Chuong 3
BAI TOAN VAN TAI
1. CAC KHAI NIEM VA TINH CHAT CUA BAI TOAN VAN TAI
1.1. Noi dung kinh té va cac dang toan hoc ciia bai toan vén tai
1.1.1. Ngi dung kinh té cua bai todan

Gia st can van chuyén mot loai hang hda tr m tram phat, ky hiéu la A ;
(i = 1, m). Luong hang cin chuyén di & mdi tram A ; twong tmg 13 a; (don vi hang),
td1 n tram can thu hang, ky hiéu B (j = 1,n ), lugng hang can thu vé & mdi tram B ;
tuong ung b; (don vi hang). Gia su cudc phi van chuyén tir tram phat hang A ; t6i
tram thu B la ¢ (don vi tuy theo qui udc).

Gia thiét a;>0,b;>0,¢; >0 (i=1m, j=1n)va iai = ibj =Q (bai toan

i=1 j=1
can bang thu phat).

Hay lap ké hoach van chuyén hang hod sao cho tong chi phi van chuyén nho
nhat déng thoi thoa min nhu cau thu phat hang (cac tram phat, phat hét hang va
cac tram thu, thu da hang).

1.1.2. M6 hinh todn hoc cua bai todan

Xac dinh ké hoach van chuyén hang nghia 1 x4c dinh lugng hang can
chuyén di tir cac tram phat toi cac tram thu twong ung. Goi Xjj 1a luong hang hoa
van chuyén tir tram phat A toi tram thu B (x; 20,1 = 1,m, j= 1,_n)

Moi tram phat, phat hét hang nén ta co6: i Xjj =aj, Vi= 1,_m .

j=1

m
Moi tram thu, thu da hang nén ta c6: > x; =b;,Vj=1n.
i=1

m n
Nhu vay tong chi phi van chuyén la: 'Zizlcuxu , va doi hoi phai cuc tiéu.
i=1j=

Khi @6 mo6 hinh toan hoc cua bai toan sé la:
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f(X) =Zmlzn:cijxij — min (3.1)

S x; =a;,(i=Lm) (32)
j=1
ixij =b;,(j=1n) (3.3)
i=1
x>0 (=Lm,j=Ln), (3.4)

Trong d6 ma tran X = (Xjj))mn duoc goi 1a ma tran phan phéi hang can phai
tim. Ham f(X) duoc goi 1a hdm muc tiéu va 1a tong chi phi van chuyén. Hién nhién
(3.1) (3.2) (3.3) (3.4) 1a mé hinh toan hoc ctia mot bai toan qui hoach tuyén tinh
dang chinh tic.

Chu y: Bai toan van tai (3.1) (3.2) (3.3) (3.4) dugc viét dudi dang tuong minh nhu
Sau:
C11X11 ¥ CoX 12 ... +C1pX1n + C21X o1 + CooXoo + ... T CopXop T ... T+
CmiXmi + CmaXm2 + - FC mpX mn = MiN.,

X1+ X+ ... X5 =

Xll + X2]_ + .................. + Xm]_ = bl

Theo d6, ma tran rang budc A cuia bai toan (3.1) (3.2) (3.3) (3.4) la:
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11..1 00..0 .. 00..0
00..0 11..1 .. 00..0| lm

00..0 00... 11..1
A=110..0 10..0 .. 10..0
01..0 01.0 .. 01..0

oo

00..1 00..1 .. 00..1
n n n

Nhan théy ma trin A duge chia 1am 2m khdi: m khdi cua m dong dau thi &
mdi khéi 1a mot ma tran cap m.n c6 mot dong co cac phan tir 1a 1, con cac dong
khac cac phén tur déu 1a 0; khdi thir k ¢6 dong ther k 1a 1 véi k= 1, m. Con m khéi
ctiia n dong sau thi moi khdi 1a mot ma tran don vi cép n.

Goi Ajj 1a cot hé sb cua an Xjj , ta €0 Ajj 1a véc to cdt thir j trong nhom ct thu
icuamatran A, khidotaludnco Ajj=Ei+En+j, Vi= 1,_m,j:1,_n , trong d6 Ex la
ma tran cap (m.n, 1) c6 phan tir & hang thu k 1a 1, cac phan tir khac 1a 0.

Pinh nghia 3.1. Moi bai toan qui hoach tuyén tinh c6 dang toan hoc (3.1) (3.2)

(3.3) (3.4) vé6i gia thiét a;> 0, ;> 0, ¢; >0 (i=1m, j:_n

m M3

n
Zb =Q duogc

0i 14 bai todn van tdi can bang thu phat.
Ngoai bai toan van tai cAn bang thu phat hay bai toan dang déng ta c6 hai

bai toan van tai khong can bang thu phat hay bai toan dang md nhu sau:

+) iai>zn:bj:
f(X)= ZZC”X — min

i=l j=1

inj <a, (i=1m)
=1
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m -
2 X =bj, (=1

=1

>
~

X;>0(=1m,j=1n).

+) Zm:ai <Zn:bj :
i=1 =1

f(X)=>> c;x; > min
i=1 =1
n . I
inj =a;,(i=1m)
j=1

x;>0(@{=1m,j=1n).

Pinh nghia 3.2. Ma tran X = (Xj))m» thod man h¢ cac diéu kién (3.2) (3.3) (3.4) cta
bai toan van tai cAn bang thu phat dugc goi 1a mot phwong dn ciia bai todn hay mot
phwong an phdn phoi hang.

Ky hiéu tap hop cac phuong an cua bai toan 1a D.
Pinh nghia 3.3. Phuong an X thoa man yéu cau (3.1) ciia ham muc tiéu f(X) duoc

201 12 mot phirong dn ti wu.
bat: X 1a ma tran cot gé)m m.n thanh phén:
X = (X11 X12 .. X1n Xo1 X22 -+ X« Xt Xm2 --Xmn) 5
C 14 ma tran dong gém m.n thanh phan:
C=(C11Cp... ¢1nC21C22... Con +.. Cm1 Cm2 ---Cmn),
B 1a ma tran c6t gém m + n thanh phén:
B=(@;a,...anbyb,...by)
A = () + nymn) Ma tran hé sb cac an cta (3.2) (3.3). Khi d6 dang (3.1) (3.2)
(3.3) (3.4) c6 dang ma tran sau:
f(X) = CX — min
AX=B
X>0
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1.2. M6 hinh bang cta bai toan van tai
1.2.1. Bdng vdn tdai

Ngoai cach mo ta bai toan dudi dang tong quat, do dic thu cua 16p bai toan
van tai, ta c6 thé mo ta bai toan dudi dang bang dé thuan loi cho viée tim 1oi giai

cua bai toan.

Bang 3.1
T

Bl: b1 Bz: b2 Bn: bn
P

C C C
Al: a 11 12 1n

C C C
AZ: a, 21 22 2n
Am: an Cm1 Crm2 Crn

Bang 3.1 trén duoc goi 1a bdng vdn tdi. Khong tinh dong dau (ghi luong
hang cta cac tram thu), ¢t dau (ghi luong hang cua cac tram phat) thi bang c6 m
dong, n cot va m.n 6. Mdi cdt twong ung cho mdt tram phat, mdi dong tuong ng
cho mdt tram thu.

O nam trén dong i, cot j ky hiéu 12 6 (i, j). Goc trén bén trai 6 (i, j) ta ghi gia
cudce cjj, goc dudi bén phai ghi gia tri x;; 1a lwgng hang van chuyén tir tram A; dén
tram Bj, chly rang ta chi ghi gia trj cta Xjj vao 0 (i, j) néu Xjj > 0 va goi 6 d6 1a mot
6 chon; néu x;; = 0 thi ta bo trong vi tri d6 (trir truong hop dic biét) va goi 6 d6 1a 6
loai.

Ky hi¢u C(X) = {(i, j): xi; > 0}.

1.2.2. Vong va cdc tinh chit
Pinh nghia 4. Mot tap hop gom k 6 (k > 4) trén bang van tai dugc danh s thir tu

1,2, ...,k (xem 6 dau tién 1a 6 tiép theo ctia 6 cudi cung) duoc goi 1a mot vong néu
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chung théa mén diéu kién: hai 6 lién tiép phai cting ndm trén mot dong hay mot cot
va khong c6 ba 6 lién tiép cing nam trén mot dong hay mot cot.
Vong thuong dugc ky hiéu 1a V va duoc biéu dién:

V ={(iv, J1), (i, J2), (12, J2), -, Cip, Jp) (i, J0)}
hodc

V ={(is, j1), (iz, 1), (iz, J2), -5 Cip, Jo) (11, Jp) 3

VOl ik # Ik+ 1, Jk#Z Jk+1, VK=1,2, ..., p.

Vidu I: Tacd mot vong nhu Bang 3.2 sau:

V={(12),(3,2).(3,3),(53),(55) (1,5}

Bang 3.2
(1|) < {6)
|
) —*(CI’>)
!
(4) (5)

Nhdén xét: Tt dinh nghia ta nhan thay s 6 ciia mdi hang hodc mdi ¢t ma vong di
qua 13 hai 6, do d6 tong s6 cac 6 c6 mit trén vong ludn 1a mot sd chin va it nhat
phai c¢6 bén 6.
Pinh nghia 3.5. Mot tap hop cadc 6 ma tir do co thé léy ra dugc mot sb6 6 dé tao
thanh vong thi tap hop cac 6 d6 dugc goi la co chira vong.
Pinh ly 3.1. Cho K la mot tap hop cac 6 trén bang van tai
A: () €KJ (3.5)
Tdp hop K ¢6 chira vong khi va chi khi ho (3.5) la mét ho véc to phu thudc tuyén
tinh.
Chitng minh: Can: Gia st K chira vong V ¢6 dang:
V = (iy, J1), (i1, J2), (2 J2), ooy Clp, Jp) (i, J ).
Vi Ajj = Ei + Ep+jnén ro rang ta co:
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A —A

1 I

i, TAL, — A A

i,

g, ~ A =0
dang thirc nay chimg to ho (3.5) 1a ho véc to phu thudc tuyén tinh.
Du: Gia st ho (3.5) phu thudc tuyén tinh, kh1 do ta c6:

ZOLiinj :O, (36)
(i,))eK

v6i it nhat mot hé sb o # 0. Tir (3.6) ta co:

Z o (E; +Ep, ) =0 (3.7)

(i,))eK
Gia sit o ; #0. Khi do s6 hang a; ; A;j =a;j (E; +Ep,;) c6 hai thanh phan
thiriy vam+j1 12 o ; =0. D¢ 1am triét tiéu thanh phan thir iy cta s6 hang nay thi
vé trai cua (3.6) phai chira it nhat mot sé hang c6 thanh phan thwr i, khac khoéng.
Gia st d6 1a s6 hang tha ijjo: o j A;j # 0. Lai xudt hign thanh phan thir m + j,
khac 0. Dé 1am triét tiéu thanh phan nay thi vé trai ctia (3.6) phai chua it nhat mot

s0 hang c6 thanh phan thr m + j, khéc 0. Gia st d6 1a s0 hang : o ; A; j # 0. Lai

xuat hién thanh phan thr i,# 0 v.v... Vi vé trai ctia (3.6) 12 mot tong hitu han nén
cubi cing dé 1am triét tiéu thanh phan tht m + i; (xuat hién lac dau) thi vé trai cta
(3.6) phai chira it nhat mot sé hang c6 thanh phan tha m + i; khac 0. Gia st 46 1a

s6 hang o le # 0. Dong thoi vé6i viée chon cac sd hang khac khong thi ta da

i,
chon ra dugc tap hop cac 6 twong tng 1a: (iy, j 1); (11, J2); (2, J2); -3 (py Jp); (ips J 1)
tap hop cac 6 nay chinh 1a mdt vong va no6 1a mot tap con cua (3.5). Vay (3.5) chira

vong.

1.3. Tinh chat ciia bai toan van tai cAn bang thu phat

Pinh 1y 3.2. Bdi todn vin tdi cin bang thu phdt (3.1) (3.2) (3.3) (3.4) lubn co
phirong dn t6i wu.

Chitng minh: Ap dung dinh 1y 1.8, ta can chi ra rang bai toan c6 phuong an va ham

muc tiéu f(X) bi chan dudi trén tap cac phuong an. That vay:

-62 -



m n
Gia su X = (Xij) e D, do Cij >0, Xij >0 Vl,j nén f(X) IZZCHXU > 0. Nhu
i=1j=1

vay vé1 mo1 X € D, ham f(x) b1 chan duéi trén D.

a:b; _ M
Pit xj =—,i=1mj=1n (O3
j i
Q i—1

—
[HEN

n
> b; = Q). Dit Xo = (X’)mn. Khi d6 ta co:
j=1

n

0,i=1m,j=1n.

v

xp=a,i=Lm; Y x] =b,j=1n;x%
=1 i=1
Vay X, 1a mot phuong an ctia bai toan. Ta c6 diéu phai chimg minh.
Pinh ly 3. Trong bai toan van tai voi dang ma tran hang cua ma tran rang buoc A
larankA=m+n- 1.
Chitng minh: Ta c6 tong ciia m dong dau cua ma tran A bang tong cua n dong sau
cua ma tran A va béng (1,1, ..., 1). Suy ra m + n dong cua A phu thudc tuyén tinh,
do vy rankA <m + n -1. Ta s& ching minh ring m + n -1 dong cta A ké tir dong
thur hai 1a doc 1ap tuyén tinh. That vay: Goi D; l1a dong thtr 1 cua ma tran A, xét
dang thirc sau:
m-+n
ZaiDi =0. (38)
i=2
Vé trai cua (3.8) 1a mot véc to gom m.n thanh phan, ta xét n cot dau. Khi d6
m+n . - , , .
tur (3.8) ta co Z(Xidij =0, Vj=Ln;madj=1néui=m+j;dj =0ncuizm+]j.
i=m+1
Do vay a; =0,Vi=m+j,j=1,n. Hay o ;y+; =0, Vj=1,n.Khidotaco
m
(3.8) = > a,D; =0.
i=2
< (0, Ay, ..., Oy, O3, O3, ..., O3, ..., Olm, Olm, ..., Om) = 0.

:>ock=0,Vk:2,_m.

=>ou=0,V k=2,m+n.

Vay m+n — 1 dong sau cua A doc 1ap tuyén tinh, hay rankA =m +n — 1.
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Tir két qua nay, ta thdy rang khi giai bai toan vén tai bang phuong phap don
hinh thi c6 thé bo di mot dong bét ky cia hé rang budc.
Pinh ly 3.4. Gia sir X = (xij) mn la mot phwong an cua bai toan van tdi can bang
thu phét (3.1) (3.2) (3.3) (3.4). Khi dé diéu kién can va di dé X la mét phwong dn
cuc bién la C(X) khong chira vong.
Chitng minh: Theo dinh 1y 1.6 phuong an X cta bai toan chinh tic 1a phuong an
cuc bién khi va chi khi {Aj; : x;; > 0}ddc 1ap tuyén tinh, ma

{A; 1 x>0} ={A;: (1, J) € C(X)},
theo dinh 1y 2.1 ho nay doc 1ap tuyén tinh khi va chi khi C(X) khong chtra vong.

Tur cac dinh 1y trén ta c6 cac h¢ qua sau:
Hé qua 3.1. Moi tdp hop gom nhiéu hon m + n — 1 6 trén bang vdn tai m.n déu c6
chira vong.
Hé qua 3.2. Piéu kién can dé phuwong dn X la phwong dn cuc bién la sé thanh
phan dwcong thue sw ciia né khéng viot qud m + n — 1.
Pinh nghia 3.6. Phuong an cuc bién X cua bai toan van tai (3.1) (3.2) (3.3) (3.4)
duoc goi 14 phwong dn khéng suy bién néu nd ¢6 di m + n — 1 thanh phan duong
thue sy, néu khong thi phuong 4n co ban d6 goi 13 suy bién.
Pinh nghia 3.7. Gia sit X 1a mot phuong an cuc bién va J 1a mot tip hop gdom
m + n — 1 6 khong chira vong ddng thoi J chira cac 6 ung v6i cac thanh phan
duong thyc su ctia X. Khi dé J dugc goi 1a h¢é 6 chon co so cua phuong an cuc bién
X.

Tir dinh nghia ta ¢, néu phwong an cuc bién X khong suy bién thi C(X) = J
1a hé 6 co s& duy nhat ciia X. Néu X suy bién thi C(X) # J va X ¢6 thé c6 nhiéu hé

co s& khac nhau.

2. THUAT TOAN THE VI GIAI BAI TOAN VAN TAI CAN BANG THU
PHAT

2.1. Phwong phap tim phwong an cwe bién xuét phat
2.1.1. Phwong phdp cwéc phi bé nhiit
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Phuong phéap nay ludn wu tién phan phdi cho 6 co cudc phi nhod nhét trén
bang. Noi dung phuong phap nhu sau:

Trén bang van tai, ta tim 6 c6 cudc phi nhd nhit, phan vao 6 d6 moét luong
hang 16n nhét c6 thé duge. Khi d6 s& co it nhat mot dong hay mot cOt thoa man
nhu cau (nghia 1a tram phat da tiéu thu hét hang hodc tram thu d3 nhan da sb hang
so v6i nhu cau), x6a bo dong hay cot d6 di va lap lai cong viée nay ddi voi cac 0
con lai, sau mot s6 hitu han budc 1dp ta thu dugc ma tran X = (Xjj)mn.

Tép hop cac gia tri {xj}, | = 1,m,j=1n thu duoc tir cach tim nhu trén 13
mot phuong an cua bai toan, vi ching thod man moi rang budc. Hon nira n6 con la
mot phuong an cuc bién.

That vay, theo cach phan phdi, cac 6 chon déu co xjj > 0. Gia sur tap cac 0
chon c6 mot sb 6 tao thanh vong co dang:

V ={(is, J1), (i1, J2), (B2, J2), -, Cip, Jp) (s J2) 3
Khi do6 c6 céac truong hop sau xay ra:

- Hodc yéu cau cta tram phat A; thoa man, hang i; bi loai khoi bang, 6
(i1, jo) khong thé duoc phan phoi.

- Hoic yéu cau cua tram thu B j thoa man, hang j; bi loai khoi bang, 6 (i, j1)
khéng thé dugc phan phdi.

- Hoac yéu cAu cua ca tram phat Ah va tram thu B i thod man, khi d6 hang
i1 va cOt j; bi loai khoi bang, 6 (iy, j,) Va 0 (ix, j1) khong thé duoc phan phdi.

Viy X 1a phuong 4n cuc bién cua bai toan vén tai can bang thu phat.

Vi du 3.1: Tim phuong 4n cyc bién cua bai toan van tai sau (Bang 3.1) bang

phuong phap cudc phi nho nht.
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Bang 3.3

T
30 20 25 35 40
30 |13 7 6 2 12
20 |5 1 10 3) 11
40 |10 5 3 7 14
60 |6 3 2 11 10

Gidi: Trén bang van tai 3.3, ta thdy 6 (2, 2) c6 cudc phi nho nhit ¢, = 5. Phan vao
0 do luong hang lon nhat co thé dugc 1a xp, = 20. Khi d6 tram phat A, hét hang va
tram thu B, nhan du hang, tram phat A; con 80 don vi hang. X6a bo hang 2, cot 2,
13p lai cong vigc trén sau mot sb6 hitu han budc, ta thu duoc phuong an cyc bién

cua bai toan nhu bang (3.4).

Bang 3.4
30 20 25 35 40
13 7 6 2 12
30
30
5 1 10 5 11
20
20
10 5 3 7 14
40
5 35
6 3 2 11 10
60
30 25 5
0O 0 0 30 O
0 20 0 0 O
Nhu vay, phuong an cyc bién thu dugc la: X, = .
0 0 0 5 35
30 0 25 0 5
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Phuong an X, ¢6 7 6 chon, thiéu mot 6 so véi hang cua bai toan can bé'mg
thu phat. Ta 1dy thém mot 6 loai bd sung thém vao tap hop 7 6 chon dé du 8 6
khong chtra vong. Chang han 6 (1, 2), ta dugc tap 6 co sO

Jo={(1,2),(1,4),22), 3 4), (3, 5), (4 1), (43), (4 5)}

2.1.2. Phwong phap Fogels

No6i dung phuong phap: Trén bang van tai, ta tinh chénh I¢ch cudc phi gitra
hai 6 c6 cudc phi nho nhat ciia mdi dong va mdi cot. Xét dong hay cot co chénh
1éch 16n nhat va phan vao 6 ¢6 cudce phi nho nhat ctia dong hay cot d6 mét luong
hang 16n nhét c6 thé duoc, bo di cac 6 nam trén cac tram di dugc thoa man. Sau do
tinh lai chénh léch cudce phi cua cac cot hay dong con lai, 1dp lai cong vi€c trén sau
mot sb hitu han lan, ta thu duoc ma tran X = (Xjj))mn la mét phuong an cuc bién cua
bai toan van tai can bang thu phat.
Vi dy 3.2: Tim phuong an cuc bién theo phuong phap Fogels ctia bai toan van tai ¢
vidu 3.1.
Gidi: Bang phuong phap Fogels ta tim dugc phuwong an cyuc bién nhu bang 3.5.

Bang 3.5

P 30 20 25 35 40
13 7 6 2 12

30 30 4,4X
5 1 10 5 11

20 55 4x
10 5 3 7 14

40 c 35 2,4,3,7
6 3 2 11 10

60 % o g 1441
1,44x  2x 1,1,1x  354,7x 1,244

Phuong an cuc bién tim dugc theo phuong phap Fogels:
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0O 0 0 30 0
0 20 0 0 O
10 0 25 5 10
30 0 0 0 30

2.2. Tiéu chuan t6i vu cho mdt phwong an ciia bai toan vén tii cin bing thu
phat
2.2.1. Bdi todn déi ngdu ciia bai todn vin tdi

X¢ét bai toan van tai :

f(X) =izn:cijxij — min (3.1)
> x; =a.(i=1m) 3.2
=1
Sx; =b,.(i=1n) (33)
i=1
%20 (i=1m, j=1Ln). (3.0

Ky hi€u u; la cac bién do1 ngau ung vo1 hé rang budc (3.2), vj la cac bién do1

ngau tmg vo1 hé rang budc (3.3). Khi do6 bai todn doi ngau cua bai toan van tai co

dang:
m n
23U + D bjv; — max (3.9)
i=1 j=1
Ui +V; < Cij (l =1,_m, J IH) (310)

Céc cap diéu kién d6i ngiu:
xj 20 ui+vi<c (i=1m,j=1n) (3.11)
2.2.2. Tiéu chudn toi wu cho mét phwong dn ciia bai todn vin tdi
Pinh 1y 3.5. Gid sir X = (xij)mn la phwong an ciia bai todn van tdi can bang thu
phat (3.1) (3.2) (3.3) (3.4). Khi d6 diéu kién can va di dé phwong dn X la phirong
an t6i wu la ton tai mot hé théng go”‘m m + n thé vi (ug, Uy, ..., Um, V1, Vo, ..., V) =

(U, V) sao cho:
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ui+v;<cy (i=1,m,j=1n), (3.12)

U + V; = Cjj néu x;; > 0. (3.13)
Chiing minh. Can: Gia st X = (Xi))mn 12 phuong an t6i wu ciia bai toan van tai can
bang thu phat (3.1) (3.2) (3.3) (3.4). Theo dinh 1y d6i ngau th&r nhat, bai toan dbi
ngau (3.9) (3.10) ciing c6 phuong an ti wu. Gia st phuong an t6i wu d6 1a (U, V) =
(Ui, V), i=1,m, j=1,n. Khi d6 diéu kién (3.12) dugc théa min. Mat khac theo dinh
ly d6i ngdu tht hai gitra (U, V) va X thi diéu kién (3.13) duoc théa man. Vay
phuong an t6i vu ctia bai toan d6i ngiu (U, V) chinh 1 hé thong thé vi phai tim.

Dui: Gia sir im duoc hé thong thé vi (U, V) = {(u;, vj): i=1m,j=1n} thoa

man (3.12) (3.13). Vi thoa mén (3.12) nén (U, V) la phuong an cia bai toan doi
ngau. Vi thoa man (3.13) nén cip phuong an X, (U, V) thoa man gia thiét cua dinh
ly d6i ngau thir hai. Vay X 1a phwong an tdi uru ctia bai toan van tai va hé théng thé
vi (U, V) 1a phuong an t6i wu ctia bai toan ddi ngau.
2.2.3. Phwong phdp xdy hé thong todn thé vi

Giastr X, = (Xi(})m'n 12 mdt phuong 4n cuc bién va J; 1a mot hé thong 6 chon

co s6 clia Xo. Ta s& xay dung hé thong thé vi (U, V) = (u;, vy), i =1,m,j=1n.Lay
(3.13) 1am diéu kién xuat phat dé tim hé thong thé vi sau d6 sé& kiém tra diéu kién
(3.12). Xét hé phuong trinh tuyén tinh:

ui +vj =cj (i, ) € Jo. (3.14)

Vi Jo gom m + n — 1 6 khong chira vong nén hé (3.14) gobm m + n — 1
phuong trinh doc 1ap tuyén tinh, xac dinh m + n an. Do vdy hé (3.14) c6 vo sd
nghiém phu thudc mot tham sé. Lay bat ky mot an lam tham sd, va cho tham s
nhan moét gia tri cu thé, chrfmg han 1a s6 0, ta dugc mot nghiém riéng cua h¢
phuong trinh. D6 chinh 14 hé thdng thé vi ddi véi tap 6 co s Jo.

Pinh ly 2. Gia su (U, V) va (U’, V’) la hai nghiém riéng cua hé (3.14) khi do ta co:

Ui+Vj:Ui’+Vj’, \7/|=1,_m,J=1,_n
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Tir két qua cua dinh ly ta nhan thay viéc phuong an X, c6 tdi wu hay khong
nghia 1a hé théng thé vi (U, V) tim dugc ¢6 théa man diéu kién (3.12) hay khong,
n6 hoan toan khong phu thudc vao viéc ta chon an tu do va cho né gia tri 1a bao
nhiéu khi di tim nghi¢m riéng ctia h¢ phuong trinh (3.14).

Tém lai, @é tim hé z‘héng thé vi wng voi mot phuwong an cuc bién Xy cho truoc
va kiém tra Xy da t6i wu chua ta thuc hién cac bude sau:

- Xac dinh hé 6 chon co s& cia Xo. Néu X khong suy bién thi J, = C(Xo).
Néu X, suy bién thi ta can bo sung thém mdt s6 6 loai (Iam 6 chon gia) dé cing véi
tap C(Xo) tao thanh m + n — 1 6 khong chira vong. Luong hang tai cac 6 chon gia la
0.

- Tim mot hé thong thé vi, hay 1a tim mot nghiém riéng cia hé (3.14).

Dit Ay = Uy + v — Cjj, A duge goi 13 s6 kiém tra hay wéce luong ciia 6 (i, j).
RO rang A;j =0 V(i, j) € Jva

-néu A; <0V (i, j) thi X, 1a phuong 4n t6i wu,

- néu ton tai A > 0 thi X, chua phai 1a phuong an t6i wu.

2.3. Phuong phap cai tién phwong an
B6 dé 3.1. Xét phuong an cuc bién Xg voi hé 6 chon co so Jo. Gia sit (o, jo) 12 mot

6 bat ky khong thudc Jo, khi d6 tap hop {Jo + (i, jo)! s& chira mot vong duy nhit.
Chitng minh: Do {J + (io, jo)} g0m m + n 6 nén nd chira mdt vong V nao do va
hién nhién V di qua (io, jo), Gia st vong V c6 dang:
V = {(io, o), (io, j1), (i1, ja), .-+, (ks Jis (i, Jo)}-
Gia sir ton tai vong V’ # V, di nhién V’ ciing di qua (io, jo) va gia sit V’ ¢6
dang:
V’ = {(io, o), (i0, A1), (P, A1)s ---» (P Ak)» (P Jo)}-
T Vva 'V’ ta lap vong méi:
V7= {(io, Ju), (11, J1), ---, (i Jis (i Jo), (Pis Jo)s (P G, ---» (o, Q)
Vong nay khong di qua (i, jo), trai voi gia thiét Jo khong chira vong. Vay ta

c6 di€u phai chirng minh.
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Bo dé 3.2. Goi V 14 vong duy nhét tao bdi (ig, jo) va mot s6 6 ctia Jo. Panh s thi tur
1,2, 3, ... cac 6 trén V bat dau tir (i, jo).
Ky hiéu: Ve = {(i, ) € V c6 s6 thtt tu chin},
Vi ={(i, ]) € V co sb th tr 1&}.

Taco cong thitc Y Cj— D Cj = A,
(iLpev, (i.)eV,

Chitng minh: Gia sir V = {(io, Jo), (io, Ju), (ir, J1), ---, (i Jis (I Jo)}- Khi d6:

DG G =Cij *+Cij —Cij +..=Cij +Cij
(i,Dev, (i,)eVv,

ojo )

=—C +Ui +Vi —Ui —-V; +...—ui —V'k+uik+V'
0 1 1 il k

i) i j Jo

:—C +UIO+V :Al

iodo Jo odo *
Ta c6 diéu phai ching minh.
Duea vdo hai két qua trén ta diwa ra thudt todn cdi tién phwong dn nhw sau:
Gia st phuong an cuc bién Xy vo1 hé 6 chon co s¢ Jp chua théa man tiéu
chuan t6i wu, nghia 13 con ton tai sb kiém tra Ajj > 0.
- Chon 6 diéu chinh (thudng chon 6 ¢6 s6 kiém tra duong 16n nhat). Gia sir

A; ;. =max{A; > 0}, khi d6 6 (io, jo) 1a 6 diéu chinh.

oo
- Lap vong diéu chinh V tao bdi (ig, jo) va mot s6 6 chon khéc ctia Jo. Sau d6
d4nh s6 thir tu va chia V thanh V¢, V.
- X4ac dinh phuong an mai X; theo cong thuec:
xi  (iDeV
Xj=1%j—a (i)eV (3.15)
x§+a (hev,
voi q la lugng diéu chinh duoc xac dinh theo cong thuec:
q=minxg: (i) eV, 3x°; . (3.16)
Pinh ly 3.7. Gia s Xy la phwong an cuc bién khong suy bién, ma tran X, dwoc xdc
dinh theo cong thurc (3.15) (3.16) la mot phuwong dan cuc bién voi hé 6 chon co so

Jo = J Ui, jodMin o), va 16t hon han X,.
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Chitng minh: Vi sb 6 cia vong V nam trén mot dong hay mot cot bang 0 hodc 1a
mot s6 chin nén tir cong thie (3.15) ta co:
n

n . m
inljzzxgzaif Lm, Z
=1 =l

=1

0—b,vj=1

J!

mMa

Vi X, 1a phuong an cyuc bién khong suy bién nén Xoij >0 voi moi (1, j) € Jo.
Do vay q > 0, mat khac theo (3.15) va (3.16) thi Xilj > 0, V (i, j). Nhu vay chung to

X1 1a phuong 4n cua bai toan. Tap hop J; van ddm bao m + n - 1 6 chon va khong
chtra vong. Vay phuong an X; thu duoc 1a phuong an cuc bién véi co s J,, dong

thoi f(Xo) — f(X1) = A, ; >0, chimg to phuong 4n X; t0t hon phuong 4n X.

Thudt todn thé vi gidi bai todn vin tdi cdn bang thu phat (bai todn khéng suy
bién)gém cdc budc sau:

Budc 1: Tim phuong an cuc bién Xuat phat X, va h¢ 6 chon co sé Jo.

Budc 2: Xay dung hé thong thé vi, kiém tra tiéu chuan t6i wu.

+ Néu théa man tiéu chuan toi wu, két luan bai toan;
+ Néu chua thoa min tiéu chuan t6i wu, chuyén sang budc 3.

Budc 3: Cai tién phuong an:

- Chon 6 diéu chinh, 1ap vong diéu chinh, x4c dinh lwong diéu chinh q.

- Xac dinh phuong an cyc bién moéi X;: Gitt nguyén luong hang tai cac 6
khong nam trén vong diéu chinh V. Trén vong diéu chinh V ta thém luong hang q
& cac 0 1¢é, baot di lugng hang q & cac 6 chan déng tho1 xac dinh hé 6 chon co sé&
moi Jg.

Gan Xi: = X, quay vé budc 2.

Chl vy rang, do sb phuong an cyuc bién 13 hitu han nén thuét toan thé vi cling
s& két thiic sau mot sb hiru han bude.

Vi dy 3.3: Tim phuong 4n toi uu ciia bai toan vén tai cin bang thu phat cho & bang
3.6.
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Bang 3.6

T
30 |25 40 25

P

20 |4 2 10 6

45 |1 3 8 12

55 |5 3 9 7

Gidi: - Bang phuong phéap cudc phi bé nhat, ta tim dugc phuong an cuc bién xuét

phat X, nhu bang 3.7.

Bang 3.7
T
30 25 40 25
P
4 2 10 6
20
20
1 3 8 12
45
30 5 10
5 3 9 7
55
30 25
0 20 0 O
X,=/30 5 10 0
0 0 30 25

Phuong &n cuc bién Xgcd co so Jg 1a tap cac 6 chon.
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Bang 3.8

4 2 10 6
up=0
- 20| - -
1 3 8 12
U, = 1
30 5 10 -
5 3 9 7
Us =2
- 1) 30 25
V]_:O V2:2 V3:7 V4:5

- Xay dung hé thong thé vi: tir cong thie u; + v; = ¢;; V(i, j) € Jo, cho u; =0,
ta duoc hé théng thé vi nhu & bang 3.8.

- Kiém tra tiéu chuan tdi wu: tinh Ajj = Uj + Vj — Cjj ddi voéi céac 6 loai, théy 0
(3.2) vi pham tiéu chuan t6i wu.

- Piéu chinh phuong 4n: ldy 6 (3.2) lam 6 diéu chinh, ta dugc vong diéu
chinh V= {(3, 2), (2, 2), (2, 3), (3, 3)}.

= ¢ =min{5, 30} =5.

Piéu chinh 5 don vi hang tir 6 thudc V. sang 6 thudc V), ta dugc phuong an
cuc bién X, nhu bang 3.9: khi d6 6 (2, 2) hét hang trd thanh 6 loai, 6 (3, 2) ¢6 hang

trd thanh 6 chon. Ta c6 co s& moi1 J; 1a tap cac 6 chon nhu bang 3.9.

Bang 3.9
4 2 10 6
up=-1
- 20 | - (0)
1 3 8 12
u,=-1
30 - 15 -
5 3 9 7
u;=0
- 5 25 25
V=2 Vo=3 V=9 w=7

-74 -



- Xay dung hé théng thé vi: tir cong thie u; + v; = ¢ V(i, j) € J1, cho uz = 0,
ta duoc hé théng thé vi nhu & bang 3.9.
Tinh Ay, ta thay A;; <0, V(i, j). Vay phuong 4n cuc bién X; la phuong an t6i

uu cua bai toan.

0 20 0 O
X, =130 0 15 O |,
0 5 25 25

tong cude phi van chuyén nho nhét la:

f(x) =2.20 + 1.30 + 8.15 + 3.5 + 9.25 + 7.25 = 605.
Chu y: Néu gip truong hop phuong an cuc bién suy bién thi q c6 thé bang 0. Khi
q = 0, ta van tién hanh thuat toan binh thuong. Thyuc chit cia qua trinh nay 1a thay
d6i mot 6 co sé thanh mot 6 khong thude co sé, con 6 diéu chinh sé tré thanh 6 co
s0. Két qua ctia qué trinh 1a chuyén tir tip 6 co s nay sang tip 6 co s& khac ma
khong 1am thay d6i phuong 4n cuc bién.

Néu q= ( m)in )\ij dat tai nhiéu 6 khac nhau, d6 1a ddu hiéu cua phuong an
i,j)eV, )

cuc bién suy bién. Ta loai mot 6 bat ky mot cach ng'flu nhién trong cac 6 do, cac 6
khac gilt nguyén trong tap co s& mai (chung c6 vai tro nhu 6 bo sung).
Vi du 3.4: Cho bai toan van tai nhu bang 3.10.

Bang 3.10

o1 54 60 45 80

50 |10 |11 |10 |9 8

90 |12 |12 |5 13 |11

70 |19 18 6 14 15

g0 |18 |17 |7 15 |12
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