LOI NOI PAU

Gido trinh nay duogc viét cho sinh vién hé dao tao dai hoc tir xa céc nganh kinh
té, k¥ thuat va dugc bién soan theo dé cuong chi tiét hoc phan Toan cao cap, trong
phuong thie dio tao theo hé thong tin chi ctia Truong Pai hoc Vinh. Vi dic thu nganh
hoc va thoi lugng han ché trong hai tin chi, nén chung t61 khong di sdu vao nhiing van
dé ning vé 1y thuyét ma tip trung vao nhimng két qua va ung dung cta nd. Bén canh
d6, chiing toi cling chi ra nhiing tai liéu can thiét dé nhimg nguoi hoc tim doc.

Noi dung chinh cua gido trinh nay 1a nhiig vin dé mé dau coa dai sb tuyén
tinh, giai tich c¢6 dién va dugc trinh bay trong bén chwong. Chuong 1 trinh bay cac
kién thirc vé tap hop quan hé va anh xa. Chuong 2 trinh bay vé dinh thic, ma tran va
hé phuong trinh tuyén tinh. Chuong 3 trinh bay vé phép tinh vi phan ham mét bién.
Chuong 4 trinh bay vé phép tinh tich phan ham mot bién.

Mot s6 van dé, trong d6 hoc vién di duoc 1am quen & chuong trinh pho thong.
Trong gi4o trinh nay, chung toi vin trinh bay day du cac van dé trén nhung & murc do
sau va téng quéat hon. bé tao diéu kién thuan loi cho nguoi doc, sau cac dinh nghia,
dinh ly chiung t61 dua ra nhiéu vi du minh hoa, sau mdi chuong c6 dua ra hudng dan tu

hoc cac van dé trong tdm va h¢ thong céc bai tap.

Mac du chung t61 da c6 rat nhiéu c6 gang nhung chac rang con c6 nhiing thiéu

sot. Chung to6i rat mong nhan dugc sy gdp y, phé binh cua ban doc.

CAC TAC GIA



CHUONG1
TAP HQP- QUAN HE - ANH XA

1.1. Tap hop- tap con- cac tip bang nhau
1.1.1. Khai niém chung

Chung ta trinh bay 1y thuyét vé tap hop theo quan diém "ngay tho". Cu thé, tap
hop (set) 1a mdt khai niém toan hoc dugc xem nhu 1a khai niém géc xuat phat (nguyén
thuy), khong dugc dinh nghia ma chi mo ta. Chéng han, tap hop diém, tap hop cac
duong théng, tap hop $0. Trong thuc té thuong dung céc tu déng nghia: 16p, ho, bJ,
toan thé ... Tap hop thuong duoc goi ngén gon la tap: tap A, tap dong, tap chi $6... Dé
biéu thi mot tap hop ta dung cac chir viét in hoa nhu A, B, C...., X, Y, Z... Cac ddi
tuong hop thanh tap hop goi 13 cac phdn tir cia n6. Néu x 1a phan tir cia A ta viét
x € A vanodi la x thudc A. Néu phan tir y khong 1 phan tir ciia A thi ta viét y ¢ 4 va
no6i y khong thugc A. Céc phan tir cia mot tip hop c6 thé 1a cac dbi tuong cu thé hoic
triru tugng nhu nguoi, vat thé hodc cac ham sb, s tu nhién ...

Mot tap hop dugce coi 1a hoan toan xéc dinh néu ta co thé phan biét cac doi
tugng nao thudc néd va nhing ddi tugng khong thude né. Thong thuong co thé dua ra
mot tdp hop bdi mot trong hai céch:

a) Liét ké cac phﬁn tur cua tap, vi du
A= {al,az,a3,a4}.
b) Chi ra mdt s6 tinh chat chung cho moi phan tir thudc tap, vi du
A:{xeR ‘xz Sl}
Tap X gdm cac phan tir x ¢6 tinh chat P(x) duoc ky hiéu la:
X = {x| P(x)}.

Mot tap hop c6 thé chi gdm mot s6 hiru han phéan tir hodc gdm v6 han phan tir,
tuong Ung goi 1a tap hitu han (finite set) va tdp vo han (infinite set).

Tdp hop réng (empty set), ky hiéu boéi &, 1a tap hop khong chira phan tir nao.
Tap c6 duy nhat mot phan tir goi 1a tap don tir. Vi du: {@} )
1.1.2. T4p con. Sw biang nhau giira cic tip

Ta néi tdp A goi 1 tdp con (subset) cua tap B néu mdi phan tir cia A déu la

phan tir ciia B nghia lanéu x e A thi xe B, ky hiéudc B hoic Bo 4.
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Ta quy uSc tap rong 1a tap con ctia moi tp: &< 4.

Néu dong thoi A= B vaB c A, thi ta néi 4 bang B va ky hiéu: 4=B. Nhu
vay, ta co:

A=B< (xe A= xeB).

Ta ndi tap A 14 tdp con thuc si (proper subset) cua tdp B néu A 13 tip con cia B
va A+ B, kyhitu Ac B. Vidu: {x,y} < {x,y,z}.

Mbi tap hop ma mdi phﬁn tor 1a mot tap con cua tap 4 dugc goi la ho cdc tap
hop con (family of subsets) ciia 4, ky hiéu P(4).

Nhdn xét: Néu tap A gdm n phan tir thi tap P(A) gém 2" phan tir (chimg minh
nhédn xét nay danh cho ban doc nhu mdt bai tap).
1.1.3. So' dd Ven (Venn schema)

Dé thé hién tap hop mot cach tryc quan nguodi ta v&€ mot dudng cong don kin
(chang han dudng tron hay elip) va coi tdp A 12 mién phang gi6i han boi dudng cong

d6. Tap con B cua A sé duoc bic¢u thi bdi mot mién con cua A.

1.1.4. Cac tap hop sb

Tap hop Ncac s6 tu nhién (The set of natural numbers):
N= {0,1,2,...} .
Tap 7Z céc sd nguyén (The set of integer numbers):
Z={0,£1,%2,..}.

Tap hop Q cac sb hitu ti (The set of rational numbers):
a
Qz{z‘a,bez,bv&O}.

3



Tap hop I cac sd vo ti (The set of irrational numbers);
Tap R cac sb thuc (The set of real numbers);

Tap C cac sb phirc (The set of complex numbers):
(Cz{a+bi|a,beR}, it =-1.

Tap P cac s6 nguyén td (The set of prime numbers).
1.1.5. Cac phép toan lién két cac tap hop
Tir cac tap hop cho trude c6 thé tao nén cac tdp hgp mdéi nhd nhig phép toan
sau day:
1.1.5.1. Phép hop
Hop ca hai tap 4, B ky hiéu 4L Bla tap hop gdm moi phan tir thudc 4 hodc
thudc B, tirc la:
AuBz{x‘xeAhodc x € B}.
Tir dinh nghia ta suy ra cac tinh chat sau:
a) AVA=A4
by AuB=BuU A
¢) (AUuB)UC=4U(BUC)
d)Ac B=> AUB=B.
Phép chimg minh xem nhu bai tip. Do tinh chét c) Ta c6 thé bo dau ngoic khi
viét hop ctia ba hay nhiéu tap.

Téng quat hon cho mét ho tap {Al.,i eM } Hop U A 1a tap hop gdm moi

ieM
phan ttr thudc it nhat mot trong céc tap A

UA[ :{x‘EIieM:xeAi}.
ieM
1.1.5.2. Phép giao
Giao cua hai tap A, B, ky hiéu AN B = {x‘x eAdxe B}.
Tir dinh nghia dé dang chimg minh céc tinh chat:
a) AnA=A.
by AnNB=Bn A.
¢) (ANB)NC=4n(BNC).

Do ¢) ta khong can viét diu ngodc khi biéu thi hop cta ba hay nhiéu tap.
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d) Néu A>Bthi AnB=B.
Céc phép toan hop va giao lién hé nhau boi tinh phan bo:
e) (AUB)NC=(ANC)U(BNC).
N(AnB)uC=(4uC)n(BUC).
Ta chitng minh mét tinh chat, ching han tinh chat e):
« Néu xe(AuB)mC:wce(AuB);xeC
=xe(A4NC)hoac xe(BNC)=xe(ANC)U(BNC)
*Néuxe(4nC)U(BNC)
:xe(AmC)hoéc xe(BmC)
=>xe(4dUB)vaxeC=>xe(duB)nC. B
C6 thé mo rong dinh nghia phép giao tir hai sang mot ho tap tuy y. Giao cua
ho mot tap {A,ieM}1a thp hop gébm cac phdn tir chung cia ho 4, tic la:

ﬂA[ :{x‘xeAi,VieM}.

ieM

Néu ANB= tandi cac tap A, B roi nhau hodc khong giao nhau. Ho tap
{A,.,l' eM } goi 14 roi nhau timg d6i mot néu bat ky hai tdp nao trong chung 1a roi
nhau.
1.1.5.3. Phép trir

Ta goi hiéu cua tdp A va tdp B (theo thur tu o), ky hiéu 4\ B 1a tap gém moi
phan tir thudc 4 nhung khong thudc B:

A\Bz{x‘xeA,erB}.
Nhan thdy rang, phép trir khong c6 tinh chét giao hoan, nghia 1 n6i chung
B\A+#A\B.
Néu B c A thi hiéu 4\ B goi 12 phan bii (complement) ciia B trong A, ky hiéu

C, (B ) . bac biét, khi moi tap dugc xét déu 1a cac tdp con cua mot tap cd dinh X thi ta
viét C (B ) thay cho C, (B ) va goi van tat 1a phan bu ciia B trong X. Bén canh ky hiéu
C (B ) ta con dung ky hi¢u B dé chi phan cta B trong X.

1.1.5.4. Hiéu ddi xirng



Hiéu ddi xing cua tip 4 va tap B, ky hiéu 4+ B dugc dinh nghia boi:
A+B=(4\B)U(B\ 4)
Taco B+ A=A+ B vado laly do phép toan niy co tén "hidu dbi ximg". Ngoai ra
hiéu ddi xtng ciing co tinh chat két hop (xem phan bai tp & cudi tiét nay).
1.1.6. Cong thirc Demorgan
Giira cac phép toan hop, giao va bo sung c6 cac mbi lién hé sau goi 1a cong
thirc Demorgan.

Cac tap dugc néu déu la cac tap con clia moi tip hop co dinh cho trude.

o Ua=MN4

ieM ieM
b) (4=U4
ieM ieM

Noi riéng
AUAd =44
A4 N4, = Z UZ

Phép chirng minh céc tinh chat ndy coi nhu bai tap danh cho nguoi doc.
1.1.7. Tich Descartes ctia cac tap hop.
Tich Descartes cua cac tap A va B dugc ky hiéu Ax B 1a tap hop moi cap co

thtr ty (a,b) ma a e A;b e B:
AxB={(a,b)lac A,beB}.
Noi riéng A°> = Ax A 1a binh phuong Descartes ciia A.
Vidu. 1. Cho A={a,b,c}vaB={x,y}, ta co:

AxB= {(a,x),(a,y),(b,x),(b,y),(c,x),(c,y)} .
Nhin xét. Néu 4, B 1a cic tap hitu han c6 s phan tir twong tng 1a m va n thi
tich Ax B gdm mn phan tu.
2. Goi R 1a tap céc sb thuc, khi 6 R* =R xR 1a tip hop moi cip co thi tu
(x, y) v6i X,y 1a cac s6 thyc. Nhu vay, R” biéu thi tip moi diém cua mit phiang toa
d6, con R’=R xR xR 14 tdp moi bd ba c6 tht ty cac sd thyc, tirc moi diém cua

khong gian ba chiéu théng thuong.
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3. Néu A= [a,b],B = [c,d] 1a cac doan thang, thi tich Descartes 4x B biéu
thi tdp moi diém cua hinh chir nhat.

4. Cho A 1a tap moi diém cua hinh tron tdm O thudc miat phang Oxy, B 1 tap
moi diém cia doan thang [O,h] cua truc Oz trong hé toa do vuong goc Oxyz thi

Ax B biéu thi tp hop moi diém cia hinh tru c6 chiéu cao bang h, day 13 hinh tron A.



1.2. Quan h¢ hai ngoi

1.2.1. Quan h¢ hai ng6i trén mot tap hop

Cho tap X khac rdng. Ta goi mot quan hé hai ngéi trén tap X 1a tap con R cia
tap tich X x X. Néu cdp phan tir (@, b) thuoc R thi ta ndi a c6 quan hé R véi b va
viét aRb.
Vi du. 1. Trong tip R moi s thyc, quan hé "a =b" hodc quan hé¢ "a <b" 1a cic
quan hé hai ngoi.

2. Trén tap moi duong thflng trén mat phéng, quan h¢ vudng gbéc hodc quan hé¢
song song giita hai duong thang 14 cac quan hé hai ngdi.

3. Trén tap hop N” céc s6 nguyén duong, quan hé “ a 1 wéc cta b” 1a mot quan
hé hai ngoi.

4. Trén tap P(X) céc tap con cua tip X, quan h¢ bao ham 4 < B 1a mdt quan hé
hai ngoi.
Chu y: Tinh chét dic trung cho quan hé R khong nhét thiét thoa man d6i véi moi cap
phén tr cia X, xem & vi du 2, 3 hodc 4.
1.2.2. P thi ciia mdt quan hé hai ngéi

Cho R 1a mot quan hé hai ngdi trén tap X. Néu a va b 13 hai phan tir ciia X sao
cho aRb thi cd cap thu tu (a,b) 1a mot phan tir cua tich Descartes X x X . Goi
G c X x X la tap hop cac cap (a,b) thoa mén quan hé R. Ta néi G 1a do thi cla
quan h¢ hai ng6i ‘R.
Vi du. 1. D6 thi ctia quan hé "a =5b" trén tap R moi s6 thuc 1a duong phan giac cia
cac goc vudng I va III trén mat phing toa do.

2. D6 thi cta quan hé "a <b" trén tip R 13 nira mat phang ké ca bién nim
dudi duong phan giac néi & vidu 1.

3. D6 thi cua quan hé "a® +b° =1" 1a duong tron ban kinh, tam tai géc trén
mat phéng toa do.
1.2.3. Cac tinh chit c6 thé c6 ciia quan hé hai ngdi trong mét tip hop

Quan hé ‘R trong tap X (9{ cX 2) c6 thé c6 céc tinh chit sau:
- Tinh phan xa : afRa,Va e X (tic la (a,a) eR,Vae X).
- Tinh d6i xtmg : aRb = bRa (tic 1a néu (a,b) € R thi (b,a) eR).
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- Tinh phan d6i xtmg: (aRb va bRa)=>a=>.
- Tinh bac ciu : (ain) va (biRc) = aNRc.
Vi du. - Trong tap hop P(X) céac tap con cua tap hop X quan h¢ bao ham 4 < B co
tinh phan xa, phan d6i xtmg va bac cau ma khong cé tinh dbi ximg.

- Trong tap hop moi da thirc ciia mot bién sb thyuc, quan hé bang nhau c6 moi
tinh chét néu trén.

Céc quan h¢ dinh nghia trong cdc muc dudi day co vai tro dac bi¢t quan trong
trong nhiéu linh vuc toan hoc.
1.2.4. Quan hé twong duwong

Quan hé R trong tap X goi 13 quan hé twong dwong (equivalence relation) néu
n6 c6 tinh phan xa, di xing, bac cau.

Trong truong hop ndy, ta viét a ~ b thay vi aRb .

Vi du 1. Quan hé song song giita cac dudng thing trong tip moi duong thang cua
khong gian (coi 2 duong thang trung nhau 1a song song); quan hé déng dang giita cac
tam giac; quan hé cing tinh (dong huong tinh) cta tp hop dan trén thanh phd Vinh 1a

cac vi du tryc quan ctuia quan hé tuong duong.

Vi du 2. Cho p 1 s6 nguyén 16n hon 1 ¢b dinh. Ta xac dinh mot quan hé ~ trong tap
7 moi sd nguyén boi: a ~b khi va chi khi @ —b chia hét cho p, tiic a va b ¢ cling
phan du voi nhau trong phép chia cho p.

D@ nghiém lai ring quan hé niy cé céac tinh phan xa, d6i ximg, bac cdu nén né
la quan hé tuong dwong, ta goi nd la quan hé¢ dong du theo modulo p va viét:
a= b(mod p).

Dé nghién cru sdu hon quan hé twong dwong ta can khai niém phan hoach cua
mot tdp hop dugce dinh nghia nhu sau:

1.2.5. Phan hoach cia m{t tap

Cho tap X khac rong. Ta goi phan hoach cua X 1a mét ho céc tap con khac rong
cua X, tung doi mdt khong giao nhau sao cho hgp cua moi tap con ctia ho béng X.

Sd cac phén tur (tap con cua X) thudc ho nay cé thé hitu han hay v6 han mién 1a

khong giao nhau tung c@p va toan b h¢ do phai “lat kin ““ tap X.
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Nhu sé théy trong muc dudi, mdi quan hé twong duwong trong tap X dinh ra mot
phan hoach cua X.

1.2.6. Cac l6p twong dwong

Gia sir ~1a mot quan hé twong duong trén tap X. V&i mdi phan tr a € X, ky
hiéu C(a) 1a thp hop moi phén tir thuoc X twong duong véi a, goi C(a) l1a 16p
tuong duong chtra a:

C(a):{xeX‘x~a}.
Do tinh phan xa: a~a nén mdi tap con C(a) khong rong. Hon nita, néu
C(a)ﬁC(b);t@ thi C(a):C(b).

That vay, gia str c € C(a) 1 C(b), thé thi co: c e C(a) va c € C(b) )

Tac 1a ¢c~a,c~b hay b~c~a. T d6, do tinh chit bac cau suy ra b~ a, viy
be C(a) . Lap luén tuong tu cling ¢6 a € C(b) , tuc 1a C(a) = C(b).
Ta thu dugc dinh 1y:

Mot quan hé twong dwong trong X xdc dinh mét phdn hoach ciia X, méi phan tir
cua phdn hogch nay la mét lop twong duong.

Ho cac 16p twong duwong nay duogc goi la tdp thuong, ky hiéu X/ ~.

Dé hinh dung dugc ro6 nét hon vé cau trac nay ta xét mot vi du ti€u biéu vé tap thuong
cac 16p dong du trong tap Z moi sd nguyén.

Vi du. Ta xét quan h¢ dong du di gap ¢ phan trén trong tdp 7 moi s6 nguyén, quan hé
a= b(mod p). Xac dinh cac 16p twong duong sau day:

(0),C(1).C(2)....C(p~1)

trong do C(r),() <r< p-1, 1a 16p twong duong gdm moi s6 nguyén khi chia cho p
con du r. Cac 16p tuong duong nay duoc goi 1a cac 16p ddng du theo modp. Trong
truong hop nay, tap thuong Z =7/ ~ 1a tap hitu han.

Doi v6i quan hé song song, mdi 16p twong duong 1a tip hop moi duong thang
cung phuong, mdi duong thang thudc 16p nay co thé dai dién cho phuong cia 16p, tirc
1a khai niém phuong thuc chat 13 16p twong duong cic dudng thang song song. Trong
vi du nay tap thwong X/~ la tap vo han.

1.2.7. Quan h¢ thir tw
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