Gido trinh todn kinh té

CHUONG 3: QUY HOACH TUYEN TINH
Bai 1: MG PAU
1. Bai toan toi uu.
T6i wu héa 1a mdt Iinh vuc toan hoc nghién ctu 1y thuyét va cac thuat toan
giai bai toan cuc tri .
Nhiéu van de thuc t€ khac nhau dan dén viéc giai bai todn cuc tri sau :
f(x) — min (1)
Véi céc diéu kién
g.(x)<0, i=1,2,...,m, (2)
h;(x)=0, j=12,..,m, (3)

xeXcR" 4)

Trongd6f, g, h: R" >R (i=12,..,m;j=1,2,..m,)

Bai todn (1) ... (4) duoc goi 1a bai todn quy hoach toan hoc . Ham f(x) dugc
goi 1a ham muc tiéu , con cac ham g; , h; goi la cac ham rang budc . Tap hop cac
véc to X € X © R" thoda man cic rang budc (2), (3) goi 1a tap phuong an hay
mién chdp nhan dugc cua bai todn trén . Phuong 4n x* thod man f(x*) < f(x) véi
phuong 4n x goi 1a phuong 4n t6i wu hay 10i gidi ctia bai todn f(x") goi 1a phuong
an toi uu .

Néu ham muc tiéu f(x) va cdc ham rang budc g; , h; déu la cdc ham tuyén
tinh va X R}, ta c6 bai todn quy hoach tuyén tinh , ngugc lai ta c6 bai todn
quy hoach phi tuyén tinh .

Chuyén d¢€ cua ching ta chi xét bai todn quy hoach tuyén tinh
2. Bai toan van tai

Gia sir ¢6 m kho ki hiéu 1a A,, A,, ...., A, (c4c diém phdt) cung cép cling
mot loai mat hang nao d6 véi khoi luong tuong ing a,, a,, ..., a,, va n cua hang
tieu thu (c4c diém thu) ky hiéu 1a B, B,, ... , B, v6i kh6i luong nhu ciu tuong tng
b, b,, ..., b,. Dé thod man nhu c4u cta céc diém thu thi téng s6 luong hang & céc

m n
diém phat it nhat phai bing téng yéu cdu & céc diém thu: 2.3, = Db i
=1 =1

Biét rang cudc phi van chuyén mot don vi hang (chiéc, tén ...) tir diém phat
A, dén diém thu B; 1a c; don vi tién. Ma tran C = (c;),,,, g0i la ma tran cudc phi.
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Hay lap phuong 4n van chuyén sao cho cic diém thu déu nhan di hang va cudc
phi van chuyén 1a it nhat.
Lap bai todn: Goi x; 1a s6 don vi hang chuyén tir A, dén B,. Tat nhién x;; > 0

(i= la—m’J:L_n)

n —_
Téng luong hang chuyén tir A; dén moi B; 1a ZXij i=1,m)
=

m JR—
Téng lugng hang diém B, nhan duogc tr moi A, 1a 2 X;; (= 1,7)

i=l
m n

Téng cude phi phai trd 1a ) ) C;X;; . Bai toan dat ra [:
i=1 j=1

Tim véc to x = (x;) (i = l,m,j = l,n) sao cho:

m n
f(x) = 2. 2.C;X;; = min
i1 j=1

va thod man cic di€u kién

n
DX <a (i=1m)
i1

3. Bai toan quy hoach tuyén tinh

a, Dang tong quidt :
Tim vec to X = (X, X,, ... ,X, )" €R" saocho:

f(x)= chxj — min (max)
j=1

Véi cac diéu kién :
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j=1

vGi cdc rang budc vé dau:

X, 20 (j=Ln,)
X, <0 (J=n,+1n,))
x, dau ty do (j=n, +Ln)

Dé thdy rang :

Df(x)=min { {(x),x e D} &-f(x)=max {- f{x),xe D}

2) 23X, 2b &> (-a,)x <b
=] =]

n
) Y.a;X; <b,
f
3) Zaijxj =b, & ]
i1
leaijxj > b,
J:

]

4) Z}:a..x. <b, @Z}laijxj +x,,=b; x 20
j= j=

] ] ] n+i

523X 2b o Yax —x, =b; x>0
= =

Céc bién X,,; 20 goi 1a cdc bién bu .

Tir cac nhan xét trén ta thay bat ky bai toan quy hoach tuyén tinh nao ciing

c6 thé dua vé mot trong hai dang sau day:

b. Bai todn quy hoach tuyén tinh dang chinh tdc
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f(x)=2cx, — min
=1

n JR—

ax =b (i=1,m)

ij° 7] i
j=1

X, 20 (j=1n)

.

hay dué6i dang ma tran:

f(x)=c'x —min
Ax=b
x>0

Trong do: ¢, x eR", b eR™, A la ma tran cap m x n.

c. Badi todn quy hoach tuyén tinh dang chudhn tdc.

f(x)=2cx, — min
=

n —_

a,x, =b, (j=1,m)
j=1

x, 20 (j=1,n)

.

hay dué6i dang ma tran:

f(x)=c'x —min
Ax>b
x>0

Vi du: Cé bai toan quy hoach tuyén tinh:

f(x) = 2x, — 3x, + 4x; — 5Xx, - max
X +x,—x,=6
—2x, +9xy +3x, 24

(X1, X5,X3,X4 20

Hay viét bai todn trén dudi dang chinh tic va chudn tic.
- Dang chinh téc:

f(x) = - 2x, + 3x, - 4x5 + 5x, — min
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[ X15 X5, X3, X4, X5, X5 =0

- Dang chuén tic:

f(x) = - 2x, + 3x, - 4x; + 5X, -> min
(X, +Xx,—x,=6

- X, =X, +x, 26

— 2%, +9x; +3x, 24

—5x, =Xy +7x3 22

Xp,Xp,X3,X4 20

4. Diéu kién can va du dé mot phuong an 1a cuc bién

Xét bai todn quy hoach tuyén tinh dang chinh tac (I)

f(x) = ¢'x -> min

Ax=b
{XZO
Ky hiéu a', a%, ... a" 12 c4c cot cha:
a;;  Ap
A= a1 Ap
Am Amo

Khong mét tinh téng quat, luon c6 thé gia thiét :

R(A)=R (a',a% ...,a") =m

Vi néu cé phuong trinh nao trong hé Ax = b biéu dién dugc dudi dang t6
hop tuyén tinh clia cdc phuong trinh khéc thi c6 thé bo né di.

Dinh 1y: Diéu kién cdn va du dé x € D la mot phirong dn cuc bién la hé cdc
véc to cot iing voi cdc thanh phdn duong ciia x doc ldp tuyén tinh.

Tiic la: Ky hiéuJ"(x) = {j : x; > 0} thi

x €D la cuc bién < {d,j €J* (x)} doc ldp tuyén tinh.

Chitng minh: Diéu kién cin x € D I3 diém cuc bién. Can ching minh hé

véc to {@, j € J* (x)} doc lap tuyén tinh.
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Dé don gian, gia su J*(x) = {1, 2, ..., k}

Ta chiing minh béng phan ching. Gia st hé {a', a% ..., a*} phu thuoc tuyén

K
tinh, suy ra ton tai cc s6 z,, z,, ..., z, khong dong thoi biang 0 dé >.z;a =0. bat
aj=1

2=z, 2, ..., 7, 0, ..0) thi Az=0.
Lap céc véc to:
X =X+Az; X7 =Xx-Az=>Ax"=Ax"=Ax=b (ViAz=0)

29

Lay A >0dubésaochox’>0thix’,x” eDmatux’=x+Aiz; X =X-

Az=>Xx = 5 X'+ 5 x'"' suy ra trdi v6i gia thiét x la phuong an cuc bién.

Diéu kién du: Gia st hé véc to {a', j € J* (x)} doc lap tuyén tinh. Can chiing
minh rang x 12 mot phuong an cuc bién.
Ta ching minh bang phan ching. Gia st x khong phai 1a phuong 4n cuc

' "

X+Xx

bién, suy ra 3x’, x’’eD, x” # X’ sao cho x = . Ta c6 (n-k) thanh phén cta

ching déu khong am, khong xay ra tinh hudng n - k thanh phan cu6i cua x’, x”’
doéi nhau.
k ok ko,
Vay > xa'=> xa'=> x '
aj=1 aj=1 aj=1
Vi Ax’=Ax”’ =Ax=b
Nhung hé {2, j € J* (x)} doc lap tuyén tinh nén suy ra:
X;=x";=x"7,(G=1,2,...k)
X;=x"=x";=0(j=k+1,...,n)

hay x = x” = x"’. Di€u nay mau thuan véi giai thiét x” = x"’.
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Bai 2: PHUOGNG PHAP PON HINH

I. TUTUONG CUA PHUONG AN DON HINH
1.Biéu dién qua co sé. D4u hiéu téi vu.
Gia su c6 phuong an cuc bién x" véi co sé J (tic 1a hé vécto cot doc lap
tuyén tinh {aJ,j € J} = (X)= {j,xj > O} . Ta cé:
n
0_ _ 0.j _ 0,]
Ax” =b hay b_jglxja _jzjxja (1)
(vi X(j) =0;VjeJ). V6iméi k ¢ J, ta biéu dién vécto a* qua céc vécto co
SO {aj,j € J} :
at = szkaj (VkeJ)
jel
Gia xu x € D la mot phuong an bat ky. Ta cé.
k
: : « : « :
b= X =) xal +) xia* =) xal+3 x" Yz al (2)
i=1 jel kel jel kel jel
Vi {a, jeJ} 1a doc lap tuyén tinh nén tir (1) va (2) ta co:

X’ =x+ 73X, (V] €)
kel

hay
x=x%-273% (Vie) ()
kel

Ta goi (3) 1a khai trién cia mot phuong 4n bat ky qua co sd J. Lai ¢6 :

n

p— t —_— [—
f(x)=c'x= D.CiX; =2 CiX;+ 2, € X,
=1 jel kel

Thay (3) vao ta dugc:
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f(X) = Z(X? -2 ijxk}:j + 2. C Xy

jel kel kel

= ZCjX? -2 (szkcj _Ck}‘k

jel kel \ jeJ

Ky hiéu:

Ay = szkcj —Cy (k ¢))
jeJ

Goi la uéc luong cua véc to cot a, theo co sa J va:
f(x) = f(x") - 2 AXy
jel

Nhan xét: do x > 0 nén néu Vk ¢J, A< 0 thi f(x) > f(x°), Vx € D do d6 ta c6
ddu hiéu to6i vu sau day:

Phuong an cuc bién x° v6i co s& J 1a phuong dn t6i vu thi A, <0, Vke].
2. Tim phuong 4n cuc bién méi t6t hon - Cong thitc déi co sé.

Gia xtr x° v6i co s6 J 1a mot phuong dn cuc bién nhung chua phai 12 phuong
an t6i uu, khi d6 3k ¢J sao cho A> 0. Gia st s 1a mot chi s6 trong cac chi s6 noi
trén: s ¢J, A;> 0.

Theo thuat todn don hinh ta cin cai tién x° dé nhan dugc mot phuong 4n cuc
bién méi x' t6t hon. Nhim muc dich ké thira tan dung nhitng két qua & budc trudc
ta s& tim phuong 4n cuc bién méi x' v6i co s J' chi khic J mot véc to: J' = (J\ 1)
U s, nghia Ia ta s€ dua véc to a° vao co s& thay thé€ cho véc to a" khac bi loai khoi
co s& J. Cac véc to a" va a° dugc lua chon sao cho x' t6t hon x°.

Toém lai:
0 Néujel,j#s
x''=40 Néuj=s (*)

x! -0z, Néujel

J s

Neudk ¢ J, A, >0maz, <0 Vje Jthif(x) > -

s =
Néu 3j e J dé z, > 0, khi d6 6 6 khong thé 16n tuy ¥, n6 phai thod man

x’; - 02,20 Vj € Jma z,>0.
50

Gia st cuc tiéu trén dat tai j = r. Ly 6 = ——, thay vao (*) ta duoc:
rs
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0 Néujel,j#s
0
X ..
X', = — Néu j=s (%)
I
0
X .
x; ——— Neéujel
ZTS
X;
f(x") = f(x% - A, — (%)
0
Phuong 4n x' nhan dugc & (**) thuc su t6t hon x° néu —> 0. Diéu nay thiy
z

IS
0 tlr (¥*%),
Dinh 1y: Phuong dn x'duoc xdc dinh theo céng thiic (**) la phuong dn cuc
bién voi co s¢J' = (J\r1) Us.

Ching minh: Theo (**) suy ra x', = 0 nén J*(x') < J'. Ta cin chiing minh

hé véc to {a), j € J'} doc lap tuyén tinh. That vay, gia st Za X = ( ta can chiing
jel'

minh o;=0V jeJ'. Tacé:

0= ZaX— > oal+oa’=Y aa+a ZZJSa

jelj#r jel,j#r
= (o, — 0,z z. )a +oz a"
s%s s“rs
]GJ JET
Vi hé véc to {a’, j € J} 1a doc lap tuyén tinh, nén suy ra:

o, -0z, =0 Vel j#r

s“s
oz, =0
Viz, ;>0nénsuyrao,=0,dodoa;=0( €J,j#r). Vayo,; =0
Vie J'={I\r} U {s].

Vi J*(x") = J' nén hé véc to {a, j € J*(x')} doc lap tuyén tinh, do d6 x' 1a
phuong 4n cuc bién va J'1a co s& clia phuong 4n cuc bién x'.

Dinh 1y dugc chiing minh.
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Céc cong thic (**) va (¥**) cho ta cach tim cac thanh phan ctia phuong an

. A L. N PR N N 1 n , A A .
cuc bién mai x' cung v6i gid tri ham muc tiéu f(X ) thong qua cac hé s6 khai
trin z; va cdc uée luong A, trong co s§ J. D c6 thé tien hanh cdc budc tiep
A e . 4 . ps N 1 2 2,0 1

theo ta can xac dinh cac dai lvong tuong Ung Z}k va A, trong co s6 méi J .

. ~ N N 2 A ~ . R 2 z k 2 2,0
Theo dinh nghia z ik Va Z}k la cac hé so khai trién cua vécto a~ tuong ung voi

coss 7, I
k ' 1 |
a =Yzl =Y zhal (I ={INrjufs}) )
jel jel’
Yzga= > zgal+zga (2)
jel jel'jzr
NP J_ J R
Tu & =) za = > za+za vi z,>0
jeJ jel' jr
PN 1 S j h 20 (2 A
Tacé a' =—1]a’ — > z;a’ | thay vao (2) ta dugc :
Z jel.jzr

Yzal= Y zjkaj+z#k a’— Y z.a

jel jel j=r s jel.j=r
Z ; Z
= > | z5 ——%z | +—%a
jel.jr Zys Z

Vi {a), j € J'} doc lap tuyén tinh nén tir (1) va (2) suy ra:

néu j=s

Z ;. .
zy ——2z; n€ujelj#r

I _ 1 . _ 1k rk .
A, szkcJ C = 2 | Zx Z 6y +—C,—¢,
J jel j=r Z. Z.
_ _ ik rk _
= Z Z, Z L+ —¢
jel Z Z
PTE N Zrk
( Vi v6i j=r thi Zy — zZi |= 0)
Z

IS
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zZ zZ
1 rk _ Tk
szkcj—ck — Z(zjscj—cs)—Ak A,

jel! Z. jel Z.
Z
A 1
Vay A=A - Ik A,
Z

IS

II. THU TUC DON HINH - BANG DON HINH.
1. Cac budc cua thu tuc don hinh.

+ Bu6c xuat phat: Tim mot phuong 4n cuc bién x° va co s J twong ting. Tinh
céc hé so khai trién z, va cdc udc lugng A,

+ Budc 1: Kiém tra d4u hiéu toi vu:

a. Néu A, <0 V k ¢ J thi x° 1a phuong dn t6i uu. Thuat todn két thdc.

b. Néu JA, > 0 thi chuyén sang budc hai.

Phuong 4n cuc bién méi t6t hon véi co s6 J' = (\r) U s theo quy tic sau:

+ Budc 3: + Bu6c 2: Kiém tra d4u hiéu hAm muc tiéu giam vo han: V&i moéi
k ¢ Jma A, > 0 thi kiém tra céc hé s khai trién z; clia cot a“ tuong ting.

a. Néu c6 mot A, > 0 ma tit ca zy, <0V j € J thi két luan ham muc tiéu giam
vO han trén mién rang budc. Bai todn khong c6 10i giai hitu han. Thuat todn két
thuc.

b. Tréi lai néu véi moi k ¢ J ma A > 0 déu ton tai it <at mot he s6 z,>0 thi
tién ha< tim phuong

Chon a° dua vao co s&: c6 thé chon batky s ¢ J ma u6e lugng A, > 0. Thong
thudng chon s ¢ J theo quy téc:

As =max {A, >0,k ¢ J}

(vi khi d6 ham s6 giam nhanh nhat)

Chon véc to a" dua ra khoi co s6 theo quy tac:

0
xo . xj
0=—"=minx——,z.. >0
Js
xrs st

+ Budc 4: Tinh céc x';, f(x"), A', z'; trong co s6 mé6i J' = J\ 1) U s cdc
cong thic trén. Quay trd lai budc 1.

2. Bang don hinh
Dé thuan tién cho viéc tinh todn theo thi tuc don hinh nguoi ta sip xép céc
s0 liéu thanh 1 bang don hinh nhu duéi day:
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o] o [ 12 [ K
j | ) " n
5 Ci1 X; | z;,1 z,,2 z; k z;\n
J, Ci» X z,1 z,,2 z, .k z;,n
J Cim X m zjml zjm2 zjmk Z; .
f(x) A, A, Ay A,

3. Thu tuc don hinh trén bang.

+ Budc 1: Kiém tra diéu kién t6i vu: A, <0 V k

- Néu A, <0 V k => phuong 4n x° dang xét 1a phuong 4n t6i wu.
- Néu JA, > 0 thi chuyén sang budc 2.

+ Budc 2: (Kiém tra ddu hiéu ham muc tiéu giam vo han: c6 A, > 0 va cot

tuong ting gom toan cdc phan tir khong duong z, <0V j € J)

- Néu c6 A, >0 vaz, <0V j e Jthibai todn khong cé phuong én t6i uu

(hitu han) vi ham muc tiéu giam vo han trén mién rang budc.

- Néu VA, >0, 3 j € J d€ z; > 0 thi chuyén sang budc 3.
+ Budc 3: (X4c dinh cot xoay, dong xoay, phan ti truc)
- Chon chi s6 s: A, = max {A,, A,> 0}, danh dau cot s 1a cot xoay.

- Tim chi s6 r dat min.

0
xo . xj
0=—"=mins—,z. >0
Js
er st

Vidul:
f(x) = X, - X, - 2x, + 2X5 - 3X, = min
(X, + X, + x5 —xg =2
Xy + X4+ x5 =12
X3 +2x4 +4x5+3x, =9
Xj ZO(j=1,_6)

Chon co s6 xudt phat J = {1,2,3}. A, la ma tran don vi, do d6 ta c6 ngay bang

don hinh xuat phat sau:
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I o « 1 2 3 4 5 6
! ! 1 -1 0 -2 2 -3

1 1 2 1 0 0 1 1 -1
2 -1 12 0 1 0 1 0 1
3 0 9 0 0 1 2 4 3
-10 0 0 0 2 -1 1

Cac budc cua thu tuc don hinh:

+C6 A, >0, Ay, > 0. Dau hiéu t6i uu chua thda man, chuyén sang budc 2.

Trén cdc cot 4 va cot 6 (c6 A, > 0) khong phai tat ca z, < 0 (V) €J) truong
hop 2a) khong xay ra.

+ Tién hanh déi co so:

Chon chi s6 s: A, = max {A, = 2; A, = 1}. Chon cot 4 1am cot xoay (dua a*
Vao co s0).

Chon chi s6 r: 6 = min %,2,2 :% S I chon hang 1 lam hang
111 1 z,
xoay (dua a' ra khoi co s&). Phan tir truc 12 z,, = 1 (duoc ddnh dau "o" bén canh).
Tién hanh tinh todn theo cic cong thic déi co s ta duoc bang don hinh sau:

J 1 2 3 4 5 6
‘i X 1 1 0 2 2 3

-2 2 1 0 0 1 1 -1

2 -1 10 -1 1 0 0 -1 2
3 0 5 -2 0 1 0 2 5
-14 -2 0 0 0 -3 3

Cot xoay: 6, dong xoay: 3, phan tl truc z,, = 5

-2 3 3/5 0 1/5 1 7/5 0

-1 8 -1/5 1 -2/5 0 -9/5 0

6 -3 1 -2/5 0 1-5 0 2/5 1
-17 -4/5 0 -3/5 0 -21/5 0

Tat ca Uy <0 (k=1,2 ...6) . Phuong 4n t6i wu 12 :
X" =(0,8,0,3,0,1) va gid tri t&i uu f(x") =- 17
Vidu2:

f(x) = 6x; + X, + X5 + 3x, +X5 -7X, + 7 —> min
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—X, +X, - X, +Xx, =15

2%, — X, +2x, =-9

4x, +2x, +X5 —3X, =2 ()
x;20(j=1...6)

Déi dau dé cé vec to don vi :
Xét bai toan :

g(x) = 6x, + X, + X3 + 3x, +X5 -7X,—> min.

- X, +X, - X, +Xx, =15

—2X, + X, -2x, =9

14 _ (2)
X, +2X, + X5 —3xy, =2

X; >0()=1,...6)

Nghiém x" clia (2) ciing 1a nghiém ctia (1) va f(x") = g(x") + 7
Neéu (2) khong cé phuong an toi uu thi (1) ciing khong c¢6 phuong an toi vu .
Bai toan (2) c6J ={2,3,5} lacoso.

Ta c6 bang don hinh :
J1G | x 1 2 3 4 5 6
11 3 1 7
2 15/-1 1 0 -1 0 “
3 92 0 1 0 0 -2
5 214 0 0 2 1 -3
26 -5 0 0 2 0 3
J1G | x 1 2 3 4 5 6
6 1 1 3 1 7
6 |-7/15] -1 1 0 -1 0 1
3 391 4 2 1 2 0 O
511 |47 1 3 0O -1 1 0
-9 2 -3 0O 1 0 0

Ton tai A, > 0 va moi phan tr trén cot 4 déu nho hon 0 . Bai todn khong c6
phuong an t6i uu hitu han . Nén (1) khong c6 phuong an toi uu .
1L TIM CO SO XUAT PHAT

Dé ¢6 thé bt dau thl tuc don hinh , ta gia thi€t ¢6 sin mot phuong dn xuat
phat va c6 co so tuong tng ctiia n6 1a J . Hon nita , ta ludn gia thiét hang cua ma
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tran A 1a m , nghia l1a cac dong ctia ma tran A 1a doc lap tuyén tinh . Trong thuc
t€ khong c6 gi ddm bao diéu nay ca , tham chi mién rang buodc c6 thé réng , tic 1a
bai toan da cho khong c¢6 phuong an chip nhan dugc .

Phin nay nham giai quyét hai van dé con géc lai & trén . Cho bai todn quy
hoach tuyén tinh bat ki , cin chi ra cach tim mot phuong an cuc bién va co s&
tuong ung hoac chin t6 bai toan khong cé phuong an .

1. Phuong phap hai pha.
Xét bai todn quy hoach tuyén tinh dang chinh tac :

n
f(x)= chxj — min
j=1

= I
D ax, =b(i=12,.,m) ®
D: j=1

x;20(j=12,...,n)

Khong gidm tong quét coib, > 0,i=1,2,...,m . Néu trdi lai thitacé b, <0,
ta nhan hai v€ rang boc thi i véi -1.
Xét bai todn phu sau :
f(x)=u

ne1 TULH -l-l,ln+3 +..+u _  —>min

n
Dax;+u,, =b(i=1.2,.,m)
i=1

: . P)
D':< X, >0(j=1,2,...,n)

u .. >01=12,..,m)

Céac bién u_,. goi la cac bién gia .

Bai todn (P) ciing 12 mot bai todn quy hoach tuyén tinh dang chinh tac véi
n+m bién . Doi véi bai toan (P) ta ¢ ngay phuong an cuc bién xudt phat (x,u) =
(0,b) tiic la ta c6 x;=0 (j= 1,2 ... ,n.) , u,,; =b; (i=1,2, ... ,;m) va co sG tuong tng
la m cot cudi va ma tran co s6 A; = I (1la ma tran don vi ) nghia la rat thuan loi dé
bat dau tha tuc don hinh . Bai todn phu (P) gidp ta giai quyét van dé phuong an
cuc bién va co s& xuat phat cua bai toan ban dau (I) nhu s€ thay dudi day:

Dinh 1i : Bai todn ban ddu (I) c6 phuong dn chdp nhdn duoc khi va chi khi
bai todn phu (P) cé phuong dn t0i wu vdi tdt cd cdc bién gid u,,; déu bang 0 (i=
12, ...m).

Ching minh .
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( Thuan ) Gia st (I) c6 phuong an x = (X, X,, X3, ..., X,) thi rd rang (P) c6
phuong an (x,0) = (x;, X5, X3, ..., X, 0,0, ...,0)va v61i mo1 (x,u) € D’ co
f(x,u) >0 =f(x,0) = moi phuong 4n dang (x,0) (xeD) déu la phuong 4n t6i uu
cua bai toan (P).

(Nghich ) Nguoc lai néu (P) c6 phuong 4n t6i wu (x,u’) v6i u'= 0 thi x" 1a
phuong 4n cta (I) . Ta con can chitng minh néu (P) c6 phuong 4n t6i wu (x,u’)
v6i u” #0 thi (I) khong c6 phuong dn . That vay , gia st ngugc lai , bai toan (I) ¢6
phuong an x =(x,, X,, X3, ..., X,) . Khi d6 (x,0) 1a phuong 4n cta bai toan (P) ,
nhung vi u” # O nén f(x",u’) =¢'. u> 0 =1(x,0) véi

(e = (1,1,1, ....,1)). Mau thin véi gia thiét (x",u’) 1a phuong 4n t6i wu cua
bai toan (P).

Quad trinh giai bai todn (P) goi la pha tht nhat trong trong phuong phap hai
pha . Gia st sau pha thit nhit nay ta nhan duoc phuong 4n t6i wu (x",u’) cla bai
toan phu (P) . C6 3 kha nang :

a, Néuu" # 0 thi két luan bai todn ddu (I) khong c6 phuong an .

b, Néu u” = 0 va co so tuong ting gém céc cot tuong Gng vdi x; , khong chita
cac cot nao cua bién gia u, ;. Day chinh l1a phuong an cuc bién va co s xuat phat
dé bat dau pha thit hai , ttc 1a bat dau thi tuc don hinh véi bai todn ban dau (I).

¢, Néu u” = 0 nhung co so tuong ting ¢4 chita mot s6 cot ting vé6i cac bién gia
u,,; . ta can xét ki truong hop nay . Ki hiéu J_1a tap cac chi s6 trong co s& ung voi
cdc bien x; , J, 1a tap cdc chi s6 ting v6i bién gid u,,; , khidéJ=J U J, .

Truong hop 1 : Néu trén dong c6 chi s6 (n+i) cua bang don hinh cu6i cing
cua bai todn (P) ta tim dugc mot chi s6 k ngoai co s6 (1<k< n)saochoz, , #
0 thi ta thuc hién phép doi co s& v6i phan tu truc 1a z,,; | d€ dua (n+i) ra ngoai va
dua k vao co so, ta s€ nhan dugc mot co s6 méi trong d6 da dugc bét di mot cot
ting véi cac bién gia u va s€ nhan dugc mot co s& xuat phat cho bai todn ban dau
(I) gbm toan cac cOt ctia ma tran A .

Truong hop 2 : Trén dong chi s6 (n+i) cua bang don hinh cu6i ciing cua bai
toan (P) khong tim duoc chi s6 k ngoai co s6 (1<k< n ) ma Z,ix # Othita
két luan rang dong i cia ma tran A 12 t6 hop tuyén tinh clia cdc dong con lai .
That vay , vi ma tran xut phat dé gidi bai todn (P) 1a ma tran E , nén phan hé s¢
z;, trong bang don hinh 1a (A,E). Céc tinh todn trén bang don hinh gom viéc nhan
mot dong v6i mot s6 hodc nhan mot dong véi mot s6 roi cong vao dong trude .
Truong hop 2 nghia 1a trén dong chi s6 (n+i) cia bang don hinh phan tlr tuong
ting v6i x hoan toan bang 0 sau cdc phép bién déi trén . Diéu nay néi lén rang
dong i cha ma tran A 1a t6 hop tuyén tinh ctia cdc dong con lai . Ta c6 thé xo4 di
dong nay va c6 thé loai bo ludn bién gia twong tng .
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T6m lai , ca hai truong hop ta déu loai dugc cac coOt ting véi bién gia u ra
khoi co s& dé nhan duoc mot co sO chi gébm céc cot tng v6i bién x . Day 1a co s
xuat phat dé giai quyét bai todn ban dau (I).

Chii y :
Né&u trong s6 cac cOt cia ma tran A c6 mdt cot 1a mot véc to cua ma tan don
vi v6i phan tir bang 1 tai dong i thi ta khong can thém bién gia u,_; tuong Gng véi
dong thit i, s6 bién gia chila m - 1 va co s& dé xudt phat bai toan (P) s& gom cot
nay va m - 1 cOt ung véi cac bién gia . Cé bao nhiéu cot cua A 1a véc to cua ma

tran don vi thi ta b6t dugc bay nhiéu bién gia .

Vi du 1: Giai bai toan quy hoach tuyén tinh :

f(x) =-3x, +x, +3x; =X, = min

X, +2x2—x3+x4 =

2x, —6x, +3x,+3x, =9 @
X, =X, +X;—X, =6
x;20(j=12,3,4)
Ta thém céac bién gid us , ug , u,,
Pha 1 : Giai bai toan quy hoach tuyén tinh phu
J |G [xu)y] 1 2 3 4 5 6 7
0 0 0 0 1 1 1
1 2 1 2 -1 1 1 0 0
1 2 -6 3 3 0 1 0
1 6 -1 1 -1 0 0 1
17 4 -5 3 3 0 0
(P)
u); 1 2 3 4 5 6 7
0 0 0 0 1 1 1
1 2 -1 1 1 0 0
0 -10 o5 1 -2 1 0
0 -3 2 -2 -1 0 1
0 -13 7 -1 -4 0 0
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J 1 G [ xuw; 1 2 3 4 5 6 7
0 0 0 0 1 1 1

1[0 3 1 0 0 6/5 3/5 /5 0
310 1 0 -2 1 /5 -2/5 5 0
711 2 0 1 0 -12/5 -1/5 215 1
2 0 1 0 -12/5 -6/5 7150

J G| xu 1 2 3 4 5 6 7
0 0 0 0 1 1 1
0 3 1 0 0 6/5 3/5 1/5 0

0 5 0 0 1 -23/5  -4/5 -3/5 2

0 2 0 1 0 -12/5 -1/5 -2/5 1

0 0 0 0 0 -1 -1 -1

K&t thic pha thu nhat ta nhan dugc phuong an t6i wu cua bai toan (P) la:
(x"u’) = (3,2,5,0,0,0,0) v6i co sé tuong tng 1a : J = {1,3,2 }={a', a’, a’}.

Ta c6 trudng hop b) vi trong phuong an t6i uu ctia bai todn (P) c6 u” = 0 va
co s& tuong ting chi gébm céc cot twong tng véi x . LAy x™ = (3,2,5,0) v6i co s
{1,3,2} xuat phat dé giai bai todn ban dau .

Suy ra pha thit hai c6 bang don hinh la :

J1G | x 1 2 3 4
-3 1 3 -1

1 1-3]3 1 0 0 6/5
315 0 1 -23/5
21112 1 0 -12/5
8 0 0 -94/5
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Bang trén nhan dugc tir bang don hinh cu6i ciing cua bai toin (P) bang cidch
bo cdc cot twong tng véi cdc bién gia , thay cot C; bang cdc hé so tuong Gng cua
bai todn ban dau va tinh lai(x) va A, theo bai toan xudt phat .
Bang don hinh nay da cho ta thdy da thoa man dicu kién t6i uu.
Vay nghiém can tim 13 : x" = (3,2,5,0) va f(x") = 8

Vi du 2: Giai bai todn quy hoach tuyén tinh .

f(x)=2x, +4x, —2x; —> min
X, —2X, +X5 =27

2X, +X, +2x, =50 @)
X, =X, =X, +x, =18

x;20(=12,3,4)

Xét bai toan quy hoach tuyén tinh phu sau :

f(x) =uy +u, = min

X, —2X, +X; +us =27
2X, +X, +2x; +u, =50
X, =X, —X; +Xx, =18

X; 2 0(=1,2,3,4);uq,uy 0.

Ta c6 bang don hinh sau :

ITox [t 2 3 4 5 6
0O 0 0 0 1 1
5127t =2 1 0 1 0
61]502 1 2 0 0 1
410181 -1 S 0 0
773 -1 30 0 0
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Vo] x I 2 3 4 5 6
5 2
0 25
410/ -5
0 32 0 0 0 32

Diéu kién t6i wu da thoa man . Phuong 4n t6i vu cta (P) 1a

(x’,u’) =(25,0,0,-5,2,0) c6 u's = 2 khéc 0

Vay bai toan ban dau (I) khong c6 phuong an cuc bién .

Vi du 3: Giai bai toan quy hoach toan sau

Loi gidi

f(x) =3x, +Xx, —3x; — max

X, +2X, —Xx;=2
—10x, +5x; =5
—3x, +2x, =4

x;20 g=13)

Chuyén vé bai todn dang chinh tic :

Xét bai todn phu :

g(x) =-3x, =X, +3X; —> min

X, +2X, —X3=2

—10x, +5x, =5

-3x, +2x5 =4
x;20 (j=13)

g(x,u) =u, +uy — min

X, +2X, —X, =2
—10x, +5x; +u, =5
—3X, +2x4 +us; =4

X; >0 g=13)u,,u; =0
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