia s6 hang dé. Néu toan bang liét
ké da duoc kiém tra ma khong xac dinh duoc vi tri cta x, thi nghiém la 0. Gia ma déi
v0i thuat toan tim ki€ém tuyén tinh dwgc cho dugi day:
procedur e tim ki€ém tuyén tinh (x: integer, aj,a,...,an: integers phan biét)

=1

while(i<nand x # &)

=i+l

if i <nthen location:=i

elselocation :=0
{location la chi s6 dudi clia s6 hang bang x hodc 140 néu khong tim dwoc x}

1.2.3. Thuat toan tim kiém nhi phan: Thuat toan nay cé thé duoc dung khi bang
liét ké c6 cac sB hang dwoc sdp theo thi tv ting dan. Chang han, néu cac s hang la cac
0 thi chiing dugc sap tir s6 nho nhat dén s6 16n nhat hodc néu ching & céc tir hay xau
ky tu thi chiing dugc sap theo thi tw tir dién. Thuat toan thir hai ndy goi la thuat toan tim
kiém nhi phan. N6 duoc tién hanh bang cach so sanh phan tir can xac dinh vi tri véi s6
hang & gilra bang liét ké. Sau d6 bang nay duogc tach lam hai bang ké con nhd hon c6
kich thuéc nhv nhau, hodc mot trong hai bang con it hon bang con kia mot s6 hang. Su
tim kiém tiép tuc bang cach han ché tim kiém & mot bang ké con thich hop dwa trén viéc
so sanh phan tlr can xac dinh vi tri véi s6 hang gilra bang ké. Tasé thay rang thuét toan
tim ki€ém nhi phan hiéu qua hon nhiéu so véi thuat toan tim kiém tuyén tinh.

Thi du 2. Bé tim s6 19 trong bang liét ké 1,2,3,5,6,7,8,10,12,13,15,16,18,19,20,22 ta
tach bang liét ké gbm 16 s6 hang nady thanh hai bang liét ké nhd hon, moi bang co 8 s6
hang, cu thé la: 1,2,3,5,6,7,8,10 va 12,13,15,16,18,19,20,22. Sau d6 ta so sanh 19 v&i s6
hang cudi cung cla bang con thir nhat. Vi 10<19, viéc tim kiém 19 chi gi¢i han trong
bang liét ké con thir 2 tir s6 hang thtr 9 dén 16 trong bang liét ké ban dau. Tiép theo, ta
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lai tach bang liét ké con gdm 8 s hang nay |am hai bang con, mdi bang c6 4 s6 hang, cu
thé 1a12,13,15,16 va 18,19,20,22. Vi 16<19, viéc tim kiém lai dwoc gidi han chi trong
bang con thir 2, tir s6 hang th(r 13 dén 16 cla bang liét ké ban dau. Bang liét ké thir 2
nay lai dugc tach lam hai, cu thé la 18,19 va 20,22. Vi 19 khong |6n hon s6 hang I6n
nhat clia bang con thir nhat nén viéc tim ki€ém gi¢i han chi & bang con th nhat gém cac
sb 18,19, la sd hang th* 13 va 14 clia bang ban dau. Ti€p theo bang con chita hai s6
hang nay lai dwoc tach lam hai, moi bang c6 mot s6 hang 18 va 19. Vi 18<19, sy tim
ki€m gi¢i han chi trong bang con th 2, bang liét ké chi chira s6 hang thir 14 cua bang
liét ké ban dau, s6 hang dé la s6 19. Bay gio s tim kiém da thu hep vé chi con mét s6
hang, so sanh tiép cho thay19 lasd hang thir 14 cla bang liét ké ban dau.

Bay gi0 ta 6 thé chi r6 céc budce trong thuat toan tim kiém nhi phan.

PE tim s0 nguyén x trong bang liét ké ay,ap,...,a, VOi a1 < & < ... < &, ta bt dau
bang viéc so sanh x véi s6 hang an, & gitta cta day, vai m=[(n+1)/2]. Néu x > an, Viéc
tim kiém x gi¢i han & nira thi hai clia ddy, gom am.1,8m+2,...,8. NEu x khdng 16n hon a,,,
thi sy tim ki€ém gi¢i han trong nira dau ctia day goém ay,ap,...,am.

Bay gi0 su tim kiém chi gi¢i han trong bang liét ké cé khéng hon [n/2] phan tb.
Dung chinh thi tuc nay, so sanh x véi s6 hang & gilra clia bang liét ké dwgc han ché. Sau
do lai han ché viéc tim ki€ém & nlra th(r nhat hodc nira thi hai cla bang liét ké. Lap lai
quatrinh nay cho t¢i khi nhan duoc mot bang liét ké chi c6 mot sé hang. Sau do, chi con
xac dinh sd hang nay c6 phai la x hay khéng. Gid ma cho thuat toan tim ki€ém nhi phan
duoc cho dugi day:

procedur e tim kiém nhi phan (x: integer, a1,a,...,an: integers tang dan)
i :=1 {iladiém mat trai ctia khoang tim kiém}
j :=n {j la diém mat phai cla khoang tim kiém}
whilei <]
begin
m:=[(i+)/2]
if x>a,then i:=m+1
gse j:=m
end
if x=ai then location :=i
else location:=0
{location la chi s6 dui clia s6 hang bang x hodc 0 néu khdng tim thay x}
1.3. DO PHUC TAP CUA THUAT TOAN.
1. 3. 1. Khai niém vé do phirc tap cia mot thuat toan:
Thuéc do hiéu qua cla mot thuat toan la thei gian ma may tinh sir dung dé gidi
bai toan theo thuat toan dang xét, khi cac gia tri dau vao c6 mét kich thudc xac dinh.
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Mot thwde do thi hai la dung lvong bd nhé doi hoi dé thie hién thuat toan khi cac gia
tri dau vao c¢o kich thuéc xac dinh. Cac van dé nhu thé lién quan dén do phuic tap tinh
todn cla mot thuat toan. Sy phan tich thoi gian can thiét dé giai mot bai todn co kich
thuéc dac biét nao do lién quan dén dod phic tap thdi gian cla thuat toan. Sy phan tich
bd nhé can thiét ciia may tinh lién quan dén dé phic tap khdng gian cla thuat toan. Véc
xem xét dd phurc tap thoi gian va khéng gian clia mot thuat toan la mét van dé rat thiét
yéu khi cac thuat toan duoc thuc hién. Biét mot thuat toan sé dwa ra dap sé trong mot
micro gidy, trong mot phit hodc trong mot ti ndm, hién nhién la hét sirc quan trong.
Twong ty nhw vay, dung lvong bd nhé doi hoi phai la kha dung dé gidi mot bai toan,vi
vay do phtrc tap khong gian cling can phai tinh dén.Vi viéc xem xét dd phtrc tap khong
gian gan lién véi cac cau truc dir liéu dic biét duoc dung dé thuc hién thuét toan nén &
day ta sé tap trung xem xét do phtrc tap thoi gian.

Do phtc tap thdi gian clia mot thuat toan c6 thé dwoc biéu dién qua s6 cac phép
toan duoc dung bdi thuat toan dé khi cac gia tri dau vao c6 mot kich thuwéc xac dinh. S&
di do phtrc tap thoi gian dwgc mo ta thdng qua s6 cac phép toan doi hoi thay vi thoi gian
thyc cla may tinh 1a béi vi cac may tinh khac nhau thyc hién cac phép tinh so cép trong
nhitng khoang thoi gian khac nhau. Hon nita, phan tich tat ca cac phép toan thanh céc
phép tinh bit so cdp mamay tinh sl dung la diéu rat phuc tap.

Thi du 3: Xét thuat toan tim s0 16n nhéat trong day n 6 aj, &, ..., @&. CO thé coi kich
thudc cha di liéu nhap 1asd lugng phan tir clia ddy SB, tirc 1an. Néu coi mdi lan so sanh
hai s8 cla thuat toan doi hdi mot don vi thoi gian (gidy chang han) thi thdi gian thuc
hién thuat toan trong trvdng hop xau nhat lan-1 gidy. V6i day 64 s6, thoi gian thuc hién
thuat toan nhiéu 13m 1263 giay.

Thi du 4:Thuat toan vé tro choi “Thap Ha No6i”

Tro choi “Thap Ha Noi” nhu sau: CO bacoc A, B, C va 64 cé dia (co 16 dé dat
vao coc), cac dia c6 duong kinh doi mdt khac nhau. Nguyén tac dit dia vao coc 1& moi
dia chi dugc chong 1én dia I6n hon nd. Ban dau, ca 64 dia dwgc dat chong 1én nhau & cot
A; hai cot B, C tréng. Vén dé 1a phai chuyén ca 64 dia d6 sang cot B hay C, moi Ian chi
dwoc di chuyén mét dia.

Xét tro choi voi n dia ban dau & coc A (coc B va C trong). Goi S, l1a sd lan
chuyén dia dé choi xong tro choi véi n dia.

Néu n=1thi ré rang la S;=1.

NEu n>1 thi truedc hét ta chuyén n-1 dia bén trén sang coc B (gilt yén dia thir n &
duwdi cling clia coc A). S6 lan chuyén n-1 dia l1a S, 1. Sau do tachuyén dia thv n tlr coc A
sang coc C. Cudi cung, tachuyén n-1 dia tlr coc B sang coc C (s6 1an chuyén 1aS,.,).

Nhu vay, so lan chuyén n dia tir A sang C &

S=S 1+ 1+S,=2S,1+1=2(2S, + 1) +1=2°S, p+2+1=.... =27 1§ + 2"+ +2+1=2"-1.

8



Thuat toan vé trd choi “Thap Ha No6i” doi hdi 2%*~1 1an chuyén dia (xap xi 18,4 ti
ti 1an). Néu moi 1an chuyén dia mét 1 gidy thi thoi gian thuc hién thuat toan xap xi 585 ti
nam!

Hai thi du trén cho thdy rang: mot thuét toan phai két thic sau moét s6 hiru han
buwdc, nhung néu so hiru han nay qua lén thi thuat toan khong thé thuc hién duoc trong
thuc té.

Tandi: thuat todn trong Thi du 3 cé dd phtrc tap la n-1 vala mét thuat toan hiru
hiéu (hay thuat toan nhanh); thuat toan trong Thi du 4 c6 do phic tap 1a2"-1 va dé la
mot thuat toan khdng hiru hiéu (hay thuat todn cham).

1.3.2. So sanh d6 phtrc tap ctia cac thuat toan:

MOt bai toan thuong cd nhiéu cach gidi, cé nhiéu thuat toan dé gidi, cac thuat
toan do co do phure tap khac nhau.

X ét bai todn: Tinh giatri cla dathtc P(xX)=aX™+a, X"+ ... +ax+ag tai Xo.

Thuat toan 1:
Procedur e tinh giatri cta dathtc (ag, &, .., @, Xo: Cac sd thuc)
sum;=gaq

for i:==1ton

SUM;=suMm+aXg
{sumlagiatri clia dathtrc P(x) tai Xq}

Cha y rang dathtrc P(x) co thé viét dudi dang:

PO)=(...((anx+an 1)X+an2)X...) X +ap.

Taco thé tinh P(x) theo thuat toan sau:

Thuét toan 2:
Procedur e tinh giatri ctia dathtc (ag, &, ..., @, Xo: Cac s thuc)

P.=a,

for i:=1ton

P:=P.Xot+a.i
{Plagiéatri cua dathrc P(X) tai Xq}

Tahdy xét dé phtrc tap cua hai thuat toan trén.

Dai véi thuat toan 1: & budc 2, phai thyc hién 1 phép nhan va 1 phép cong voi
i=1; 2 phép nhan va 1 phép cbng voi i=2, ..., n phép nhan va 1 phép cdng vai i=n. Vay
sO phép tinh (nhan va cdng) mathuat toan 1 doi héi la

(L+1)+(2+1)+ ... +(n+1)= ”(”2+ D = ”(”2+ 3

D3&i véi thuat toan 2, budc 2 phai thuc hién n 1an, mdi 1an doi hdi 2 phép tinh

(nhan réi cong), do do6 sb phép tinh (nhan vacdng) mathuat toan 2 doi héi la 2n.




Néu coi thoi gian thuc hién moéi phép tinh nhan va cong 1a nhu nhau va la mot
don vi thoi gian thi véi moi n cho trudce, thoi gian thuc hién thuét toan 1 1a n(n+3)/2,
con thoi gian thue hién thuat toan 2 1a 2n.

RO rang la thoi gian thye hién thuét toan 2 it hon so voi thoi gian thiec hién thuat
toan 1. Ham f;(n)=2n la ham bac nhét, tdng chdm hon nhiéu so v&i ham bac hai
fo(N)=n(n+3)/2.

Tandi rang thuat toan 2 (co do phirc tap 1a 2n) 1a thut toan hitu hiéu hon (hay
nhanh hon) so voi thuét toan 1 (co do phtrc tap lan(n+3)/2).

PE so sanh do phtrc tap cla céac thuat toan, diéu tién lgi la coi do phtrc tap cla
moi thuat todn nhw 1a cdp clia ham biéu hién thoi gian thuc hién thuét toan &y.

Céc ham xét sau day déu la ham clia bién s6 tw nhién n>0.

Dinh nghia 1:Tandi ham f(n) c6 cdp thdp hon hay bang ham g(n) néu ton tai hang s6
C>0 vamot s6 ti nhién ny sao cho
[f(n)| < Clg(n)| v&i moi n>n.

Taviét f(n)=0(g(n)) vacon néi f(n) thod man quan hé big-O dbi vai g(n).

Theo dinh nghia nay, ham g(n) la mét ham don gidn nhat cé thé duoc, dai dién
cho “su bién thién” cua f(n).

Khéi niém big-O da duoc dung trong toan hoc da gan moét thé ky nay. Trong tin
hoc, né duoc str dung réng réi dé phan tich cac thuat toan. Nhatoan hoc nguoi Birc Paul
Bachmann la ngudi dau tién dwarakha niém big-O vao ndam 1892.

Thi du 5: Ham f(n):@ laham bac hai va ham bac hai don gian nhét 1an? Taco:
n(n+3)
2

M6t cach tdng quat, néu f(n)=a,n“+a..n**+ ... +an+ao thi f(N)=0(n%). That vay,
vOi n>1,

F()I| < [adn+Haca '+ ... +aun+aol = N“(Jad+ac 1+ ... +laghn' +ay/n’)

< n(Jad+acl* .. +laul+a).

Diéu ndy chitng td [f(n)| < Cn* véi moi n>1.
Cho g(n)=3n+5nlog,n, ta cd g(n)=0O(nlog,n). That vay,
3n+5nlog,n = n(3+5log,n) < n(log,n+5log,n) = 6nlog,n v&éi moi n>8 (C=6, n,=38).

Ménh dé: Cho f1(n)=0(g.(n)) vaf,(n) laO(gy(n)). Khi dé

(f1 +f2)(n) = O(max(|g (N1 192(n)D), (F1f2)(n) = O(gx(n)g(n)).
Chirng minh. Theo gid thiét, ton tai C, C,, ny, N, sao cho

[f1(n)| < Calgs(n)| va [fo(n)| < Calgz(n)| vEi moi n > ny vamoi n > n,.

Do d6 |(f1 + f2)(n)| = [f1(n) + fo(n)[ < [f1(n)] + [f2(n)] < Calga(M)] + Calga(n)| < (C1+C2)g(n)
VvOi moi n > np=max(ny,ny), & dayC=Cy+C, vag(n)=max(|gs(n)| , |g2(n)})-
|(f1f2)(N)[ = [f1(N)[[f2(n)] < Calga(N)|Colga()] < C1Col(9192) (N)] v&T MOi n > ng=max(ny,ny).

n(n+3)

f(n)= =0(n?) vi =% n? véi moi n>3 (C=1, n,=3).
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Dinh nghia 2: Néu mét thuat toan c6 dd phic tap laf(n) vai f(n)=0(g(n)) thi ta cling
noi thuat toan c6 dod phirc tap O(g(n)).

NEu cé hai thuat toan gidi cung mdt bai toan, thuat toan 1 c6 dod phic tap
O(gy(n)), thuat toan 2 c6 do phirc tap O(ga(n)), ma g.(n) cé cap thap hon g,(n), thi ta noi
rang thuat toan 1 hitu hiéu hon (hay nhanh hon) thuét toan 2.

1.3.3. Banh gia dé phtrc tap cia mot thuéat toan:
1) Thuat toan tim kiém tuyén tinh:

S6 cac phép so sanh dwoc dung trong thuat toan nay ciing s& duoc xem nhu thuéc
do dd phirc tap thoi gian cta nd. & mbi mot bwdc clia vong 1ap trong thuat toan, c6 hai
phép so sanh duoc thwe hién: mot dé xem datdi cudi bang chua va mot dé so sanh phan
tl X v&i mot sd hang cla bang. Cubi cung con mot phép so sanh nira lam & ngoai vong
Idp. Do dd, néu x=a;, thi da co 2i+1 phép so sanh duoc st dung. S6 phép so sanh nhiéu
nhat, 2n+2, doi héi phai dwoc st dung khi phan tir x khéng c6 mat trong bang. T do,
thuat toan tim kiém tuyén tinh cé dd phuic tap 1aO(n).

2) Thuat toan tim kiém nhi phan:

Dé don gian, ta gia st ring c6 n=2% phan tl trong bang liét ké ay,a,...,a, Voi k 1a
sO nguyén khong am (néu n khong phai la Iy thira clia 2, ta ¢d thé xem bang la mot
phan ctia bang gdm 2** phan t&, trong d6 k 1& 6 nguyén nhd nhat sao cho n < 2.

O mbi giai doan clia thuat toan vi tri clia s6 hang dau tién i vasd hang cudi cung |
clia bang con han ché tim kiém @& giai doan dé duoc so sanh dé xem bang con nay con
nhiéu hon mot phan tir hay khong. Néu i < j, mot phép so sanh sé duoc lam dé xac dinh
x ¢ 16n hon s8 hang & gitta clia bang con han ché hay khéng. Nhw vay & moi giai doan,
c6 sir dung hai phép so sanh. Khi trong bang chi con mot phan ttr, mot phép so sanh sé
cho chuiing ta biét rang khong con mot phan tir nao thém nita va mot phép so sanh nira
cho biét s6 hang d6 c6 phdi la x hay khéng. Tom lai can phai cé nhiéu nhat
2k+2=2log,n+2 phép so sanh dé thuc hién phép tim ki€ém nhi phan (néu n khéng phai la
|Gy thira ctia 2, bang gdc s& dwoc mé rong téi bang c6 2% phan ti, véi k=[log.n] va su
tim ki€ém doi hoi phai thuc hién nhiéu nhat 2[log,n]+2 phép so sanh). Do dé thuat toan
tim kiém nhi phan c6 do phirc tap 1a O(log,n). Tir s phan tich & trén suy rarang thuat
toan tim kiém nhi phan, ngay ca trong trvdng hop xau nhat, cling hiéu qua hon thuat
toan tim kiém tuyén tinh.

3) Cha y: Mot diéu quan trong can phai biét la may tinh phai can bao lau dé giai xong
mot bai toan. Thi du, néu mot thuat toan doi hdi 10 gio, thi ¢d thé con dang chi phi thoi
gian may tinh doi hdi dé giai bai toan d6. Nhwng néu mot thuat toan doi hoi 10 ti nam dé
gidi mot bai toan, thi thuc hién thuat toan do sé la mot diéu phi ly. Mot trong nhirng hién
twong ly thd nhat cia cong nghé hién dai la sy tang ghé gém cla tdc do va lvgng bd nhé
trong may tinh. Mot nhan t6 quan trong khac lam gidm thoi gian can thiét dé gidi mot
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bai toan la su x ly song song - day la k¥ thuat thwc hién dong thoi cac day phép tinh.
Do sv tang toc do tinh toan va dung lvgng bd nhé cla may tinh, cling nhv nho viéc
dung céc thuat toan lgi dung duoc wu thé cta ki thuat xtr ly song song, cac bai toan vai
nam tredc day duoc xem lakhong thé giai duoc, thi bay gio cé thé giai binh throng.

1. Cac thuat ngir thwdng dung cho dd phirc tap cila mot thuat toan:

Do phiic tap Thuat nglr
o(1) D0 phtrc tap hang s6
O(logn) D0 phirc tap l6garit
o(n) D0 phiic tap tuyén tinh
O(nlogn) Do phtre tap nlogn
o(n°) Do phtrc tap da thic
o™ (b>1) D0 phirc tap ham mi
o(n!) Do phirc tap giai thira

2. Thoi gian may tinh dwoc dung béi mot thuat toan:

Kich thuéc Cac phép tinh bit dwgc st dung
cla bai toan
n logn N nlogn n? 2" n!

10 3.10%s 10%s 3.10%s 107s 10°s 3.10°s
10° 7.10%s 107s 7107 s 10°s | 4.10%nim *
10° 1,0.10%s | 10°s 1.10°s 103s * *
10* 1,310%s | 10°s 1.10%s 10*s * *
10° 1,7.10%s | 10*s 2.10°s 10s * *
10° 2.10%s 10°s 2.10%s | 17 phat * *

1.4. SO NGUYEN VA THUAT TOAN.
1.4.1. Thuat toan Euclide:

Phuong phép tinh wéc chung 16N nhét cda hai s6 bang cach dung phan tich céc so
nguyén dé rathira s6 nguyén t6 1a khéng hiéu qua. Ly do 146 chd thoi gian phai tiéu tén
cho s phan tich dé. Dugi day la phvong phdp hiéu qua hon dé tim wéc so chung Ién
nhat, goi lathuét toan Euclide. Thuat toan nay da biét tir thoi cd dai. N6 mang tén nha
toan hoc c¢d Hy lap Euclide, nguoi da mo ta thuat toan nay trong cudn sach “Nhirng yéu
t0” ndi tiéng clia ong. Thuat toan Euclide dwa vao 2 ménh dé sau day.

Ménh dé 1 (Thuat toan chia): Cho avab la hai sd nguyén va b=0. Khi d6 ton tai
duy nhdt hai s6 nguyén g var sao cho
a=bgtr, 0<r<|b|.

Trong dang thirc trén, b duoc goi 1a sd chia, a dwoc goi 1a sd bi chia, g duoc goi
lathvong s6 var dugc goi laso du.
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Khi b languyén dwvong, taky hiéu sd du r trong phép chiaacho b laamod b.
Ménh dé 2: Choa=bhq+r,trong dé a, b, g, r lacéc sd nguyén. Khi do
UCLN(a,b) = UCLN(b,r).
(O day UCLN(a,b) dé chi woc chung 16n nhét ctia a vab.)
Gia str a vab lahai sb nguyén duong voi a > b. Dét ro = avar, = b. Bang cach ap
dung lién tiép thuét toan chia, ta tim duwoc:

lo=rigs + 12 0<r,<n
L =rQx+r3 0<r3<r,
M2 = M-10n1 * In 0<r,<rp
M'n-1="n0n -

Cubi cung, sb du 0 s& xudt hién trong day cac phép chialién tiép, vi day cac so du
a=ryg >rn>r>.20
khong thé chira qua a s6 hang dwgc. Hon nita, tir Ménh dé 2 & trén tasuy ra:
UCLN(a,b) = UCLN(rg,r1) = UCLN(ry,rp) = ... = UCLN(rn2, 1) = UCLN(r1,Im) = .

Do d6, wéc chung 16n nhét 1a sd dv khéac khong cubi cuing trong day cac phép chia
Thi du 6: Dung thuat toan Euclide tim UCLN(414, 662).

662 = 441.1 + 248

414 = 248.1 + 166

248 = 166.1+ 82

166=822+2

82 =241.

Do d6, UCLN(414, 662) = 2.

Thuat todn Euclide dugc viét dudi dang gid méa nhu sau:

procedure UCLN (a,b: positive integers)

X:= a
y:=b
whiley = 0
begin
r :==xmody
X:=y
yi=r
end

{UCLN (a,b) lax}

Trong thuat toan trén, cac gia tri ban dau clia x vay twong ¢ng 1a avab. O mdi giai
doan ca thi tuc, x duoc thay bang y vay dwoc thay bang x mod y. Qua trinh nay dwoc
Idp lai chitng nao y = 0. Thuat toan sé ngirng khi y = 0 vagiatri ctia x & diém nay, dé la
sO duv khac khdng cudi cuing trong tha tuc, cling chinh lawéc chung Ién nhét clia a vab.
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1.4.2. Biéu dién céc s6 nguyén:
Ménh dé 3: Cho b lamot s6 nguyén dwrong Ion hon 1. Khi d6 néu n la mét sé nguyén
duong, né co thé duoc biéu dién moét cach duy nhat dudi dang:
n=ab‘+a. b+ .. +ab+a.

O day k lamot s8 tw nhién, ag, a,..., & lacéc s6 tw nhién nhd hon b vaa, = 0.

Biéu dién cla n dwoc cho trong Ménh dé 3 duoc goi lakhai trién clia n theo co s6
b, ky hiéu la (a@c1... aag),. Bay gio ta s& mo ta thuat toan xay dwng khai trién co so b
clia s6 nguyén n bét ky. Trwéc hét ta chia n cho b dé dwoc thuvong vaso du, tire 1a

n=bgy+ay, 0<a<h.
S6 du a chinh la chit s6 dirng bén phai cung trong khai trién co s b clia n. Tiép theo
chiaqg cho b, taduwoc:
Qo=bag; +a, 0<a <h.

S6 duw & chinh la chir sO thiv hai tinh tlr bén phai trong khai trién co sd b ctia n. Tiép tuc
qua trinh ndy, bang céch lién tiép chia céac thuong cho b ta s& dwoc cac chir s6 tiép theo
trong khai trién co s0 b clia n la cac sO du twong (ng. Qua trinh nay s& két thic khi ta
nhan dugc mot throng bang O.
Thi du 7: Tim khai trién co so 8 clia (12345).

12345=8.1543+ 1

1543=8.192+7
192=8.24+0
24=83+0
3=80+3.

Do d6, (12345) 40 = (30071)s.

Poan gia ma sau biéu dién thuat toan tim khai trién co s6 b cta s6 nguyén n.

procedur e khai trién theo co s0 b (n: positive integer)

g:=n
k:=0
whileqg= 0
begin

a :=qmodb

—r9

q:=[]

ki=k+1
end

1.4.3. Thuat toan cho cac phép tinh sé nguyén:
Céc thuat toan thuc hién cac phép tinh véi nhitng sé nguyén khi dung cac khai
trién nhi phan clia ching la cic ky quan trong trong sé hoc clia may tinh. Ta sé mo ta &
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day cac thuat toan cong va nhan hai sd nguyén trong biéu dién nhi phan. Ta ciing s&
phan tich do phtrc tap tinh toan cla cac thuat todn nay thong qua sd cac phép toan bit
thue s dwgc dung. Gia st khai trién nhi phan cla hai s6 nguyén dwong a va b la:
a= (8182 ... & 8g)2 Vab = (b1 bz ... by bg)o

sao cho a va b déu 6 n bit (d4t cac bit 0 & dau moi khai trién do, néu can).
1) Phép cong: Xét bai toan cong hai sd nguyén viét & dang nhi phan. Tha tuc thuc hién
phép cong co thé dua trén phuong phap thong thuong la cong cap chir sO nhi phan voi
nhau (c6 nhé) dé tinh tong cua hai s6 nguyén.

PE cong a va b, tredc hét cong hai bit & phai cting ctia ching, tirc la

a&+thy=C2+ .
O day sq la bit phéi cung trong khai trién nhi phan ctia a+b, cq 1asd nhé, né cé thé bang
0 hodc 1. Sau d6 ta cdng hai bit ti€p theo va sd nhé
q+b+cp=cr.2+s.

O day s, la bit tiép theo (tinh tir bén phéi) trong khai trién nhi phan cla a+b vac, a8
nhé. Tiép tuc qua trinh ndy bang cach cong cac bit tvong (ng trong hai khai trién nhi
phéan va sd nhé dé xac dinh bit tiép sau tinh tir bén phai trong khai trién nhi phan cta
téng a+b. O giai doan cudi cuing, cONg an.1, bn.1 Va Cnp 8 Nhan duoc cn.1.2+S,.1. Bit ditng
dau cla tong la s,=c,1. K&t qua, thi tuc nay tao ra duoc khai trién nhi phan cla tong, cu
thé laa+b = (S) Sv1 Sh2 .- St S0)2-
Thi du 8: Timténg clia a = (11011), vab = (10110),.

athby=1+0=02+1(cp=0,5=1),a,+b;+c=1+1+0=12+0(c; =1
$5=0),a+by+c;=0+1+1=12+0(c;=1,5=0),aa+bs+c,=1+0+1=12+
0(cz=1,%=0),a3+bs+c3=1+1+1=12+1(s5=C4=1,=1).

Do do, a + b =(110001),.

Thuat toan cdng co thé dwoc md ta bang cach dung doan gia ma nhw sau.

procedur e cong (a,b: positive integers)

c:=0
for j:=0ton-1
begin
{ i +b; +C}
:a,+b +c-2d
end
S :=cC

{khai trién nhi phan cua téng la (s, Sh.1 ...S1 So) 2}
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Téng hai s6 nguyén duoc tinh bang cach cong lién tiép cac cdp bit va khi can
phai cong ca s6 nhé nira. Cong mot cap bit va sd nhé doi ba hoac it hon phép cong cac
bit. Nhu vay, tong so cac phép cong bit dwoc st dung nhd hon ba lan s6 bit trong khai
trién nhi phan. Do do, do phtrc tap cla thuat toan nay la O(n).

2) Phép nhan: Xét bai toan nhan hai s6 nguyén viét & dang nhi phan. Thuat toan théng
thuong tién hanh nhu sau. Dung luat phan phoi, ta cé:

n-1 n-1

ab=ad b2l = Y ab;2!).

j=0 j=0
Ta cd thé tinh ab bang cach ding phuong trinh trén. Trwdc hét, ta thdy rang abj=a néu
b=1 va ab;=0 néu b;=0. M4i Ian ta nhan mot s6 hang véi 2 latadich khai trién nhi phan
clia N6 mot chd vé phia trai bang cach thém mdt s6 khéng vao cudi khai trién nhi phan
clia nd. Do do, ta c6 thé nhan duoc (ab,-)2j bang cach dich khai trién nhi phan cla ab; di j
chd vé phia tréi, tirc 1athém j sd khdng vao cudi khai trién nhi phan ctia n6. Cudi clng,
tasé nhan dugc tich ab bang cach cdng n s6 nguyén ab,-.zj voi j=0, 1, ..., n-1,
Thidu 9: Timtich cla a = (110), vab = (101)..

Ta c6 aby.2° = (110),.1.2° = (110),, ab;.2' = (110),.0.2* = (0000),, ab,.2* =
(110),.1.22 = (11000),. D& tim tich, hay cong (110),, (0000), va (11000),. Tir do ta co
ab= (11110),.

Thu tuc trén dwoc md ta bang doan gid ma sau:
procedur e nhan (a,b: positive integers)

for j:=0ton-1

begin

if b, = 1then ¢ :=aduogcdich dijchd
elsec =0

end
{cq, Cy,..., Cnq lacéc tich riéng phan}

p:=0

for j:=0ton-1

P=p+q
{plagiatri ctatich ab}

Thuét toan trén tinh tich clia hai s6 nguyén a va b bang cach cong céc tich riéng
phan co, €1, C, ..., Cn1. Khi =1, ta tinh tich riéng phan c; bang cach dich khai trién nhi
phén ctia a di j bit. Khi b;=0 thi khdng can cé dich chuyén nao vi ¢=0. Do d6, dé tim tat
cA n s6 nguyén ab;.2 voi j=0, 1, ..., n-1, doi hoi t6i da la
n(n-1)

2
phép dich chd. Vi vay, s6 cac dich chuyén chd doi hai 1a O(n?).

O+1+2+..+n-1=
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DE cong cac s6 nguyén ab; tir j=0 dén n—1, doi hoi phai cong mot s6 nguyén n bit,
mot s6 nguyén n+1 bit, ... va mdt s6 nguyén 2n bit. Ta da biét rang moi phép cong dé
doi hdi O(n) phép cong bit. Do d6, do phic tap clia thuat toan ndy 1a O(n?).

1.5. THUAT TOAN BE QUJY.
1.5.1. Khai niém dé quy:

Da6i khi ching ta c6 thé quy viéc giai bai toan voi tap cac dir liéu dau vao xéc
dinh v& viéc giai cung bai toan dé nhwng voi cac gié tri dau vao nhd hon. Chang han, bai
todn tim UCLN cUa hai s6 a, b v&i a > b ¢6 thé rit gon vé bai todn tim UCLN cua hai so
nhoé hon, a mod b vab. Khi viéc rat gon nhuw vay thuc hién dwoc thi 101 giai bai toan ban
dau co thé tim duoc bang mot day cac phép rat gon cho tdi nhitng tredng hop mata cd
thé dé dang nhan dwoc 10 giai cla bai toan. Ta s8 thdy rang céac thuét toan rut gon lién
tiép bai toan ban dau toi bai toan co dir lieu dau vao nhd hon, dwgc ap dung trong mét
|6p rat rong cac bai toan.

Dinh nghta: M6t thuat toan dwoc goi 1a dé quy néu no giai bai toan bang cach rut gon
lién ti€p bai toan ban dau t¢i bai toan cling nhuv vay nhwng cé di¥ liéu dau vao nhé hon.
Thi du 10: Tim thuat todn dé quy tinh gia tri a" véi a la so thuc khac khéng van la so
nguyén khong am.

Taxay dung thuat todn dé quy nhe dinh nghiia dé quy cla a", dé l1a a™'=a.d" véi
n>0 va khi n=0 thi a’>=1. Vay dé tinh a" ta quy vé cac truong hop cé s6 mii n nhd hon,
cho t¢i khi n=0.

procedur e power (a: sd thuc khac khong; n: s6 nguyén khéng am)

if n=0then power(an) =1

else power(a,n) := a* power(an-1)
Thi du 11: Tim thuat toan dé quy tinh UCLN cua hai s6 nguyén a,b khdng amvaa> b.
procedure UCLN (a,b: cac sb nguyén khéng am, a> b)

if b=0then UCLN (ab):=a

else UCLN (a,b) := UCLN (amod b, b)

Thidu 12: Hay biéu dién thuat toan tim kiém tuyén tinh nhu mot tha tuc dé quy.

Dé tim x trong day tim kiém ay,a,...,a, trong bwdc thr i cla thuat toan ta so sanh
X vOi a;. Néu x bang a; thi i lavi tri can tim, nguoc lai thi viéc tim kiém duoc quy vé day
cO sO phan t it hon, cu thé laday &.4,...,a,. Thuat toan tim kiém cé dang thu tuc dé quy
nhu sau.

Cho search (i,j,x) lathd tuc tim 0 x trong déy &, &.1,..., §. D& liéu dau vao 1a bd
ba (1,n,x). Tha tuc sé dirng khi s6 hang dau tién ctia day con lai lax hoac lakhi day con
lai chi c6 mot phan t& khac x. Néu x khong la sd hang dau tién va con co céac so hang
khac thi lai ap dung tha tuc nay, nhung day tim kiém it hon mot phan tir nhan duoc bang
cach xoa di phan tr dau tién cla day tim kiém & buéc vira qua.
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procedur e search (i,j,x)
if & = X then loacation := i
elseif i =] then loacation := 0
else search (i+1,,x)

Thi du 13: Hay xay dung phién ban dé quy cla thuat toan tim kiém nhi phan.

Gia st ta muén dinh vi x trong day ay, &, ..., & bang tim kiém nhi phan. Trudc
tién ta so sanh x voi s6 hang gitta ajne1y2. Néu ching bdng nhau thi thuat toan két thuc,
néu khong ta chuyén sang tim kiém trong day ngén hon, nira dau ctia day néu x nho hon
giatri gilva clia clia ddy xuéat phat, ntra sau néu nguoc lai. Nhw vay ta rat gon viéc giai
bai toan tim kiém vé viéc gidi cling bai todn d6 nhung trong day tim kiém c6 do dai lan
lwvot gidm di mot nira.
procedur e binary search (x,i,))

m:=[(i+])/2]

If X = a,then loacation :=m

eseif (X <a,andi <m) then binary search (x,i,m-1)

elseif (x> a,andj > m) then binary search (x,m+1,))

elseloacation := 0
1.5.2. Bé quy valap:

Thi du 14. Thu tuc dé quy sau day cho ta gia tri cGia n! véi n lasd nguyén duong.

procedur e factorial (n: positive integer)

if n=1then factorial(n) :=1

el se factorial(n) :=n * factorial (n-1)
Co6 céach khac tinh ham giai thira ciia mot sd nguyén tir dinh nghia dé quy cla nd. Thay
cho viéc lan lwogt rit gon viéc tinh todn cho céc gia tri nho hon, ta co thé xuét phat tir gia
tri cGla ham tai 1valan lwot 4p dung dinh nghia dé quy dé tim gia tri clia ham tai cac so
nguyén I&n dan. B4 lathu tuc lap.
procedur e iterative factorial (n: positive integer)

x:=1

fori:=1ton

X:=i*X
{xlan!}

Théng thuong dé tinh mot day céc gia tri duoc dinh nghta bang dé quy, néu dung
phuwong phap 1ap thi s cac phép tinh sé it hon la dung thuat toan dé quy (trir khi dung
cac may dé quy chuyén dung). Ta s& xem xét bai toan tinh s6 hang thir n cla day
Fibonacci.
procedur e fibonacci (n: nguyén khdng am)

18



if n=0thefibonacci(n) :=0
elseif n=1then fibonacci(n) := 1
else fibonacci(n) := fibonacci(n - 1) + fibonacci(n - 2)

Theo thuat toan nay, dé tim f,, tabiéu dién f, = f.1 + fn.. Sau d6 thay thé ca hai s6
nay bang téng clia hai s6 Fibonacci bac thdp hon, ct tiép tuc nhu vay cho tai khi fo vaf;
xudt hién thi dwoc thay bang cac gia tri ctia ching theo dinh ngha. Do do dé tinh f,, can
fn+1'1 phép Cﬁng-

Bay gi0 ta sé tinh cac phép toan can dung dé tinh f, khi s dung phwong phap
lap. Thu tuc nay khéi tao x lafy =0vay laf, = 1. Khi vong lap dvoc duyét qua tong cla
X va y duwgc gan cho bién phu z. Sau d6 x dwgc gan gia tri cia y va y dwgc gan gia tri
clia z. Vay sau khi di qua vong ldp lan 1, tacé x = f, vay = fq + f; = f,. Khi quavong 1ap
lan n-1 thi x = f... Nhu vay chi ¢ n — 1 phép cdng duoc ding dé tim f,, khi n> 1.
procedur e Iterative fibonacci (n: nguyén khéng am)

ifn=0theny:=0

else
begin
x=0;y:=1
fori:=1ton-1
begin
=Xty
X=Yy,y:=
end
end

{y lasd Fibonacci thi n}

Ta d4 chi ra rang s6 cac phép toan ding trong thut toan dé quy nhiéu hon khi
dung phwong phép 13p. Tuy nhién doi khi nguoi ta van thich dung tha tuc dé quy hon
ngay ca khi no té ra kém hiéu quéa so v&i tha tuc Idp. Bac biét, c6 nhitng bai toan chi c6
thé giai bang thi tuc dé quy makhong thé giai bang tha tuc 13p.

BAI TAP CHUONG I:

1. Tim m6t s nguyén n nhd nhat sao cho f(x) [a O(x") ddi vai cac ham f(x) sau:
a) f(x) = 2 + x%og x.
b) f(x) = 2x* + (log x)*.
4, 2
¢) f(x) = X +x7+1

X3 +1
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d) f(x) = %IOQX_
X +1
2. Chirng minh rang
a) X + 4x + 71a0(x%), nhung x> khong 1a O(x? +4x + 17).
b) xlog x 1a O(x%), nhung x? khéng 1a O(xlog x).

3. Cho mot danh gia big-O dbi voi cac ham cho du6¢i day. BG6i véi ham g(x) trong
danh gia f(x) 1a O(g(x)), hay chon ham don gian c6 bac thap nhat.

a) nlog(n® + 1) + n“logn.

b) (nlogn + 1)? + (logn + 1)(n* + 1).

9n? +n"

4. ChoH,lasd diéu hoatht n:

Chting minh rang H, 1a O(logn).
5. Lap mot thuat toan tinh tong tat ca cac s6 nguyén trong mdt bang.
6. Lap thuat toan tinh x,, v&i x lamot s6 thuc van lamot s nguyén.

7. M0 ta thuat toan chen mdt s6 nguyén x vao vi tri thich hop trong déy cac s nguyén
&y, &, ..., &, XEp theo thir tu tang dan.

8. Tim thuét todn xac dinh vi tri gap dau tién cla phan tl I1én nhat trong bang liét ké cac
sO nguyén, trong dé céac sé nay khéng nhat thiét phai khac nhau.

9. Tim thuat toan xac dinh vi tri gap cudi cung cla phan t& nhd nhat trong bang liét ké
cac S0 nguyeén, trong dé cac s6 nay khong nhat thiét phai khac nhau.

10. M6 ta thuat toan dém s6 cac s6 1 trong mot xau bit bang cach kiém tra moi bit cla
xau dé xac dinh no cé labit 1 hay khong.

11. Thuat toan tim kiém tam phan. Xac dinh vi tri ciia mot phan t&r trong mot bang liét
ké céc sB nguyén theo thi¥ ty ting dan bang céch tach lién tiép bang liét ké do thanh ba
bang liét ké con co kich thudc bang nhau (hodc gan bang nhau nhat cé thé duoc) va gioi
han viéc tim kiém trong mot bang liét ké con thich hop. Hay chi rd cac buéc cla thuat
toan do.

12. Lap thuat toan tim trong mot ddy cac sb nguyén s6 hang d4u tién bang mot s6 hang
nao doé ding tréc nd trong day.
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